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Problem 1 (30 points) Show that the function V : R2 → R defined for each x ∈ R2 as

V (x) = x>Px, P =

[
2 1
1 1

]
is a control Lyapunov function with respect to A = {0} for the hybrid system

H


ẋ1 = x2
ẋ2 = −a sinx1 − bx2 + uc

}
(x, uc) ∈ C

x+1 = x1
x+2 = −ex2

}
x ∈ D,

(1)

where a, b ∈ R, e ∈ [0, 1), uc ∈ R,

C :=
{

(x, uc) ∈ R2 × R : x1 ≤ 0
}
,

D :=
{
x ∈ R2 : x1 = 0, x2 ≥ 0

}

2



Problem 2 (30 points) For the system in Problem 1, design a pointwise minimum-norm feedback that practically
asymptotically stabilizes the origin.
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Problem 3 (40 points) Rederive the steps in Section 5.2 of [52] that show IOS of the interconnection therein.
Does the closed-loop system have the origin asymptotically stable when the inputs are set to zero? If the origin
is asymptotically stable, is that property robust to small perturbations?

4


