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Abstract— As a continuation of [1] and using multiple barrier
functions, this paper studies forward invariance in hybrid sys-
tems modeled by hybrid inclusions. After introducing the notion
of a multiple barrier function, we propose sufficient conditions
to guarantee different forward invariance properties of a closed
set for hybrid systems with nonuniqueness of solutions, solutions
terminating prematurely, and Zeno solutions. More precisely,
we consider forward (pre-)invariance of sets, which guarantees
solutions to stay in a set, and (pre-)contractivity, which further
requires solutions that stay in the boundary of the set to evolve
(continuously or discretely) towards its interior. Our conditions
for forward invariance involve infinitesimal conditions in terms
of multiple barrier functions while our conditions for pre-
contractivity (and contractivity) involve Minkowski functionals.
Examples illustrate the results.

I. INTRODUCTION

The study of forward invariance in dynamical systems
can constitute an important step to conclude some stability
properties [2]. Also, it offers a powerful tool to guarantee
safety in many real-world applications [3]. The main chal-
lenge when studying forward invariance notions consists in
providing the tightest possible conditions ensuring that such
a property holds, while avoiding explicit computation of the
systems solutions. A primary, and yet fundamental answer to
this problem was given by Nagumo in [4]. In this reference,
conditions involving the contingent cone at the boundary of
a given closed set are shown to be necessary and sufficient
to conclude that, for each point in the set, there exists at
least one solution that remains in it. The set, in this case,
is invariant in a weak sense. The same result, under the
name viablility, is shown to remain valid when the system
is represented by a general differential inclusion satisfying
certain regularity conditions. The latter result has been, in
turn, extended to impulse differential inclusions and hybrid
inclusions in [5] and [6], respectively. When all the solutions
starting from a given closed set are required to remain in the
set, in this case as stressed in [7], the invariance conditions
concern the systems behavior outside the set rather than on its
boundary. Sufficient conditions are proposed in [8], [7], and
[6] for hybrid automata, differential inclusions, and hybrid
inclusions, respectively. Moreover, one can strengthen this
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invariance property by requiring, additionally, that whenever
a solution reaches the boundary of the set to render invariant,
it instantaneously leaves the boundary towards the interior of
the set. In this case the set is contractive [9] or invariant in
a strict sense [7]. Characterizations of the latter property are
proposed in [9] for differential and difference equations and
in [7] for differential inclusions.

For general hybrid inclusions, in our previous work [1],
characterizations of the aforementioned invariance notions
are proposed using scalar barrier functions. That is, when the
considered closed set is defined as the set of points where the
dynamics are defined and, at the same time, a scalar function
is nonpositive, we say that the set admits a scalar barrier
function candidate. In [1], infinitesimal sufficient conditions
involving the scalar barrier function candidate are derived
to guarantee the aforementioned invariance notions. Our
approach in [1] can be seen as an alternative to the previously
cited literature using cone conditions [7], [6]. Moreover,
it extends the existing results using barrier functions [10],
[11] for hybrid inclusions. In many applications, it is often
the case the closed set to render invariant corresponds to
the region where multiple scalar functions are nonpositive
simultaneously. In such cases, it is typically difficult to find
a single scalar function that defines the set of interest and, at
the same time smooth. Hence, it is natural to want sufficient
conditions guaranteeing forward invariance of a closed set in
terms of the multiple barrier function for hybrid inclusions.

A hybrid inclusion is defined as a differential inclusion
with a constraint, which models the flow or continuous
evolution of the system, plus a difference inclusion with
a constraint, modeling the jumps or discrete events. For
this general framework, sufficient conditions in terms of
infinitesimal inequalities involving the multiple barrier can-
didates are proposed in this paper. More precisely, under
mild conditions on the data defining the hybrid inclusion,
we first propose sufficient conditions that guarantee forward
invariance notions; see Section III. As a second step, we
provide conditions to conclude the relatively stronger notion
named strict invariance or contractivity. For the latter prop-
erty, we distinguish two cases. When the closed set is a C-
set, necessary and sufficient conditions are provided. When
the closed set is a non-C set, only sufficient conditions are
provided; see Section IV. The results in this paper cover the
existing results in [12], [11], [8], [1] where only scalar barrier
functions are used. Also, we provide alternative conditions
to those proposed in [6] and [7] in terms of tangent cones.
Indeed, our conditions are alternatives to those therein since
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they exploit the fact that the set is a zero-sublevel set of a
barrier function. Hence, the obtained conditions avoid the
computation of tangent cones, which can be numerically
expensive. However, our results build upon the well-known
tangent-cone based conditions that can be found in [7] and
[13]. To the best of our knowledge, this is the first time in
the literature where the concept of multiple barrier functions
is used for hybrid inclusions.

Due to space limitation, some proofs are omitted and will
be published elsewhere.

Notations. For x, y ∈ Rn, x> denotes the transpose of x,
|x| the Euclidean norm of x, |x|K := miny∈K |x−y| defines
the distance between x and the nonempty set K, and 〈x, y〉 =
x>y the inner product between x and y. The inequalities
x ≤ 0 and x < 0 mean that xi ≤ 0 and, respectively, xi < 0
for all i ∈ {1, ..., n}. The inequalities x � 0 and x ≮ 0
mean that there exists i ∈ {1, ..., n} such that xi > 0 and,
respectively, xi ≥ 0. For a closed set K ⊂ Rn, we use
int(K) to denote its interior, ∂K its boundary, cl(K) its
closure, and U(K) to denote an open neighborhood around
K, namely, cl(K) ⊂ U(K). For an open set O ⊂ Rn, K\O
denotes the subset of elements of K that are not in O. The
open unit ball in Rn centered at the origin is denoted B. For
a continuously diferentiable function B : O → R, ∇B(x)
denotes the gradient of the function B evaluated at x. The
set of continuously differentiable functions is denoted by C1.
Finally, F : O ⇒ Rn denotes a set-valued map associating
each element x ∈ O to a subset F (x) ⊂ O.

II. PRELIMINARIES AND STANDING ASSUMPTIONS

A. Hybrid inclusions

We consider general hybrid inclusions of the form

H :

{
x ∈ C ẋ ∈ F (x)
x ∈ D x+ ∈ G(x),

(1)

with the state variable x ∈ Rn, the flow set C ⊂ Rn, the
jump set D ⊂ Rn, the flow and the jump set-valued maps,
respectively, F : Rn ⇒ Rn, G : Rn ⇒ Rn. A solution x
to H is defined on a hybrid time domain denoted domx ⊂
R≥0 × N where R≥0 := [0,∞) and N := {0, 1, . . .}. The
solution x is parametrized by an ordinary time variable
t ∈ R≥0 and a discrete jump variable j ∈ N. Its domain
of definition domx is such that for each (T, J) ∈ domx,
domx ∩ ([0, T ]× {0, 1, . . . , J}) = ∪Jj=0 ([tj , tj+1], j) for a
sequence {tj}J+1

j=0 , such that tj+1 ≥ tj and t0 = 0; see [14].
Definition 1: (Solution to H) A function x : domx →

Rn defined on a hybrid time domain domx and such that,
for each j ∈ N, t 7→ x(t, j) is locally absolutely continuous
is a solution to H if

(S0) x(0, 0) ∈ cl(C) ∪D;
(S1) for all j ∈ N such that Ij := {t : (t, j) ∈ domx } has

nonempty interior

x(t, j) ∈ C for all t ∈ int(Ij),
ẋ(t, j) ∈ F (x(t, j)) for a.a. t ∈ Ij ; (2)

(S2) for all (t, j) ∈ domx such that (t, j + 1) ∈ domx,

x(t, j) ∈ D, x(t, j + 1) ∈ G(x(t, j)). (3)

•
A solution x to H is said to be complete if it is defined

on an unbounded hybrid time domain; that is, the set domx
is unbounded. Furthermore, it is said to be maximal if there
is no solution y to H such that x(t, j) = y(t, j) for all
(t, j) ∈ domx with domx a proper subset of dom y. Finally,
it is said to be trivial if domx contains only one element of
the form (0, 0).

B. Forward invariance notions for hybrid inclusions

For a set K ⊂ C ∪ D, following [6], we distinguish the
two following forward invariance notions.

Definition 2 (forward pre-invariance): The set K is said
to be forward pre-invariant if for each xo ∈ K, each maximal
solution x starting from xo satisfies x(t, j) ∈ K for all
(t, j) ∈ domx. •

Definition 3 (forward invariance): The set K is said to be
forward invariant if for each xo ∈ K, each maximal solution
x starting from xo is complete and satisfies x(t, j) ∈ K for
all (t, j) ∈ domx. •

C. Cones

Different types of cones have been used in the study of
differential inclusions. In the following, we recall from [7]
the definition of some of them, for a closed set K ⊂ Rn,
that are used in this paper.

Definition 4: The contingent cone of K at x is given by

TK(x) :=

{
v ∈ Rn : lim inf

h→0+

|x+ hv|K
h

= 0

}
. (4)

•
Also, we recall the following equivalence [15, Page 122]:

v ∈ TK(x)⇔
∃{hi}i∈N → 0+ and {vi}i∈N → v : x+ hivi ∈ K. (5)

Definition 5: The Dubovitsky-Miliutin cone of K at x is
given by

DK(x) := {v ∈ Rn : ∃ε, α > 0 : x+ (0, α](v + εB) ⊂ K} .
(6)

•
Also, we recall from [7] the following useful property:

DK(x) =Rn\TRn\K(x) = TK(x)\TRn\K(x) ∀x ∈ ∂K.
(7)

D. Basic assumptions

Our results are obtained under the following standing
assumptions.
Standing Assumptions. The data (C,F,D,G) of the hybrid
inclusion H is such that the flow map F : Rn ⇒ Rn is
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outer semicontinuous and locally bounded on C, F (x) is
nonempty and convex for all x ∈ C, and G(x) is nonempty
for all x ∈ D. •

Before going further, we state the following general fact.
Fact 1: Consider the hybrid inclusion H = (C,F,D,G)

and a closed set K ⊂ C ∪ D. Starting from xo ∈ K, if a
solution x leaves the set K, then it has to be under one of
the two following scenarios:

(Sc1) The solution x leaves the set K after a jump. It implies
the existence of (t, j) ∈ domx such that x(t, j) ∈
K ∩D and (t, j + 1) ∈ domx with x(t, j + 1) /∈ K
and x(t, j + 1) ∈ G(x(t, j)).

(Sc2) The solution x leaves the set K by flowing. It im-
plies the existence of t′2 > t′1 ≥ 0 and j ∈ N
such that ([t′1, t

′
2], j) ⊂ domx and x((t′1, t

′
2), j) ⊂

(U(∂K)\K) ∩ C, with x(t′1, j) ∈ ∂K and x(t′2, j) /∈
K.

•
In fact, when the set K is closed, according to (Sc2),
x(t′1, 0) ∈ ∂K ∩ K and since the solution leaves the set
K, under Definition 1, x((t′1, t

′
2), 0) is a subset of C\K for

some t′2 > t′1 and sufficiently close to t′1. However, when
the set K is not closed, the case in (Sc2) is replaced by the
following more general scenario:

(Sc3) The solution x leaves the set K by flowing. It implies
the existence of t′2 > t′1 ≥ 0 and j ∈ N such that
([t′1, t

′
2], j) ⊂ domx and either

a) x((t′1, t
′
2), j) ⊂ (U(∂K)\K) ∩ C, with x(t′1, j) ∈

∂K and x(t′2, j) /∈ K, or
b) x([t′1, t

′
2), j) ⊂ K, with limt↑t′2 x(t, j) ∈ cl(K)\K.

For the case in (Sc3)b, the solution dies on the boundary
∂K\K.

III. SUFFICIENT CONDITIONS FOR FORWARD
INVARIANCE USING MULTIPLE BARRIER FUNCTIONS

Given a hybrid system H = (C,F,D,G), we consider
closed sets K defined in C ∪D and collecting points where
multiple scalar functions are simultaneously nonpositive.

Definition 6: For a hybrid system H, a (vector) function
B : Rn → Rm is said to be a multiple barrier candidate
defining the set K if

K = {x ∈ C ∪D : B(x) ≤ 0} , (8)

where B(x) := [B1(x) B2(x) . . . Bm(x)]>, Bi : Rn → R
for all i ∈ {1, . . . ,m}, and B(x) ≤ 0 means that Bi(x) ≤ 0
for all i ∈ {1, 2, ...,m}. •
If B is continuous, the set K is closed relative to C ∪D. In
addition, when C ∪D is closed, K is automatically closed.
Furthermore, we introduce the following sets that we use in
some statements and proofs. Given B, H, and the set K such

that (8) holds, define, for any i ∈ {1, 2, ...,m},

Ke := {x ∈ Rn : B(x) ≤ 0} , (9)
Kei := {x ∈ Rn : Bi(x) ≤ 0} , (10)
∂Ki := {x ∈ ∂K : Bi(x) = 0} . (11)

It is useful to notice that Ke = ∩mi=1Kei, K = Ke∩(C∪D),
and that ∂K = ∪mi=1∂Ki ∪ [∂K ∩ ∂(C ∪D)]. Note that, in
general, ∂Ki 6= ∂Kei. Also, we notice that it is possible
from (8) to construct a scalar barrier candidate defining the
closed set K as

B̄(x) := max
i∈{1,...,m}

Bi(x).

However, by doing so, the resulting barrier candidate B̄ is
not guaranteed to be C1. Indeed, at points x where multiple
Bi’s are equal, if their gradients are not identical, then, B̄ is
not differentiable at these elements.

A. Sufficient conditions for forward pre-invariance

In this section, we present extensions of the results for a
particular class of hybrid systems in [12], [11], [8] to general
hybrid inclusions. For differential inclusions, as stressed in
[7], forward invariance of a set is a property that depends
on the dynamics of the system outside the considered set.
Due to this, the conditions along the flow of H need to
hold on a neighborhood of the boundary of K, relative to its
complement.

Theorem 1: Consider a hybrid system H and a C1 mul-
tiple barrier function candidate B defining the closed set
K as in (8). The set K is forward pre-invariant if, for all
i ∈ {1, 2, . . . ,m},

〈∇Bi(x), η〉 ≤ 0 ∀x ∈ (U(∂Ki)\Kei) ∩ C and
∀η ∈ F (x) ∩ TC(x), (12)

B(η) ≤ 0 ∀η ∈ G(x) ∀x ∈ D ∩K, (13)
G(x) ⊂ C ∪D ∀x ∈ D ∩K. (14)

�

Example 1: Consider the hybrid system H as in (1) with
the data

F (x) :=

[
−x22

x2x1 − x2([2, 4]− |x|2)

]
∀x ∈ C,

C :=
{
x ∈ R2 : x2 ≥ 0, x1 ∈ [−1, 1]

}
,

G(x) :=[0, 1]

[
x2
|x1|

]
∀x ∈ D,

D :=
{
x ∈ R2 : x2 ≤ 0, |x| < 1

}
.

We establish forward pre-invariance for the closed set K :={
x ∈ C ∪D : |x|2 − 1 ≤ 0, x2 ≥ 0

}
. To this end, we start

noticing that the set K can be written as in (8) with the
multiple C1 barrier function candidate B(x) := [(|x|2−1) −
x2]>. Also, it is easy to see that G(x) ⊂ C ∪D for all x ∈
D ∩ K = {x ∈ D : x2 = 0}; hence, (14) holds. Moreover,
a simple computation shows that, for each xo ∈ (K ∩ D),
B(G(xo)) ⊂ [([0, 1]|x|2 − 1) − [0, 1]|x1|]> ⊂ R≤0 ×R≤0;
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thus, (13) holds. Furthermore, the set (U(∂Ki)\Kei)∩C is
empty when i = 2 and can be chosen, when i = 1, as

(U(∂K1)\Ke1) ∩ C = {x ∈ C : |x| ∈ (1, 2)} .

Consequently,

〈∇B1(x), η〉 ∈ (0,−x22(4− |x|2)) ⊂ R≤0

for all η ∈ F (x) and for all x ∈ U(∂K1)\Ke1)∩C. Hence,
(12) holds and forward pre-invariance of the set K defined
by B follows. �

B. Sufficient conditions for forward invariance

According to Definition 3, a forward pre-invariant set K ⊂
C ∪ D is forward invariant if, in addition, all the maximal
solutions starting from that set are complete. Hence, one has
to exclude the case of non-complete maximal solutions dying
on the set (K ∩ ∂C)\D, as well as the case of maximal
solutions escaping in finite time along flows inside the set
K ∩ C.

Proposition 1: For a hybrid system H, a forward pre-
invariant set K ⊂ C∪D is forward invariant if the solutions
starting from K cannot escape in finite time along the flows
inside the set K ∩ C, and from any initial condition in the
set (K ∩ ∂C)\D, a nontrivial flow exists. �

Remark 1: One can guarantee that the solutions do not
have a finite escape time along the flows inside the set K∩C
when, for example, the set K ∩ C is compact or when the
flow map F is globally bounded in K ∩ C. •

Example 2: Using Proposition 1, we are able to extend
the conclusions in Example 1 and conclude forward invari-
ance of the set K. Indeed, after Example 1, the set K is
forward pre-invariant; and since it is compact, it follows
that there is no possibility of finite time blow-up along the
flows inside K ∩ C. Hence, the forward invariance follows
if we show that from every initial condition in the set
(K∩∂C)\D =

{
[1 0]>, [−1 0]>

}
, a nontrivial flow exists.

Indeed, F (x) = {0} for all x ∈
{

[1 0]>, [−1 0]>
}

, hence,
the system admits nontrivial constant solutions of the form
x(t, 0) = xo for all t ≥ 0 and xo ∈

{
[1 0]>, [−1 0]>

}
. �

IV. SUFFICIENT CONDITIONS FOR CONTRACTIVITY
USING BARRIER FUNCTIONS

One possible way to guarantee forward pre-invariance
while relaxing the flow conditions to hold only on the
boundary of the set K is by considering strict inequalities
instead of the weak inequalities in (12)-(13). However, as
we show, such strict conditions are much stronger than
needed, as they induce a contractivity property for the set
K. Roughly speaking, a pre-contractive set is forward pre-
invariant and whenever a solution reaches its boundary, it
moves back towards the interior. A definition of contractivity
for particular sets named C−sets can be found in [9] in terms
of the Minkowski functional (also named gauge function)
for both differential and difference equations separately, see
Definitions 3.3 and 3.4 in [9]. In this section, we propose

two different definitions of contractivity notions for general
hybrid inclusions. The first definition concerns the particular
case of C−sets and extends what is proposed in [9] using
the Minkowski functional. The second definition concerns
general closed sets that are not C−sets. In the latter case,
the definition is based on the system’s behavior after reaching
the boundary of the considered closed set. Furthermore, nec-
essary and sufficient conditions in terms of barrier candidates
defining the closed set are established.

A. The case of C−sets

We recall that a set K ⊂ C ∪D is said to be a C−set if
it is compact, convex, and includes the origin in its interior.
Furthermore, the corresponding Minkowski functional ΨK :
Rn → R≥0 is given by

ΨK(x) := inf {µ ≥ 0 : x ∈ µK} . (15)

Definition 7 (pre-contractivity for C−sets): For a hybrid
system H, a C-set K ⊂ C ∪D is said to be pre-contractive
if

lim sup
h→0+

ΨK(x+ ηh)− 1

h
<0 ∀x ∈ ∂K ∩ C and

∀η ∈ F (x) ∩ TC(x), (16)
ΨK(η) < 1 ∀x ∈D ∩K, ∀η ∈ G(x). (17)

•
Definition 8 (contractivity for C−sets): For a hybrid sys-

tem H, a C-set K ⊂ C ∪D is said to be contractive if it is
pre-contractive and, in addition, starting from each element
in the set (∂(K∩C)∩∂C)\D, a nontrivial flow of H exists.
•
The following lemma establishes important consequences of
the aforementioned contractivity notions on the behavior of
the system’s solutions.

Lemma 1: For a hybrid system H, if a C−set K ⊂ C ∪
D is pre-contractive (respectively, contractive) according to
Definition 7 (respectively, Definition 8), then it is forward
pre-invariant (respectively, forward invariant) and, for any
xo ∈ ∂K and any nontrivial solution x starting from xo,
there exists T > 0 and J ∈ N∗ such that x(t, j) ∈ int(K) for
all (t, j) ∈ domx ∩ [([0, T ]× {0}) ∪ ({0} × {0, . . . , J})],
(t, j) 6= (0, 0). �

Next, we propose necessary and sufficient conditions for pre-
contractivity using barrier functions.

Theorem 2: For a hybrid system H, the C−set K ⊂
int(C ∪ D) is pre-contractive if and only if there exists a
Lipschitz continuous barrier candidate B defining the C-set
K as in (8) such that

lim sup
h→0+

Bi(x+ ηh)

h
< 0 ∀x ∈ ∂Ki ∩ C ∀i ∈ {1, ...,m}

and ∀η ∈ F (x) ∩ TC(x), (18)

B(η) < 0 ∀x ∈ K ∩D ∀η ∈ G(x), (19)
G(x) ⊂ C ∪D ∀x ∈ K ∩D. (20)
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Remark 2: The equivalence in the previous statement is
shown in the particular case where the C−set K satisfies
K ⊂ int(C ∪ D). However, the same result remains valid,
using the same proof, when K is a C-set satisfying K ⊂
(int(C) ∪ D)\(∂C ∩ ∂D) and the following extra jump
condition holds:

B(η) ≮0 ∀η ∈ G(x) ∩ ∂(C ∪D) ∀x ∈ K ∩D. (21)

Indeed, under (19)-(20), having (21) satisfied is important to
conclude that the solutions starting from ∂K cannot jump
towards ∂K ∩ int(Ke) ⊂ ∂(C ∪D). Otherwise, it is possible
to have B(x) < 0 while x ∈ int(Ke) ∩ ∂(C ∪D) ⊂ ∂K. •

Remark 3: In the general case where K 6⊂ (int(C) ∪
D)\(∂C∩∂D), we cannot guarantee for a nontrivial solution
flowing from xo ∈ K ∩ ∂C to satisfy x([0, ε], xo) ⊂ int(K)
for some ε > 0, since the solution can flow in ∂C while
remaining in int(Ke). In other words, the barrier candidate
does not define the set K on any neighborhood of C ∪D as
opposed to the Minkowski functional which defines the set K
in Rn. Therefore, in order to extend Theorem 2 to the general
case where K ⊂ C ∪D, we need to guarantee, additionally,
that there is no possibility of flowing in ∂C ∩ ∂K while
flowing in int(Ke). The latter fact cannot be characterized in
terms of a general barrier candidate defining the set according
to (8). •

Example 3: Consider the hybrid system

F (x) :=

[
−[1, 2]x1 + (1/2)x2
−x2 − (1/2)x1

]
∀x ∈ C,

C :=
{
x ∈ R2 : x2 ≥ −1

}
,

G(x) :=[0, 1/2]

[
x1
−x2

]
∀x ∈ D,

D :=
{
x ∈ R2 : x2 ≤ −1

}
\
{

[−1 − 1]>
}
.

We study the pre-contractivity of the C-set

K :=
{
x ∈ C ∪D : x21 + x22 ≤ 2, x2 ≥ −1

}
,

which can be defined according to (8) using the C1 barrier
candidate B(x) := [|x|2− 1 − (x2 + 1)]>. That is, we note
that the C-set K satisfies K ⊂ int(C ∪D); hence, Theorem
2 is applicable. Indeed, since the candidate B is continu-
ously differentiable, it follows that lim suph→0+

Bi(x+ηh)
h =

〈∇Bi(x), η〉 for all i ∈ {1, 2}. Furthermore, 〈∇B1(x), η〉 ∈
[−x21 + x22,−2x21 + x22] ⊂ R<0 for all η ∈ F (x) and
for all x ∈ ∂K1 ∩ C = {x ∈ ∂K : x2 ≥ −1}. Similarly,
〈∇B2(x), η〉 = x2 + (1/2)x1 = −1 + (1/2)x1 ≤ −1/2 < 0
for all x ∈ ∂K2 ∩C =

{
x ∈ R2 : x2 = −1, |x1| ≤ 1

}
and

for all η ∈ F (x). Moreover, G(x) = [0, 1/2][x1 1]> ⊂
[−1/2, 1/2]× [0, 1/2] for all η ∈ G(x) and for all x ∈ K ∩
D =

{
x ∈ R2 : x2 = −1, |x1| ≤ 1

}
. Hence, B1(η) < 0

and B2(η) < 0. Hence, the pre-contractivity of the set K
follows using Theorem 2. �

The previous sufficient conditions can be complemented
in order to conclude contractivity rather than only pre-
contractivity. That is, in the following, we propose sufficient

qualitative conditions allowing the existence of nontrivial
flows starting from any element in the set (∂(K∩C)∩∂C)\D
as required in Definition 8.

Proposition 2: For a hybrid systemH, a C-set K ⊂ C∪D
is contractive if it is pre-contractive and

F (x) ∩ TC(x) 6= ∅ ∀x ∈ U(xo) ∩ ∂(K ∩ C) ∩ ∂C,
∀xo ∈ (∂(K ∩ C) ∩ ∂C)\D. (22)

�

Example 4: We propose to build upon the pre-
contractivity conclusions in Example 3 in order to conclude
contractivity, using Proposition 2. To do so, it is enough
to show that the set (∂(K ∩ C) ∩ ∂C)\D satisfies (22).
Indeed, the set (∂(K ∩C)∩∂C)\D reduces to the singleton{

[−1 − 1]>
}

and the neighborhood U(x)∩∂(K∩C)∩∂C
can be chosen as U(x) ∩ ∂(K ∩ C) ∩ ∂C ={
x ∈ R2 : x2 = −1, x1 ∈ [−1,−1/2)

}
on which

F (x) = [−[1, 2]x1 − 1/2 1 − (1/2)x1]>; hence,
(22) follows since 1− (1/2)x1 > 0. �

B. The case of non-C closed sets

For general closed sets, we cannot use the Minkowski
functional in order to define contractivity notions. Conse-
quently, in the case of closed sets that are not C-sets, the
following alternative definitions are proposed in order to
preserve the properties in Lemma 1.

Definition 9 (Contractivity for non-C closed sets): For a
hybrid system H, a closed set K ⊂ C ∪ D is said to be
pre-contractive (respectively, contractive) if it is forward pre-
invariant (respectively, invariant) and for each xo ∈ ∂K
and a nontrivial solution x starting from xo, there exist
T > 0 and J ∈ N∗ such that x(t, j) ∈ int(K) for all
(t, j) ∈ domx ∩ [([0, T ]× {0}) ∪ ({0} × {0, . . . , J})] and
(t, j) 6= (0, 0). •

Remark 4: It is useful to notice that, in the particular case
of differential inclusions, the pre-contractivity of a closed set
K ⊂ O reduces to the nonexistence of any solution x starting
from any xo ∈ ∂K such that x([0, T ], xo) ⊂ Rn\int(K) for
some T > 0. Pre-contractivity is also named strict invariance
in [7]. •
Next, we propose to characterize contractivity notions using
barrier functions. Our approach is mainly based on the
characterization of the tangent cone Dint(K) on the boundary
of the considered closed set using the barrier candidate
defining the set. Furthermore, the latter fact is combined with
[7, Theorem 4.3.4] to certify the system’s behavior required
in contractivity notions.

Theorem 3: Consider a hybrid system H and a C1 barrier
function candidate B defining the closed set K as in (8).
The set K is pre-contractive if

〈∇Bi(x), η〉 < 0 ∀x ∈ ∂Ki ∩ C ∀i = 1, 2, ...,m

∀η ∈ F (x) ∩ TC(x), (23)

F (x) ∩ T∂C∩∂K(x) = ∅ ∀x ∈ ∂K ∩ ∂C, (24)
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B(η) < 0 ∀x ∈ K ∩D ∀η ∈ G(x), (25)
G(x) ⊂ C ∪D ∀x ∈ K ∩D, (26)
G(x) ⊂ int(C ∪D) ∀x ∈ ∂K ∩D. (27)

�

Example 5: Consider the hybrid system

F (x) :=

[
−(x2 + 1)

−2(x2 + 1) + x1

]
∀x ∈ C,

C :=
{
x ∈ R2 : x2 ∈ [0, 1], x1 ∈

√
3[−1, 1]

}
,

G(x) :=
1√
3

[
x1√
3
2

]
∀x ∈ D,

D :=
{
x ∈ R2 : x2 ≥ 0, x1 ∈

√
3[−1, 1]

}
.

We study the pre-contractivity of the set K :={
x ∈ R2 : x21 + (x2 + 1)2 ≤ 4, x2 ≥ 0

}
, which can be de-

fined using the C1 barrier function candidate B(x) := [x21 +
(x2 + 1)2 − 4 − x2]>. Indeed, we start noticing that the
set K is not a C−set and does not satisfy K ⊂ int(C ∪D);
hence, we will use Theorem 3 in order to analyze its pre-
contractivity. Indeed, in order to satisfy the jump conditions
(25)-(27), we notice that, G(x) = [ x1√

3
1
2 ]> ⊂ int(C ∪ D)

for all x ∈ K ∩D =
{
x ∈ R2 : x2 = 0, |x1| ≤

√
3
}

since
(1/
√

3)x1 ≤ 1; and hence, (26)-(27) hold. Moreover, it is
clear to see that B(G(x)) = [x21/3 − 7/4 − 1/2]> < 0
for all x ∈ K ∩ D; since |x1| ≤

√
3; and hence, (25) also

follows. In order to conclude the pre-contractivity, it remains
to show that (24) and (23) are both satisfied. Indeed, we have
〈∇B1(x), F (x)〉 = −(x2 +1)2 < 0 for all x ∈ ∂C ∩∂K1 ={
x ∈ R2 : x2 ≥ 0, |[x1 x2 + 1]| = 2

}
. Furthermore, for

any x ∈ ∂K2 ∩ C =
{
x ∈ R2 : x2 = 0, |x1| ≤

√
3
}

,
F (x) = [−1 −2+x1]> /∈ TC(x) since −2+x1 < 0 for all
x1 ∈ ∂K2∩C. Hence, (23) is satisfied. Furthermore, in order
to show (24), we notice that ∂K ∩ ∂C =

{
[0 1]>

}
∪ ∂K2.

Moreover, when x = [0 1]>, F (x) = [−2 − 2]> /∈
TC(x) and x ∈ ∂K2, we have already shown that F (x) /∈
TC(x). The two latter facts together allow to conclude that
F (x) /∈ T∂C∩∂K(x) for all x ∈ ∂K ∩ ∂C. Hence, the pre-
contractivity of the set K follows. �

In the sequel, we propose extra conditions to conclude
contractivity rather than only pre-contractivity.

Proposition 3: For a hybrid system H, a pre-contractive
set K ⊂ C ∪ D is contractive provided that the solutions
do not escape in finite time along the flows inside K ∩ C
and, starting from each element in (∂(K ∩ C) ∩ ∂C)\D, a
nontrivial flow exists. �

In the following statement, as in Proposition 2, the existence
of a nontrivial flow starting from (∂(K ∩ C) ∩ ∂C)\D is
expressed using a qualitative condition.

Proposition 4: For a hybrid system H, consider a C1
barrier function candidate defining the closed set K as in
(8). The set K is contractive if (23)-(27) hold and

F (x) ∩ TC(x) 6=∅ ∀x ∈ U(xo) ∩ ∂(K ∩ C) ∩ ∂C,
∀xo ∈ (∂(K ∩ C) ∩ ∂C)\D. (28)

�

Example 6: Let us reconsider the case study in Example
5. In order to conclude contractivity for the set K according
to Proposition 4, we need to show that there is no possibility
of a finite escape along the flows inside the set K∩C, which
is the case since the set K is compact. Also, (28) has to hold
for all x ∈ (∂(K ∩ C) ∩ ∂C)\D = {(0, 1)}. Indeed, notice
that the neighborhood U(x)∩∂(K∩C)∩∂C is reduced to the
element x =

{
[1 0]>

}
with F (x) = [−2 − 4]> ∈ TC(x),

which concludes the contractivity of the set K. �

V. CONCLUSION

This paper proposed new characterizations of forward
invariance and contractivity for closed sets for general hybrid
inclusions. The considered closed sets are defined using
a vector of barrier functions. The proposed conditions are
alternatives to the existing cone-based conditions and those
involving only a scalar barrier function.
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