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ABSTRACT

This paper describes the Hybrid Equations (HyEQ) Toolbox
implemented in Matlab/Simulink for the simulation of hy-
brid dynamical systems. This toolbox is capable of comput-
ing approximations of trajectories to hybrid systems given
in terms of differential and difference equations with con-
straints, called hybrid equations. The toolbox is suitable
for the simulation of hybrid systems with different type of
trajectories, including those that are Zeno and that have
multiple jumps at the same instant. It is also capable of
simulating hybrid systems without inputs, with inputs, as
well as interconnections of hybrid systems. The structure,
components, and usage of the simulation scripts within the
toolbox are described. Examples are included to illustrate
the main capabilities of the toolbox.

Categories and Subject Descriptors

1.6.7 [Simulation and Modeling]: Simulation Support
Systems - Environments; G.4 [Mathematical Software]:
Reliability and robustness; 1.2.8 [Problem Solving, Con-
trol Methods, and Search]: Control theory.
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1. INTRODUCTION

Simulation is a key tool in the validation of results in
engineering and science. Complete theories of numerical
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simulation have been documented in several textbooks (see,
e.g., [16, 3]) and have permitted the development of inte-
gration schemes for accurate computation of solutions to
differential equations. Integration schemes for such systems
are widely available in simulation packages and include one-
step methods, such as forward /backward Euler and Runge-
Kutta, multi-step methods, such as Adams method and back-
ward differentiation, and their variable step versions. When,
in addition to continuous behavior, the model incorporates
variables that exhibit jumps, advanced integration methods
are needed. Numerous software packages have been recently
developed for such class of systems, including Modelica [6],
Ptolemy [12], Charon [2], HYSDEL [17], and HyVisual [11],
to just list a few. Significant progress has been also made in
the development of theory for hybrid systems, with results
including the definition of semantics for simulation [10, 14,
11], event detection [13, 7, 5], solvers and error control [7,
4, 1], and structural properties of simulators [15].

Exploiting the robustness properties of hybrid systems
modeled as in [9, 8] and the structural properties of sim-
ulators in [15], we present a toolbox for the simulation of
hybrid systems in Matlab/Simulink. A hybrid system H is
given by the hybrid equations
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with the following objects defining its data: the set C' C
R™ x R™ called the flow set; the function f: R™ x R™ — R
called the flow map; the set D C R™ x R™ called the jump
set; the function g : R™ x R™ — R called the jump map
1. These objects define the data of H, which is explicitly
denoted as H = (f,C,g,D). Examples illustrate the type
of systems that can be modeled within the hybrid equations
framework; see [9, 8] for more examples.

The proposed toolbox to simulate this class of systems is
called the Hybrid Equations (HyEQ) Toolboz and consists
of a set of Matlab/Simulink scripts to numerically compute
and plot the trajectories of hybrid systems given in terms
of hybrid equations. Among several things, the HyEQ Tool-
box has the following components and features: 1) A Matlab
script for simulation of hybrid equations without inputs and
a Simulink library for simulation of hybrid equations with in-
puts; 3) Computation of trajectories that are Zeno and that

In other works, the terms reset map and impact map are
used for g while the term switching surface is sometimes used
for D.



have multiple jumps at the same instants; 4) Basic event de-
tection (set inclusion) and capability to implement advanced
crossing detection algorithms; 5) Simulation of interconnec-
tions of hybrid systems. In Section 2, the main components
of the toolbox are described. In Section 3, examples illus-
trate the main features of the toolbox listed above as well
as its broad applicability. The examples feature a system
with Zeno behavior, of a system with zero-crossing event
detection, and of interconnections of hybrid systems with
multiple jumps at the same instant.

2. HYEQ: ATOOLBOX FORSIMULATION
OF HYBRID EQUATIONS

The HyEQ Toolbox provides a set of Matlab/Simulink
scripts to numerically compute and plot the trajectories to
hybrid systems given in terms of hybrid equations as in (1).
Given an input u, a trajectory (or solution) to H is conve-
niently defined as a function?

z :domz — R" (2)

parameterized by ordinary time ¢ € R>¢ and discrete time
j € {0,1,...} =: N, where domz C R>g X N defines the
hybrid time domain of x and has the following structure:
there exists a sequence of times 0 = tg < t; < <t <
... such that dom z is the union of (possibly infinitely) many
intervals of flow time [t;,t;+1] indexed by j when t;+1 > ¢;
(i.e., of intervals of the form [t;,¢;41] X {j} with [¢;,¢;41] of
nonzero length) and of jump instants [t;,t;+1] X {j} when
tj+1 = t;, with the last interval of flow possibly of the form
[tj,ti+1) x {j}. During flows, the trajectory x satisfies the
continuous dynamics

i’zf(%u)

over the intervals of flow while, at jumps, it satisfies the
discrete dynamics

(z,u) € C ()

+

" =g(z,u) (x,u) €D. (4)

Over a finite amount of flow and a finite number of jumps,
the HyEQ Toolbox computes an approximation of the tra-
jectory x in (2) by evaluating the flow condition x € C' and
the jump condition € D, and according to the result of
this evaluation, by appropriately discretizing the differen-
tial equation defining the flows in (3) or computing the new
value of the state after jumps using (4). In this way, the
HyEQ Toolbox returns a discrete version of x and its hybrid
time domain domz. More precisely, given an input u, the
computed version of the trajectory x is denoted

zs:domzs — R™,
which we call a simulated trajectory of H, and satisfies

N (zs,us) € C (5)

Ts = fS(xS7 US)
over the intervals of flow and, at jumps, satisfies the discrete
dynamics

m;r :g(x57us) ($57us) eD. (6)

The input us is the discretization of u. The function f;
is the resulting discretized flow map obtained when em-
ploying an integration scheme for the differential equation
Z = f(x,u). For instance, when the integration scheme is

2See [9] for formal definition of this function as a hybrid arc.

given by the forward Euler integration scheme, fs(xs,us) =
Zs+sf(xs,us) with s > 0 denoting the step size for integra-
tion. Formal definitions of simulated trajectories (or solu-
tions) and dynamical properties of the discretization (5)-(6)
of H can be found in [15].

Within this framework for simulation, the HyEQ Tool-
box includes two scripts to compute trajectories to H: 1)
a Matlab script for simulation of hybrid equations within
Matlab’s workspace, called Lite HyEQ Simulator, and 2) a
Simulink library and associated Matlab scripts for simula-
tion of hybrid equations within Simulink, called HyFEQ Sim-
ulator. Next, we describe these scripts as well as common
plotting functions.

21 LiteHyEQ Simulator

A way to compute the trajectories of hybrid equations is to
use command-line ODE function calls with events that reset
the state according to the discrete dynamics of the system.
The Lite HyEQ Simulator computes x5 in this manner and
uses four Matlab functions to implement the data of the
hybrid system (1) without external input w. The Matlab
functions employed by this simulator are defined as follows:

i) The flow map is defined in the Matlab function f.m.
The input to this function is a vector with components
defining the state of the system x,. Its output is the
value of the flow map f evaluated at xs.

ii) The flow set is defined in the Matlab function C.m.
The input to this function is a vector with components
defining the state of the system xs. Its output is equal
to 1 if the state belongs to the set C' or equal to 0
otherwise.

ii) The jump map is defined in the Matlab function g.m.
Its input is a vector with components defining the state
of the system xs. Its output is the value of the jump
map g evaluated at zs.

iv) The jump set is defined in the Matlab function D.m. Its
input is a vector with components defining the state
of the system x,. Its output is equal to 1 if the state
belongs to D or equal to 0 otherwise.

The Matlab function HyEQsolver.m implements the simu-
lation of a hybrid equation defined by functions f.m, C.m,
g.m, and D.m implementing the data. HyEQsolver.m uses
these functions to integrate the differential equation during
continuous evolution and to execute the jump map when
jumps shall occur. To do this, the algorithms in HyEQ-
solver.m check at each integration step if x, is in the set C,
D, or neither. Depending on which set z is in, the simula-
tion is accordingly reset following the dynamics given in f or
g, or the simulation is stopped, respectively. HyEQsolver.m
is configured to call ODE45, but a different ODE solver can
be configured similarly.

The syntax to perform a simulation using HyEQsolver.m
is as follows:

[t ] xs] = HYEQsol ver (@, @, @C, @, x0, TSPAN,
JSPAN, rul e, options);

The function call has arguments given by the data imple-
mented as Matlab functions as well as simulation param-
eters. The n X 1 vector x0 defines the initial condition.
The 2 x 1 parameter TSPAN = [TSTART TFINAL] defines the
initial and final values of the flow variable ¢, i.e., the con-
tinuous horizon and the 2 x 1 parameter JSPAN = [JSTART
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Figure 1: Matlab/Simulink implementation of a hybrid system H = (C, f, D, g) with inputs (left). Internals of

integrator system (right).

JFINAL] defines the initial and final values of the jump in-
dex j, i.e., the discrete horizon. The simulation stops when
either one of the horizons ends, TFINAL or JFINAL, is reached
(or exceeded). The scalar parameter rule defines whether
the simulator gives priority to jumps (rule= 1), priority
to flows (rule= 2), or no priority (rule= 3) when both
z € C and x € D hold. When no priority is selected,
then the simulator selects flowing or jumping randomly. The
parameter options configures the relative tolerance, maxi-
mum integration step allowed, and other knobs of the ODE
solver. The Matlab function odeset can be used to de-
fine this parameter; e.g., options = odeset(‘RelTol’,le-
6, ‘MaxStep’,.1) sets the relative tolerance to 107% and the
maximum integration step to 0.1.

The HyEQsolver.m returns the computed state xs along
with the (discretized) hybrid time domain dom xs. The Mat-
lab script run.m is provided to initialize these parameters
and run the Lite HyEQ solver. This script can also be used
to plot the computed trajectories after the simulation is com-
plete.

2.2 HyEQ Simulator

Trajectories to hybrid equations with inputs are computed
by implementing the ideas in the Lite HyEQ simulator of
Section 2.1 within Simulink. This permits the use of Simulink
libraries for the generation of signals to be used as inputs. It
also permits the computation of trajectories to hybrid equa-
tions with interconnections defined using Simulink’s user in-
terface. Figure 1 depicts a diagram of the HyEQ Simulator
(left) and its internals (right). The HyEQ Simulator com-
putes xs using an integrator block with external reset and
state port enabled, and uses four Embedded Matlab func-
tion blocks to implement the data of the hybrid system (1)
with external input u. More precisely:

i) The flow map f is implemented in the Embedded Mat-
lab function block “flow map f.” Its input is a vector
with components defining the state of the system x and
the input u. Its output is the value of the flow map f
which is connected to the input of an integrator.

ii) The flow set C' is implemented in the Embedded Mat-
lab function block “flow set C.” Its input is a vector
with components = and input w 3. Its output is equal

3The minus notation denotes the previous value of the state

to “true” if the state belongs to the set C' or equal to
“false” otherwise.

iii) The jump map g is implemented in the Embedded
Matlab function block “jump map g¢.” Its input is a
vector with components = and input u of the Inte-
grator system. Its output is the value of the jump map

g.

iv) The jump set is implemented in an Embedded Matlab
function block executing the function D.m. Its input is
a vector with components ~ and input u. Its output
is equal to “true” if the state belongs to the set D or
equal to “false” otherwise.

The integrator block integrates © = f(x,u) to get the state
trajectory from a given initial condition x0. This block also
computes the (discretized) hybrid time domain associated
with the state trajectory. The internal components of this
block are shown in Figure 1 (right) and are described next.

2.2.1 CT Dynamics

This block defines the continuous-time (CT) dynamics by
assembling the time derivative of ¢, j, and . The parameters
t and j are considered as states of the integrator and, in
this way, are updated throughout the simulation so as to
keep track of the flow time and number of jumps. The “CT
dynamics” block implements the differential equation

&= f(x,u),

where u is provided by an external signal generator (see left
of Figure 1).

i=1, j=0,

2.2.2 Jump Logic

This block uses the outputs of the Embedded Matlab func-
tion blocks “flow set C” and “jump set D,” which indicate
whether the state and input are in those sets or not, and a
random signal r with uniform distribution in [0, 1]. Figure 2
shows the Simulink blocks used to implement the logic for
jumps. As defined in Section 2.1, the variable rule defines
whether the simulator gives priority to jumps, priority to
flows, or no priority. The output of the “Jump logic” block
is equal to one when either

e the output of the “jump set D” block is equal to one
and rule= 1;

(before integration). In Simulink, the value z~ is obtained
from the state port of the integrator.




e the output of the “flow set C” block is equal to zero,
the output of the “jump set D” block is equal to one,
and rule= 2;

e the output of the “flow set C” block is equal to zero,
the output of the “jump set D” block is equal to one,
and rule= 3; or

e the output of the “flow set C” block is equal to one,
the output of the “jump set D” block is equal to one,
rule= 3, and the random signal r is larger or equal
than 0.5.

Under any of these events, the output of the “Jump logic”
block, which is connected to the integrator’s external reset
input, triggers a reset of the integrator, that is, a jump of
the hybrid equation being simulated. The reset or jump is
activated since the configuration of the reset input is set to
“level hold,” which executes resets when this external input
is equal to one (if the next input remains set to one, multiple
resets would be triggered). Otherwise, the output is equal
to zero.

rule=1: out=D
rlule=2: out = D and ~C
rule=3: out = (D and ~C) or (D and C and r>0.5)

other: out=0
e}

€D >

jump

Compare Multiport
To Constant Switch
Figure 2: Implementation of the logic for jumps

within “Jump logic” block.

2.2.3 Update Logic

The “Update logic” block makes use of the state port of
the integrator to reset the state. This port reports the value
of the state of the integrator at the exact instant that the
reset condition becomes true. Notice that x~ differs from
x since at a jump, z~ indicates the value of the state that
triggers the jump, but it is never assigned as the output of
the integrator. In other words, “z € D” is checked using =™
and, if true, x is reset to g(z ™, u). Notice, however, that u is
the same because at a jump, u indicates the next evaluated
value of the input, and it is assigned as the output of the
integrator. The flow time ¢ is kept constant at jumps and
j is incremented by one. More precisely, the “Update logic”
block executes the following reset law

+

t+:t77 j+:j7+17 z :g(x77u)7

where (z7,u) is the value that triggers the jump.

224 SoplLogic

This block stops the simulation under any of the following
events:

e The flow time is larger than or equal to the maximum
flow time specified by TFINAL.

e The jump time is larger than or equal to the maximum
number of jumps specified by JFINAL.

e The state of the hybrid system « is neither in C' nor in
D.

Under any of these events, the output of the logic operator
connected to the “Stop logic” block becomes one, stopping
the simulation. Note that the inputs C' and D are routed
from the output of the blocks computing whether the state
is in C' or D and use the value of .

2.3 Initialization and postprocessing functions

The following functions are used to generate plots:

e plotflows(t,j,x): plots (in blue) the projection of
the trajectory = onto the flow time axis t. The value
of the trajectory for intervals [t;,t;+1] with empty in-
terior is marked with * (in blue). Dashed lines (in red)
connect the value of the trajectory before and after the
jump.

e plotjumps(t,j,x): plots (in red) the projection of the
trajectory x onto the jump time j. The initial and
final value of the trajectory on each interval [t;,¢;41]
is denoted by * (in red) and the continuous evolution
of the trajectory on each interval is depicted with a
dashed line (in blue).

e plotHybridArc(t,j,x): plots (in black) the trajectory
z on hybrid time domains. The intervals [t;,t;+1] in-
dexed by the corresponding j are depicted in the ¢t — j
plane (in red).

An initialization file is used to define variables needed for
a simulation. Also, a post-processing file is used to plot the
simulated solutions after a simulation is complete. These
two .m files are called by double-clicking the Double Click
to... blocks at the top of the HyEQ Simulator (left in Fig-
ure 1).

3. EXAMPLES

Next, we illustrate the HyEQ Toolbox in several hybrid
systems modeled as hybrid equations. The files associated
with the examples below are available at the software entry
at http://www.u.arizona.edu/~sricardo/.

3.1 A system with Zeno behavior

Consider the model of a bouncing ball given by a hybrid
equation with data

flx) = {fi],sz {zeR® |21>0}
g(z) = {_f\)xz},D:: {reR?® |21<0, 22<0}

where v > 0 is the gravity constant and A € [0,1) is the
restitution coefficient. This system models a ball bouncing
on a floor at zero height. The following procedure is used
to simulate this system in the Lite HyEQ Simulator: 1)
Inside the Matlab script run.m, initial conditions, simula-
tion horizons, a rule for jumps, ode solver options, and a
step size coefficient are defined. The function HyEQsolver is
called in order to run the simulation, and a script for plot-
ting simulated solutions is included; 2) Then, the Matlab
functions £f.m, C.m, g.m, D.m are edited according to the
data given above; 3) Finally, the simulation is run by call-
ing run.m in the Matlab command window. A simulated
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solution to the bouncing ball system from x0= [1,0]" and
with TSPAN= [0 10], JSPAN= [0 20], rule= 1, v = 9.81,
and A = 0.8 is depicted in Figure 3(a) (height) and Fig-
ure 3(b) (velocity). Both the projection onto ¢ using plot-
flows and onto j using plotjumps are shown. Figure 3(c)
depicts the corresponding hybrid arc for the position state
using plotHybridArc.

3.2 A system with special event detection
Consider the hybrid equation with data

f(z) == [_602]7 C:={zeRx{-1,1} |z, >0} U
{zx eRx {-1,1} | 71 < 0},
g(z) :== [—1’2}7 D:={zeRx{-1,1} | z1=0}.

— 2
The trajectories to this system are such that z; flows accord-
ing to 1 = 1 when z2 = —1 and according to 1 = —1 when
z2 = 1, and, when x; hits zero, then x; is reset to 1 or to
—1, respectively. Unfortunately, the jump condition is frag-
ile and numerical errors would prevent from being satisfied.

So that the simulated solution jumps when ;1 crosses zero,
a zero-crossing detection algorithm could be used. Figure 4
shows a construction of the jump set that exploits the capa-
bilities of Simulink’s block Hit Crossing, which will not miss
the crossing of x1 by zero and, hence, trigger a jump. A
trajectory for this system from x0= [2,1] is depicted in Fig-
ure 4(b) (projected onto t and j) with jumps at the correct
instants.
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Figure 4: HyEQ Simulator using zero-crossing de-
tection to detect jumps and a trajectory.

3.3 Aninterconnected system w/multiplejumps

Consider the synchronization of two impulse-coupled os-
cillators. The timers within each oscillator are modeled as
periodic oscillators with timer state x;, ¢ = 1,2, evolving
on the unitary interval [0,1]. When the i-th state reaches
x; = 1, the said state is reset to zero but the state of the
other timer is reset via x;r = max{1, (1+¢)z;}, wheree > 0
is a constant coefficient. It can be shown that the timers con-
verge to each other asymptotically, for almost every initial
condition [9]. This model has been used in the literature to
model impulse-coupled oscillators in nature (fireflies, crick-
ets, Parkinson’s disease, etc.). Each timer can be modeled



by the hybrid equations given by f;(z:,u;) := 1,
Ci = {(zsu)€eR? [0<z; <1}N
{(xl,ul) eR? |0 <u; < 1},

o) e A+e)z if(14+e)z <1
gi(wiu) = {0 if (1+¢)x; >1,

D, = {(xi,ui)E]Rz |1’1:1}U
{(1’1,'&1) ERz | U; = 1}

The interaction between the timers can be modeled as the
interconnection between a copy of this system for i = 1
and another copy for i = 2, with the interconnection rela-
tionship w1 = x2 and w2 = x;. In this way, the reset of
one timer affects the dynamics of the other timer. A trajec-
tory to this interconnection is obtained by coding the system
above in the HyEQ Simulator, converting it into a subsys-
tem, and then duplicating the system and interconnecting
them within a common Simulink file; see Figure 5(b)*. A
simulated solution for € = 0.3 is depicted in Figure 5(a).
It confirms the expected behavior of the interconnected hy-
brid equations: the timers initially evolve out of phase and
progressively synchronize their resets. Once the timers are
synchronized, two jumps at the same instant occur.
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(a) Simulated solution (b) Interconnection
Figure 5: Simulated solution to system and the in-
terconnected system in Section 3.3.

4. CONCLUSIONS

The Hybrid Equations (HyEQ) Toolbox for simulation of
hybrid systems modeled as hybrid equations was described
and illustrated in examples. A webinar presenting this tool-
box and illustrating it in examples has been prepared and
is currently under review by Mathworks before it goes live
at their website. The toolbox has been tested for the past
five years, including graduate courses taught at the Uni-
versity of Arizona and at the University of California Santa
Barbara, and at short courses and workshops at the Interna-
tional EECI Graduate School on Control, CDC, and ACC.
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