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HyNTP: A Distributed Hybrid Algorithm for
Time Synchronization

Marcello Guarro and Ricardo G. Sanfelice

Abstract—This paper presents a distributed hybrid al-
gorithm that synchronizes the time and rate of a set of
clocks connected over a network. Clock measurements of
the nodes are given at aperiodic time instants and the con-
troller at each node uses these measurements to achieve
synchronization. Due to the continuous and impulsive na-
ture of the clocks and the network, we introduce a hybrid
system model to effectively capture the dynamics of the
system and the proposed hybrid algorithm. Moreover, the
hybrid algorithm allows each agent to estimate the skew
of its internal clock in order to allow for synchronization
to a common timer rate. We provide sufficient conditions
guaranteeing synchronization of the timers, exponentially
fast, with robustness. Numerical results illustrate the syn-
chronization property induced by the proposed algorithm
as well as its performance against comparable algorithms
from the literature.

. INTRODUCTION
A. Motivation

Since the advent of asynchronous packet-based networks
in communication and information technology, the topic of
clock synchronization has received significant attention due
to the temporal requirements of packet-based networks for the
exchange of information. In recent years, as distributed packet-
based networks have evolved in terms of size, complexity, and,
above all, application scope, there has been a growing need
for new clock synchronization schemes with tractable design
conditions to meet the demands of these evolving networks.

Distributed applications such as robotic swarms, automated
manufacturing, and distributed optimization rely on precise
time synchronization among distributed agents for their oper-
ation; see [1]. For example, in the case of distributed control
and estimation over networks, the uncertainties of packet-
based network communication requires timestamping of sensor
and actuator messages in order to synchronize the information
to the evolution of the dynamical system being controlled or
estimated. Such a scenario is impossible without the existence
of a common timescale among the non-collocated agents in
the system. In fact, the lack of a shared timescale among
the networked agents can result in performance degradation
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that can destabilize the system; see [2]. Moreover, one cannot
always assume that consensus on time is a given, especially
when the network associated to the distributed system is
subject to perturbations such as noise, delay, or jitter. Hence,
it is essential that these networked systems utilize clock syn-
chronization schemes that establish and maintain a common
timescale for their algorithms.

B. Background and Related Work

For many networked control system settings, each agent
in the system is fitted with its own internal hardware clock
and one or more software clocks that inherits the dynamics
of the hardware clock. In an ideal scenario, the i-th agent
in the system would have a clock 7; € R>g such that
7;(t) = t, where t is the global or real time. However, many
hardware clocks utilize quartz-crystal or MEMS oscillators,
susceptible to manufacturing imperfections and environmental
factors that affect oscillator frequency; see [3] and [4]. Due to
the variability in oscillator frequency, one generally considers
the continuous-time dynamics of the i-th hardware clock node
given by

T = a; (1)

where a; € R defines the clock’s rate of change. Solving the
differential equation gives the following relationship to the
ideal clock or real time reference ¢:

Ti(t) = ait—FTi(O) 2)

where the initial condition 7;(0) gives the offset from ¢. For
a network of m agents, the notion of clock synchronization
can be defined as the state of the networked system such that
T, =m; forall 4,5 € {1,2,...,n}, i # j.

In an ideal setting with no delay and identical clock rates (or
skews), synchronization between two nodes, Node 1 and Node
2, can be achieved by the following simple reference-based
algorithm. Node 1 sends its time to Node 2. Node 2 calculates
its offset relative to 1. Node 2 applies the offset correction to
its clock. For the case of non-identical clock skews, a pair of
measurements from Node 1 would allow Node 2 to calculate
its relative skew Z—; and apply a correction accordingly. In
a realistic setting, however, network communication between
nodes is subject to a variety of delays to which such simple
reference-based algorithms are nonrobust; see [5]. Moreover,
these algorithms become cumbersome in terms of network
utilization and computation as the number of nodes on the
network increases.



The seminal Networking Time Protocol (NTP) presented in
[6] mitigates these challenges through the implementation of
a centralized algorithm. In particular, the networked agents in
the system synchronize to a known reference that is either
injected or provided by an elected leader agent. The effects
of communication delay are mitigated via assumptions on
the round-trip delay that occurs in the communication of
any two nodes on the network. Conversely, other centralized
approaches, such as those in [7] and [8], assume the com-
munication delay to be negligible and instead utilize least-
squares minimization to estimate the errors in the offset and
rates of change between the synchronizing nodes and the
elected reference agent. Unfortunately, these approaches suffer
robustness issues when communication with the reference
node is lost or if the random delays in the transmission do
not follow a normal distribution, see [3]. Moreover, algorithms
like NTP were not designed for dynamic network topologies
as they rely on predefined network hierarchies that define the
relationships between the reference nodes and their children.
Any change to the topology requires a reconstruction of the
hierarchy adding considerable delay to the synchronization of
the clocks.

Recently, the observed robustness issues in the central-
ized protocols have motivated leader-less, consensus-based
approaches by leveraging the seminal results on networked
consensus in [9], [10], and [11]. In particular, the works of [1],
[12], [13], and, more recently, [14] employ average consensus
to give asymptotic results on clock synchronization under
asynchronous and asymmetric communication topology. How-
ever, due to the constraints on the communication modeling of
the system the convergence results do not hold globally. More-
over, the lack of global convergence precludes any guarantees
of robust asymptotic stability; see the forthcoming Remark
3.2.

The work in [15] also considers a consensus-based approach
by using a controller that uses a proportional gain to compen-
sate for the clock rates and an integrator gain acting on an
auxiliary control state that compensates for the clock offsets.
Though the solution in [15] provides faster convergence than
the other approaches using average consensus, the algorithm
assumes periodic synchronous communication of the nodes.
This assumption is relaxed in [16] by considering asyn-
chronous communication events. The authors in [17] consider
a similar relaxation but also relax assumptions on the graph
structure. However, in both [16] and [17] the clocks are slower
to converge compared to the synchronous communication
setting. Still, both synchronous and asynchronous scenarios
require a large number of iterations before synchronization
is achieved. Moreover, the algorithm subjects the clocks to
significant nonsmooth adjustments in clock rate and offset that
may prove undesirable in certain application settings or even
prevent the rigorous establishment of robustness properties.

C. Contributions

The lack of performance guarantees in the aforementioned
works have motivated the design of a hybrid clock syn-
chronization algorithm with tractable design conditions. In

particular, this paper introduces a distributed hybrid algorithm
that exponentially synchronizes a set of clocks connected over
a network via measurements given at aperiodic time instants.
Inspired by the contributions in [18], we present a dis-
tributed hybrid algorithm to synchronize the network clocks
in the presence of non-ideal clock skews while capturing the
continuous and impulsive dynamics of the network into a
hybrid model. To achieve synchronization with a common rate
of change, the algorithm also allows for local estimation of the
skew of the internal clock at each agent. The use of a hybrid
systems model to solve the problem under consideration allows
for the application of a Lyapunov-based analysis to show
stability of a desired set of interest. Using results from [19], we
show that, via a suitable change of coordinates, our distributed
hybrid clock synchronization algorithm guarantees synchro-
nization of the timers, exponentially fast, with robustness.
The main contributions of this paper are given as follows:
e In Section we introduce HyNTP, a distributed hybrid
algorithm that synchronizes the clock rates and offsets to
solve the problem outlined in Section Moreover, we
present a hybrid systems model to capture the network
dynamics for the case of synchronous and aperiodic
communication events. In Section [V] we present a re-
duced model of the system and a subsequent auxiliary
model that is generated from an appropriately defined
change of coordinates. With the auxiliary model, we
present necessary and sufficient conditions for which
stability of a compact set, representing synchronization,
holds. Moreover, we show that the system is robust to
perturbations on the communication noise, clock drift,
the desired clock rate reference, and to communication
delays in Section
e In Section we compare the merits of our algorithm
to competing algorithms in the literature.
We inform the reader that some details have been omitted due
to space constraints and can be found in the technical report
[20]. This work is an extension of our conference paper [21],
which pertains to the nominal case and has no proofs.

D. Notation

The set of natural numbers including zero, i.e., {0,1,2,...}
is denoted by N. The set of natural numbers is denoted as N g,
ie., Nsg = {1,2,...}. The set of real numbers is denoted as
R. The set of nonnegative real numbers is denoted by R, i.e.,
R>¢ = [0, 00). The n-dimensional Euclidean space is denoted
R™. Given sets A and B, ' : A = B denotes a set-valued
map from A to B. For a matrix A € R"*™, AT denotes
the transpose of A. Given a vector z € R", |z| denotes the
Euclidean norm. Given a vector z € R™ and a nonempty set
Y C R™, |z|x; denotes the Euclidean point-to-set distance, i.e.,
|z]s = infyex|z —yl. Given two vectors € R™ and y € R™,
we use the equivalent notation (z,%) = [27 y' |T. Given a
matrix A € R™"™, |A| := max{,/[\] : \ € eig(ATA)}. For
two symmetric matrices A € R"*™ and B € R"*™, A > B
means that A — B is positive definite; conversely, A < B
means that A — B is negative definite. A vector of N ones
is denoted 1. The matrix [,, is used to denote the identity
matrix of size n X n.



Il. PRELIMINARIES

A. Preliminaries on Graph Theory

Let G = (V,&, A) be a weighted directed graph (digraph)
where V = {1,2,...,n} represents the set of n nodes,
E C V xV the set of edges, and A € {0,1}"*™ represents
the adjacency matrix. An edge of G is denoted by e;; = (3, j).
The elements of A are denoted by a;;, where a;; = 1 if
eij € £ and a;; = 0 otherwise. The in-degree and out-
degree of a node i are defined by d(i) = >.}'_, ax; and
d°“t(i) = Y p_, aik, respectively. The largest and smallest
in-degree of a digraph are given by d = max;cyd"™ (i) and
d = min;cyd™™ (i), respectively. The in-degree matrix is an
n x n diagonal matrix, denoted D, with elements given by
dij = d™(i) if i = j, d;j = 0if i # j for each i € V. The
Laplacian matrix of a digraph G, denoted by L, is defined
as L = D — A and has the property that £1,, = 0. The set
of nodes corresponding to the neighbors that share an edge
with node ¢ is denoted by N'(i) ;== {ke€V : ey; €€ }. In
the context of networks, N(7) represents the set of nodes for
which an agent ¢ can communicate with.

B. Preliminaries on Hybrid Systems

A hybrid system H in R" is composed by the following
data: a set C' C R™, called the flow set; a differential equation
defined by the function f : R™ — R™ with C' C dom f, called
the flow map; a set D C R"”, called the jump set; and a set-
valued mapping G : R® = R” with D C dom G, called the
jump map. Then, a hybrid system H := (C, f, D, G) is written
in the compact form

i = f(x)

zelC
H'{xED zt e G(x)

where x is the system state. Solutions to hybrid systems are
denoted by ¢ and are parameterized by (¢, ), where ¢ € R>
defines ordinary time and j € N is a counter that defines the
number of jumps. A solution ¢ is defined by a hybrid arc on
its domain dom ¢ with hybrid time domain structure [19]. The
domain dom ¢ is a hybrid time domain if dom ¢ C R>g x N
and for each (T, JJ) € dom ¢, dom ¢N([0,7] x {0,1,...,J})
is of the form J;_,([t;,¢j4+1] x {j}), with 0 = ¢o < #; <
to < tj41. A function ¢ : dom ¢ — R”™ is a hybrid arc if
dom ¢ is a hybrid time domain and if for each j € N, the
function ¢ — ¢(t, j) is locally absolutely continuous on the
interval I/ = {t : (¢,j) € dom ¢}. A solution ¢ satisfies the
system dynamics; see [19, Definition 2.6] for more details. A
solution ¢ is said to be maximal if it cannot be extended by
flow or a jump, and complete if its domain is unbounded. The
set of all maximal solutions to a hybrid system # is denoted
by Sz and the set of all maximal solutions to H with initial
condition belonging to a set A is denoted by Sy (A). A hybrid
system is well-posed if it satisfies the hybrid basic conditions
in [19, Assumption 6.5].

Definition 2.1: Given a hybrid system #H defined on R",
the closed set A C R” is said to be globally exponentially
stable (GES) for H if there exist x,a > 0 such that every
maximal solution ¢ to H is complete and satisfies |¢(t, j)|a4 <
ke~ *(+3)|$(0,0)| 4 for each (t,5) € dom ¢.

3)

I1l. PROBLEM STATEMENT

Consider a group of n sensor nodes connected over a
network represented by a digraph G = (V, &, A). Two clocks
are attached to each node i of G: an (uncontrollable) internal
clock 7 € R>( whose dynamics are given by
= a; )

3

and an adjustable clock 7; € R>o with dynamics
= a; +u; 4)

where u; € R is a control input. In both of these models,
the (unknown) constant a; represents the unknown drift of the
internal clock.

At times t; for j € Ny (we assume to = 0), node ¢
receives measurements 7 from its neighbors, namely, for each
k € N(i). The resulting sequence of time instants {¢;}72, is
assumed to be strictly increasing and unbounded. Moreover,
for such a sequence, the time elapsed between each time
instant when the clock measurements are exchanged satisfies

T <tjp1—t;<Tp, 0<t; <Ty VjeNy5o (6)

where 0 < T7 < Th, with T} defining a minimum time be-
tween consecutive measurements and 75 defines the maximum
allowable transfer interval (MATT).

Remark 3.1: The models for the clocks are based on the
hardware and software relationship of the real-time system
that implements them. That is, the internal clock 7;° is treated
as a type of hardware oscillator while the adjustable clock
7; is treated as a virtual clock, implemented in software (as
part of the proposed algorithm), that evolves according to
the dynamics of the hardware oscillator. Any virtual clock
implemented in node ¢ inherits the drift parameter a; of the
internal clock, which cannot be controlled. More importantly,
this drift parameter is not known due to the fact that universal
time information is not available to any node. The input u; is
unconstrained as allowed by hardware platforms.

Remark 3.2: Note that the proposed communication strat-
egy does not capture the situation when the agents in the
network communicate at different times (asynchronous). The
decision for modeling a synchronous communication strategy
is due to the challenges in guaranteeing global, robust clock
synchronization in an asynchronous setting.

For instance, in the problem settings of the work by [1],
[13], and [22] the algorithms therein allow for the nodes to
communicate at different time between nodes:

1) These articles consider n networked nodes whose inter-
connections are represented by a undirected graph G;

2) Each node ¢ is equipped with a local hardware clock T;
and software clock 7;;

3) Information is exchanged between an agent pair (i, k)
at times instants t;-’k.

However, the convergence properties guaranteed are neither
global nor robust; see [20, Remark 3.2]. In this paper, we
demonstrate through the use of a simpler network model
commonly used in the literature (see [15] and [17]) and the
use of hybrid systems tools that such properties are possible.



Under such a setup, our goal is to design a distributed hybrid
controller that, without knowledge of the drift parameter and
of the communication times in advance, assigns the input u; to
drive each clock 7; to synchronization with every other clock
T, wWith 7 evolving at a common prespecified constant rate
of change o* > 0 for each £ € V. This problem is formally
stated as follows:

Problem 3.1: Given a network of n agents with dynamics
as in @) and (3) represented by a directed graph G and
o* > 0, design a distributed hybrid controller that achieves the
following properties when information 7y, for each k € N (4)
is received by node ¢ at times ¢; satisfying @:

1) Global clock synchronization: for each initial condition,
the components 71, 7o, ..., T, of each complete solution
to the system satisfy

lim |7;(¢t) — T(t)| =0

Vi,keV,i#k
t—o00
ii) Common clock rate: for each initial condition, the com-
ponents 7i,7s,...,7, of each complete solution to the
system satisfy
lim |7(t) —o*|=0 Vi€V
t—o0
IV. DISTRIBUTED HYBRID CONTROLLER FOR
TIME SYNCHRONIZATION

We define the hybrid model that provides the framework and
a solution to Problem [3.1] First, since we are interested in the
ability of the rate of each clock to synchronize to a constant
rate o*, we propose the following change of coordinates: for
each 7 € V, define e¢; := 7; —r, where r € R> is an auxiliary
variable such that 77 = ¢*. The state r is only used for analysis.
Then, the dynamics for e; are given by

Yiey @)

éi = 7L'i — 0'*
By making the appropriate substitutions, one has

é=a;+u; —o* Viey )

To model the network dynamics for aperiodic communication
events at ¢;’s satisfying (6), we consider a timer variable 7
with hybrid dynamics

F =-1 7€(0,T], 7re[l,Tn] 7=0 )

This model is such that when 7 = 0, a communication event
is triggered, and T is reset to a point in the interval [T}, T5]
in order to preserve the bounds given in @; see [23]. Note
that 7 is a global variable that models the network dynamics
of the system triggering the communication events between
the nodes. Moreover, information on 7 is not available to the
nodes. One can think of this mechanism as a type of network
manager that governs the communication events of the system;
see [15] and [17] for similar network models.

The proposed hybrid algorithm assigns a value to u; so as
to solve Problem [3.1} which in the e; coordinates requires
e; to converge to zero for each 7 € V. In fact, the algorithm
implements two feedback laws: a distributed feedback law and
a local feedback law. The distributed feedback law utilizes
a control variable 7; € R that is impulsively updated at

communication event times using both local and exchanged
measurement information 7. Specifically, it takes the form

U;L: Z sz(%lv%k)

keN ()

where K¥(7;,7) = —vi(e; — ex) with v; > 0. Between
communication event times, 7; evolves continuously.The local
feedback strategy utilizes a continuous-time linear adaptive
estimator with states 7; € R and a; € R to estimate the drift
a; of the internal clockP_-] The estimate of the drift is then
injected as feedback to compensate for the effect of a; on
the evolution of 7;. Furthermore, the local feedback strategy
injects o* to attain the desired clock rate for 7;.

Inspired by the protocol in [18, Protocol 4.1], the dynamics
of the ¢-th hybrid controller are given by

U = hin — (T — 7)), % = himi

} T € [0, T3]

a; = —pi(Ti — 7)), o= — (fi— 1))
uf =y Z (Fi—Fr)—ai+o*, a = a
keN () 0
T =
no= Z (Ti = ), 77 =17
kEN (7)

(10)
where h; € R, «; > 0 are controller parameters for the
distributed hybrid consensus controller and p; > 0 is a
parameter for the local parameter estimator. The state 7); is
an auxiliary controller state that is injected into the control
input «;. At communication events t;, i.e. when 7 = 0, both
u; and n; reset to new values using measurement information
7y, from the neighbors k& € N (i) of node 4, as denoted by
the superscript . Moreover, the values for a; and o* that are
injected as feedback into u; are kept constant across jumps.

With the timer variable and hybrid controller defined in (10},
we construct the hybrid closed-loop system H obtained from
the interconnection between the distributed hybrid controller
and the local adaptive estimator given in error coordinates.
The state of the closed-loop system is

x=(e,u,n, 7 a,7,7) € X (11)
where & := R" x R" x R" x RY; x R" x R%; x [0, T3]
with e = (e1,eq,...,en), u = (u1,uz,...uy), n =
(7717772)""771'7,)» T = (Tf7T§a"'aTX1)7 T = (7217722a"'772N)7
a = (ay,as,...,an), and G = (a1, as, ..., dy). Then, let

H:=(C.f,D,G) (12)

where the dynamics and data (C,f,D,G) are given
by (é,u,n,7%a,7,7) = (a + u — oc*1,,hnp — p(7 —
), hn,a, —pu(7 — 7%),a — (7 — 7),—1) =: f(z) for each
r € C and (et,ut,nt, 71 at, 77, 77) = (e,—vLe —
a+ oc*1l,,—yLe, 7% a,7,[T1,Ts]) =: G(x) for each z € D
where C := X and D := {z € X : 7 = 0}. Note that
X C R™ where m = Tn.

With the hybrid system # defined, the next two results
establish existence of solutions to A and that every maximal

! In [20] we demonstrate the need for such a strategy to estimate a; since
first difference methods would not be viable in our problem setting.



solution to H is complete. In particular, we show that, through
the satisfaction of some basic conditions on the hybrid system
data, which is shown first, the system 7 is well-posed and that
each maximal solution to the system is defined for arbitrarily
large t + j.

Lemma 4.1: The hybrid system H satisfies the hybrid basic
conditions defined in [19, Assumption 6.5].

Lemma 4.2: For every £ € C U D(= X), every maximal
solution ¢ to H with ¢(0,0) = & is complete.

The properties given in these two lemmas are easily estab-
lished from the information given in the data of H; see [20]
for full details on the proofs of these results.

With the hybrid closed-loop system # in (I2), the set to
asymptotically stabilize so as to solve Problem [3.1] is

A={xeX: e, =epn=0,4=0a;7="1] 3

w; =n; —a; +o* Vi, k € V} (13)
Note that e; = e, and 7; = 0 for all 3,k € V imply
synchronization of the clocks, meanwhile a; = a; and 7" = 7;
for all i,k € V ensure no error in the estimation of the
clock skew and that the internal and estimated clocks are
synchronized, respectively. The inclusion of u; = —a; +0™* in
A ensures that, for each 7 € V, e; remains constant (at zero)
so that e; does not leave the set .A. This property is captured
in the following result using the notion of forward invariance
of a set.

Remark 4.3: Given that each maximal solution ¢ to H is
complete, with the state variable 7 acting as a timer for #, for
every initial condition ¢(0,0) € C' U D we can characterize
the domain of each solution ¢ to H as follows:

dom ¢ = U[tj,tjﬂ] x {7}

JEN

(14)

with tg = 0 and ¢;; —%; as in (6). Furthermore, the structure
of the above hybrid time domain implies that for each (¢, j) €
dom ¢ we have

t<Th(j+1) (15)

Lemma 4.4: Given a strongly connected digraph G, the set
A in (@ is forward invariant for the hybrid system H, i.e.,
each maximal solution ¢ to H with ¢(0,0) € A is complete
and satisfies ¢(t, j) € A for each (t,5) € dom ¢ (see [19]).

With the definitions of the closed-loop system # in (I2)
and the set of interest A in (I3) to asymptotically stabilize
in order to solve Problem [3.1} we introduce our main result
showing global exponential stability of A to #. This result
is established through an analysis of an auxiliary system 7.
presented in @) and its global exponential stability for the
auxiliary set A, in , the details of which, along with a
proofs, can be found in Section

Theorem 4.5: Given a strongly connected digraph G, if the

parameters To > T7 > 0, u > 0, h € R, and v > 0, the
positive definite matrices Py, P>, and Ps are such that

PyAp, + Af Py <0, PsAp, +Aj P3<0 (16)

Agyexp(Af,v)Prexp(Ap,v)Ag,—P1 <0 Vv e [T1,Ts] (1)

K1 K2
‘exp (a—QTg) (1 - ;2)( <1 18)
hold, where Ay,, Agy, are given in (@) and
P k1 k1€ = — mi
Rl = max{ 9 2 ﬂz}, Ro = min{l, xa}
=2 Al V)P A
K1 Vér[loa:¥2]| exp (A, v)Prexp (Ap,v)|

. T T
Ko € (O’VEI[TTl“iI,ITz] {)\min (Ag,exp (Af2 v)Prexp (Af2 v)Agy—P1) })
@y = max { exp (2hv), Amaz (exp (A;c; v)Prexp (Ap,v)),
v€(0,Ts]

)\maw(PQ)7 )\mam(Pfi)}
(19)
with € > 0, and 31 > 0 and 3 > 0 such that, in light of (16,
PyAy, +AJT3P2 = —B11y and P3Ay, +A;4P3 = —Balsn—1)
then, the set A in (I3) is globally exponentially stable for the
hybrid system H in (I2).

To validate our theoretical stability result in Theorem
@3] consider five agents with dynamics as in (@) and (3)
over a strongly connected digraph with the following adja-
cency matrix G4 = ([0,1,1,0,1], [1,0,1,0,0], [1,0,0,1,0],
[0,0,1,0,1], [1,0,1,1,0]). Given T3 = 0.01, T5 = 0.1, and
o* =1, then it can be found that the parameters h = —1.3,
w = 3, v = 0.125, suitable matrices P;, P, Ps; (see [20]
for details), and € = 1.607 satisfy conditions (T7) and (T8)
in Theorem [£.3] with 51 = 9.78, k1 = 31.44, ko = 1, and
ay = 18.923. Figure |I| shows the trajectories of e; — ey,
€q, for components ¢ € {1,2,3,4,5} of a solution ¢ for
the case where 0 = ¢* with initial conditions ¢.(0,0) =
(1,-1,2,-2,0), ¢,(0,0) = (0,—3,1,—4,-1), and clock
rates a; in the range (0.85, 1.15).E|

Remark 4.6: Theorem 4.5 not only assures that the pro-
posed algorithm guarantees global exponential stability of the
set A defined in (I3)), but also that such a property is robust to
perturbations — see Section VI for details. It should be noted
that the property is global in all of its variables, in the sense
that regardless of the initial condition for the state x of H,
in particular, convergence (in distance) to 4 is assured. These
properties are not evident in other algorithms in the literature
— in particular, the initial conditions for the variables 7,¢.,
and 7,4 in [1, Theorem 1] need to be properly chosen to avoid
unboundedness of the update law.

Remark 4.7: Observe that condition (T7) may be difficult to
satisfy numerically as it may not be convex in v and P;. The
authors in [23] utilize a polytopic embedding strategy to arrive
at a linear matrix inequality in which one needs to find some
matrices X; such that the exponential matrix is an element in
the convex hull of the X; matrices. Such an algorithm can be
adapted to our setting.

V. KEY PROPERTIES OF 1 AND
PROOF OF THE MAIN RESULT

A. Reduced Model — First Pass

scenarios
Code at

different
100 nodes.

2See  [20] for more simulations under
including a larger simulation with N =
github.com/HybridSystemsLab/HybridClockSync
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Fig. 1. The trajectories of the solution ¢ for state component errors
e;—eyg, €q;, and . Plot of V' evaluated along the solution ¢ projected
onto the regular time domain (bottom).

In this section, we recast the hybrid system # into a reduced
model obtained by setting u = 1 — a + ¢*1,,. This reduced
model enables assessing asymptotic stability of A. It is given
in error coordinates for the parameter estimation of the internal
clock rate and also the error of the internal clock state. We let
€q = a — a denote the estimation error of the internal clock
rate and €, = 7 — 7" represent the estimation error of the
internal clock state. The state of the reduced model is given
by x. := (e,1,&q,6+,7) € R"XR"XR"xR" x [0, T3] =: A
with dynamics defined by the data

V. € Cq,
(20)
Vx. € D,

fs(xe) = (77 + €a, hna MET, —Er — Eq, _1)
Gs(xs) = (6, -vLe,gq, 67, [Tla TQ])

where C. := X and D, := {z. € X. : 7 = 0}. This system
is denoted H. = (C., f-, Dc, G.). Note that the construction
u =1 —a+ o*1,, which holds along all solutions after the
first jump, leads to é = n + €,.

To relate the properties of the reduced model to those of the
hybrid system H, we establish a result showing an equivalency
between the solutions of H in and H. defined above. The
result shows that after the first jump, each solution ¢ to H is
equivalent to a solution ¢° to H. when the trajectories of the
timer variable 7 for both solutions are equal. To facilitate such
a result, we define the function M : X — A given by

M(z) := (e,n,a — a,7 — 7%, 7) 21
where = (e,u,n,7%,a,7,7), as defined in (L1), and the
function M : &, x R%, x RY, — & given by

M(ze,7,7%) = (e,n—(a—ea)+0™ 1,0, T—Er, a—€q, 6,47, T

(22)

Lemma 5.1: Let Ty > 17 > 0, digraph G, and hy-
brid systems H and H. be given as in ({[2) and (20),

respectively. For each ¢ € Sy and eaclﬂ ¢° € Sy
such that $(0,0) = M (¢°(0,0),97(0,0),$.-(0,0)) and
timer components ¢ (t,j) = ¢<(t,7) for all (t,j) €
dom ¢, it follows that dom ¢ = dom ¢° and ¢(t,j) =
M(gzﬁg(tmj)7 D+ (t,7), Or (t,j)) for each (t,7) € dom ¢.
With the reduced model H. in place, we consider the
following set to globally exponentially stabilize for H.:

Ac:={z. € X. : e;=eg,n;=0Vi, k €V, £,=0,e,=0} (23)

This set is equivalent to A in the sense that the point-to-set
distance metrics |z|4 and |z|4_ are equivalent when the map
M is applied, as demonstrated in the results that follow.

Lemma 5.2: Given sets A and A. as in ({I3) and (23),
respectively, for each x = (e,u,n,7*,a,7,7), e, 7, and T
such that x € X, (v.,7,7") € X, and u =n—a+0*1, then
|$|A - ‘xE‘As and |M(x67%’7*)|A = |x|A

Lemma 5.3: Given Ty > T1 > 0 and a strongly connected
digraph G, the set A in (I3)) is GES for the hybrid system H
if A. in 23) is GES for the hybrid system H..

For proofs, see [20] and the Appendix.

B. Reduced Model — Second Pass

Global exponential stability of A. for H. is established by
performing a Lyapunov analysis on a version of H. obtained
after an appropriate change of coordinates, one where the flow
and jump dynamics are linearized. The model is obtained by
exploiting an important property of the eigenvalues of the
Laplacian matrix for strongly connected digraphs.

To this end, let G be a strongly connected digraph. By
exploiting certain known properties of strongly connected
graphs as outlined in [20, Lemma 2.1] and [20, Lemma 2.2],
one has that zero is a simple eigenvalue of the Laplacian matrix
L with an associated eigenvector v; = \/%1 ~. Furthermore,
there exists a nonsingular matrix

T = [v1,T1] 24

where 77 € RVXN~1 s a matrix whose columns are the
remaining eigenvectors of L, i.e., [va,...,un], such that

-1 0 0
and £ is a diagonal matrix with the nonnegative eigenvalues
of L as the diagonal elements given by (A2, A3,...,An), see
[9], [10], and [24] for more details.

To perform the said change of coordinates, we use 7T
to first perform the following transformations: & = 7T ‘e,
n =T 'n & = T 'e and &, = T 'e,. Then, we
define vectors z = (Z1,22) and w = (w;,wz), where z; :=
(€1,71), Z2 := (€2,..., €N, T2y .-, TIN ), W1 = (Eqy, &1y ), and
Wy = (Eayy---+8apnsErgs---,Er, ). Finally, we define x. :=
)(51, Zg, 101, W2, T) € RZXxR2"—1) x R2 x R2("=1) x [0, T3] =:
X, as the state of the new version of H., which is denoted

}, where L is the graph Laplacian of G

3Note that for a given solution ¢°(t,j) to He, the solution components
are given by ¢°(t,5) = (¢%(t,4), ¢5(t,5), 92, (t,3), 65, (t,5), 5 (. 5))-



H. and has data given by

Aflzl Bflwl Agrzl
_ Ap, 22 Bp,wz| Ay, 2o
fE(XE):: Afswl + 0 , Gs(Xs):: w1
Af4’lI)2 0 W
-1 0 [TlaTQ]
_ _ (25)
for each x. in C; := &, and in D, := {x. € X. : 7 = 0},
respectively, with
o 1] [0 L, 10w
An=1o h|’ Ap= 0 Al Ary {—1 —1}
_ il 10 (L, 0
An=1or, —Im] - Br=lo 0] - Br [0 0
1 0] [ I, 0]
Agl 0 0 ) Agg— —’)/Z 0
S ] ’ (26)

and m = N—1. Then, H. = (557 f;, IN?E, ég) denotes the new
version of H.. The set A, to stabilize in the new coordinates
for this hybrid system is given by

: 21:(6*, 0), Zo=0, w1 =0, wy=0, e* € R}
27
In the following two results, we ~ﬁrst demonstrate the
relationship between the sets A. for H. and A, for H. so
as to solve Problem [3.1} Then, similar to Lemma [5.3] we
show that global exponential stability of A, for ’HE implies
global exponential stability of A, for H.. See the appendix
for proofs.

Lemma 5.4: Let Ty > Ty > 0, digraph G, and hybrid
systems H. and H. be given as in and , respectively.
For each solution ¢ € Sy_ there exists a solunon ¢ € Sy
such that $(t,j) = T'o(t, J) for each (t,j) € dom ¢ zfand
only if for each solutions ¢ € Sy; _ there exists a solution ¢ €
Sy, such that ¢(t,7) = T71¢(t, j) for each (L,7) € dom &,
where I’ = diag(T,7T,7T,T,1).

Lemma 5.5: Given 0 < Ty < T5 and a strongly connected
digraph G, € € A. if and only if x. := I'"'¢ € A., where
I =diag(7 L, 7 L7 L7 11) and T is given in .
Moreover, for each x. € X. and each x. € X, |X€‘AE <

./15 = {Xa € X,

D™ H|@e|a, and |ze|a, < |TlIxe] 4.

Lemma 5.6: Given 0 < Ty < Iy and a strongly connected
digraph G, the set A. is GES for the hybrid system 7-[ if and
only if A. is GES for the hybrid system H..

C. Parameter Estimator

Exponential stability of the set A, for ﬁg hinges upon
the convergence of the estimate a to a. We present a result
establishing convergence of @ to a by considering a model
reduction of H.. To this end, consider the state x., :=
(W1, W, 7) € R? x R2=D 5 [0,Ty] =: X. . Its dynamics
are given by the system H. (C’ET, fer D, 7G ) with data
fe(xe, ) for each x.,. € C., and G, (xc,) for each x.. € D..
where

ffr(XEr) = (Af3w17Af4w2)_1)7 (28)

Ge, (Xe,) == (w1, w2, [T1, T2])

where C., := X, and D, := {x. €X., :7=0}. For this
system, the set to exponentially stabilize is given by

= {0} x {0} < [0, T3] (29)

In the next result, we show global exponential stability
of the set AET for ’H, through the satisfaction of matrix
inequalities. See the appendix for proof.

Proposition 5.7: If there exists a positive scalar p and
positive definite symmetric matrices P, Ps such that, with
Ay, gnd Ay, as in (@), the conditions in @ hold, then the
set A, is globally exponentially stable for the hybrid system
‘H.,. Furthermore, every solution ¢ to H., satisfies

~ awz . ~
5., < /52 exp (5ot +.) 0.0 5,
~ (30)
for each (t,j) € dom ¢, with ozwl = min{Apin(P2),
>\7mn(P3)} Ay = max{/\max(PZ) ) B8 >0, and
v = min{l —v,~vT1 }.

max

D. Proof of Theorem[4.3
Consider the following Lyapunov function candidate for .
Vixe) = Vilxe) + Valxe) + Ve, (xe) Vxe € & (1)
where Vi (xe)=exp (2h7)i3,
Va(xe)=%, exp (AT2 T)Py exp (A, T)Z2

and V., (x.) = w{ Pow; +w, P3is. Note that there exist two
positive scalars a1, ai such that

Vxe € C’E U Ds

With P; positive definite and noting the nonsingularity of
{ exp (2hv),

arlxel%, < Vxe) < anlxel’ (32)

min
vel0,T%]

Amin (exp (AL V) P1exp (Ap, 1)), Amin(P2), )\mm(Pg,)} and
Qo as in 1} For each x. € CE, one has
(VV(xe), fe(xe)) = 27; (exp (Af,7)Prexp (Af,7)) By, ws
+w) (P Ag, + Af, Py)iy
+ @, (PsAy, + Af, Ps)ws

exp (Ay,7) for every 7, we have a1 =

(33)
Now, by noting the conditions in (I6), with 81 > 0 and 85 > 0
such that PQAfS + A};PQ < —p11, and P3Af4 + ALPg <
— o1 then one has

(VV(xe), fo(xe)) < malz2|wa] = Brlan |* — Balia|* (34)

where £, is as given in (I9). Applying Young’s inequality to
K1 |22||w2|E| we obtain
_ _ K1€ _
(V) - 00)) < o =Bulin? + (557 = o ) ial?
(35
where € > 0. We then upper bound the inequality by picking

the largest coefficient, i.e, K1 = max{% (“16 ﬂz)}

leading to

(VV(xe), f-(xe)) < (36)

K1
OZV(Xs)

2 2
4In particular, we are utilizing the relation ab < %7 + % where a,b € R

and € > 0.



Now, for the analysis across jumps, note that for all y. € D,,
7 = 0. At jumps, 7 is mapped to some point v € [T7,T5].
Then, at jumps, for each g € G one has

V(g)-Vxe) =
—4Z, (AT exp (Af V)Pyexp (Af,v)Ag,—P1)Z
< —ha(|mf* +|2f)

where K2 and k9 are as given in (IE[) from where we have
V(g) = Vixe) < -Ra(Iin]* + |22/%)

Utilizing the upper bound o from the definition of V' in (32),
for all x. € D, one has V(x.) < aa(|]? + |22|* + |0]?).
Dividing by a and rearranging terms, one has

(37

_ _ 1 B
~(Im >+ 12%) < gV ) + |@|? (38)
Then, by inserting (38) into (37), we obtain
1
V(g) = Vixe) < Rz( - Q—QV(XE) + |w\2) (39)

Now, by noting that (VV(x), flxe)) < 2LV (xe) and by

, pick a solution ¢ to ’H, with initial condition gzb(O 0) €
C. UD Let the jumps of ¢ occur at times (¢;,7) € {j": 3t
(t',7') € dom ¢}. For each (¢,5) € [0,t1] x {0} one has

V(9(,0)) < exp (2L 12)V(5(0,0)
At (t1,1), one has

V(@ 1)< (1-22 ) exp (£ ) V60, 0) +ralin(tr, )

Then, for each (t,j) € [t1,t2] x {1}
V($(t,1)) = exp (ﬂ t)(1- Z—Z)V(é(om)
+exp( (tQ —t1>)ﬁglw(t1,0>|2

At (to,2), one has

V(3(t2.2) < exp (2 ) (1- 2) V(60,00
+/752[‘3XP( (t2—ta ) w(ty,0)* + [w(tz,1)] ]

A general form of the bound is given by
Fo\i. -
) (1-52) V(e(0.0)
+ Hg(ZeXp ( (tisr=te) ) (b, k=1 2)

) (40)
;—; > 0, the latter term can

V(9(t.)) < exp (2

Noting that ¢;; —t; < T5 and
be further bounded as

KJQ(ZQXP

(ths1=te) I (b, k-1 )

< Rgexp( Tg)sup(t])edom¢|w(t J>|

Moreover, since ¢; < T3(j + 1) and £ > 0, we can also put
a stricter bound on the first term in as follows:

exp(z—: tj) (1—@)jV(q3(o, 0))

(&%)

< exp(ﬂ Tg) (ex
(%)
Thus

G 7 -
exp (% Tz) (exp (ﬂ Tz) (1—%))JV(¢~7(0’ 0))
+ Ko exp ( TQ)SUP(t g)edom¢|w(t ])|

Then, from the result of Proposition [5.7] we have (30)
with oy = min{AnLin(PQ)vA7rLin(P3)} and Uipy =
max{ Amaz (P2); Amaz (Ps)}. Now, to improve readability, we
have omitted including the use of the notation V'(¢(t,7))
when evaluating V' along the trajectory for the solution )
opting instead for the use of the state components of x.
directly. In particular, we remind the reader that the notation
w(t,j) corresponds to the w component of a solution ie.,
bw(t,j). Now, combining the inequality with (32) and noting
V(6(0,0)) < aze(0, 0)\2 one has for each (t ]) € dom ¢

ot )| 4. < ) ) 7 |
oty on (27 o (7))

2
(t+9)) 16a(0,0)%

(4D
By the given conditions, the set A, is globally exponentiall
stable and attractive for .. Now, by utilizing Lemmas
-[5.6] we can establish global exponential stability to the set
A; for H.. In particular, Lemma [5.4] establishes the relation
between H. and H.. In turn, we can then make use of Lemmas
[B:1]- 3.3 where Lemma [5.1] establishes the reduction from
to H., to show that the set A is globally exponentially stable
and attractive for H in (12).

++/Fa exp (ﬁ Tg) ! exp ( e
209 O 2003

w1 w2

VI. ROBUSTNESS TO COMMUNICATION NOISE, CLOCK
DRIFT PERTURBATIONS, AND ERROR ON ¢

Under a realistic scenario, it is often the case that the
system is subjected to disturbances. In this section, we present
results on input-to-state stability (ISS) of the system when it
is affected by different types of disturbances. First, we present
an ISS result that considers communication noise. Then, we
present an ISS result on the parameter estimation sub-system
when it is subjected to noise on the internal clock output.
Finally, we present an ISS result on noise introduced to the
desired clock rate reference o*.

Definition 6.1: (Input-to-state stability) A hybrid system H
with input m is input-to-state stable with respect to a set A C
R™ if there exist § € KL and k € K such that each solution
pair (¢, m) to H satisfies |¢(t,7)|4 < max{B(|¢(0,0)|.4,t+
7), k(|m|o)} for each (¢,5) € dom ¢.



A. Robustness to Communication Noise

We consider the case when the measurements of the timer
7, 1s affected by noise m., € R, ¢ € V. As a result, the output
of each agent is given by 7; + m,,. In the presence of this
noise, the update law to n;” in the hybrid controller in

becomes
= Z Z (Me; — Mey,)

keN (i) keN(i)

,Tk

Performing the same change of coordinates, as in the proof of
Theorem . we show that H, is ISS to communication noise
me 1= (mel,m627 ...,me ) € R™ Recalling the change of
coordinates € = 7 ‘e and 7 = T~ 'n, let m, = T 'm,. The
update law 7, is given by 7 = (0, —vLé — vLm,) with 7
unaffected by the communication noise.

Using the update law for 7 under the effect of m., we
define the perturbed hybrid system H,, with state vector
Xm = (Z1, Z2, W1, W2, T) € X, where, again z; = (&1,71),
Zo = (€2y..., 8N, T2y -y TIN), W1 = (Eay,Ery)s and Wy =
(Eazs+++18ansErsy- -6, ). Moreover, let mz, = (0,m,).
The data Lé’m, fm,f) én) for the new system H,, is

given by f(Xm) = fe(Xm) for each x,, € C,, and
G (Xm, Me) := Ge (Xm) (0, Bymmsz,,0,0,0) for each x,, €
D,, where C,, = X., D,, := {xm € Xm : 7 =0}, and
By = [0 VE]T

Theorem 6.2: Given a strongly connected digraph G, if the
parameters To > 17 > 0, > 0, h € R, v > 0, and positive
deﬁmte symmetric matrices P, Pg, and P3 are such that (|7_7[)
and (I8) hold, the hybrid system 7—[ with input m is ISS with
respect to AE in Furthermore, for each (t,j) € dom ¢
every solution ¢ to ’Hm satisfies [¢(t, j)| 1. <

o) (o0 (37 (1-52))

Qo
215(0,0)] 5 (
o el )|,4s €xp 5
++V Ko exp <£ TQ) \/aw2
209 A,

+ /R, €Xp (KT2>\/ sup  |msz, (¢, 5)|?
dey (t,j)€dom ¢
The proof of this result utilizes a Lyapunov analysis using
the function candidate V' in (3I). Since the disturbance is
present during jumps, we show that V' can be upper bounded

resulting in a bounded disturbance in V' when evaluated along
a given solution to H,,; see [20] for more details.

iy 2
(322 00)) lou 0,00,

B. Robustness to Perturbations on Internal Clock Drift

In this section, we consider a disturbance myr € R,teV
added to the output of the internal clock. Let y := 7;* +mes,
i € V, define the perturbed internal clock output. Then the
dynamics of the original estimation system in (I2) under this
disturbance becomes

7= a;i—(Ti—y; ), ai=-p(fi—y; ) 7€[0,T3] 42)
At At o _
T =T a; = a; 7=0
In error coordinates €4, = a; — a;, €+, = 7; — 7, this leads to
o €r, —Eay T Marr, €a, = [i€r, — iMrr T € [0, T3]
sj_'i—an, Z;:Eai T=0

Similar to the result presented in Proposition for the
estimation sub-system we will consider the same reduction
‘H., that now captures the perturbation. Recall the coor-
dinate transformations &, = 7T 'e, and & = T le,
for the respective internal clock and parameter estimation

errors. Moreover, recall w = (w;,ws) where w; =
(e‘al,a‘ﬁ) and Wo = (Eayy.--38a,,Erps -+, Er, ). Let Mpx =
T 'my- and ¢ = (G1,G2) where i = (., M) and
G2 = (Myg,...,Mex, My, ..., M=), Now, consider the

reduced coordmates Xm, = (W01,W2,7) € R™ x R" x
[0,T5] =: X.. The data of this reduced system is given by
Hum, = (CE7fE>D67G ) where fmr(meCI) = fE'r‘(er) +
(Bm, @, By @2, 0) for each xp,, € Cp, and G (Xom,.) =
(01, W, [Ty, To)) for each x,, € D, where C,,, = X,
me = {Xm € X : 7 =0}, and B, = ([u,0],[0,1]),
ma — ([:ujv O]a [0, I])

Theorem 6.3: If there exists a positive scalar | and positive
definite symmetric matrices Py, P3 such that the conditions in
(iﬁ) hold, the hybrid system H,, with input M.~ is ISS with
respect to A, given in .

W O

The proof of this result is established by picking a solution
to the model reduction H._, integrating the disturbance that
is treated as an input to the system, and then bounding the
integral. A proof of this result can be found in [20].

C. Robustness to Error on o

In this section, we consider a disturbance on ¢* to capture
the scenario where o* is not precisely known, i.e., o; # o*.
Let e,, = 0; — o* represent the error between the injected
and the ideal clock rate. Treating €, as a perturbation to the
system H., one has &. = f.(z:) + (5,0,0,0,0) for each
ze € Cc and T € (e,—vﬁe,sa,sﬂ [Tl,Tg]) for each z, €
D.. To show how the perturbation affects ’}-le, let £, =
T le,, then let m, = (Mg, ,My,) Where m, = &, and
Moy = (Egy--1E0, ) N

We define this perturbed hybrid system #,,_  with state
vector X, = (Z1,%2,W1,W2,7) € A.. Its dynamics are
given by the new system H,, = (CN’mU7 fm(,,f)ma,émd)
with data ]Em(,(Xma) for each X, € C’mﬁ = X, and
G, (Xm,,) for each xpm, € Do, = {Xm, € X : 7 =0}
where  fon, (Xmy s Mo) = fe(Xm.,) + (Mo, , Moy, 0,0,0) and
G, (Xm,) = G:(Xm, ) leading to the following result.

Theorem 6.4: Given a strongly connected digraph G, if the
parameters To > 17 > 0, 4 > 0, h € R, v > 0, and positive
definite_symmetric matrices P, P2,~and P3 are such that (|7_7[)
and hold, the hybrid system H,, with input mq is 1SS
with respect to A given in

The proof of this result largely follows the same approach
used in the proof of Theorem [6.2] namely, a Lyapunov analysis
using the function candidate V' in (31)). Since the disturbance
is present during flows, we show that the derivative of V' can
be upper bounded resulting in a bounded disturbance in V'
when evaluated along a given solution to #,,_; see [20] for
more details.
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Fig. 2. The trajectories of the solution ¢ for state component errors
e;—ek, €a;, T, aNd 75,

D. Robustness to Communication Event Delays

In this section, we consider communication delays and show
that the asymptotic stability of H is robust (in a practical sense)
to them. To model communication delays, we define a new
hybrid system, denoted #s, that is an augmentation of H.
implementing the following mechanism: when a communica-
tion event is triggered due to 7 reaching zero, the information
to communicate is stored in a memory state and only available
to the agents after 7° seconds after. Due to space constraints,
the details behind the construction of Hs are in [20].

Theorem 6.5: Given a strongly connected digraph G, if
the parameters To > T7 > 0, 4 > 0, h € R, v > 0,
and the positive definite symmetric matrices Py, Ps, and P
are such that the conditions in Theorem hold, then the
set A is semiglobally practically asymptotically stability with
respect to T° for H in , namely, for each compact set
K C X and each € > 0, there exist a class KL-function
B and T° > 0 such that each solution ¢.; to H with
¢25(0,0) € K and with communication delay no larger than
T? satisfies |y (t,5)|a < B(|pz;(0,0)|4,t + 5) + € for all
(t,7) € dom ¢py;.

The proof of this result follows from [25, Theorem 5.3]
using the notions given in [25, Section VII-C]. Complete
details and a proof of Theorem @ can be found in [20],
along with a numerical validation. To emphasize the robustness
of H to small delays, Figure 2] depicts trajectories to a
decentralized delay scenario where the data from each node
incurs a maximum delay of 7% = 0.1 seconds, modeled by a
delay timer 75, for each node.

VII.

In this section, we compare our algorithm to several
consensus-based clock synchronization algorithms from the
literature through a numerical example. We consider a four
agent setting and simulate each algorithm presented in [15]
(PI-Consensus), [17] (RandSync), and [1] (Average TimeSync)
to our hybrid algorithm HyNTP as in (12).

Consider N = 4 agents with clock dynamics as in (@)
and (3) over a strongly connected graph with the following
adjacency matrix G4 = [0,1,0,1], [1,0,1,0], [0,1,0,1],
[1,0,1,0] and aperiodic communication events such that suc-
cessive communications events are lower and upper bounded

COMPARISONS

()

Fig. 3. The evolution of the trajectories of the adjustable clocks 7;

and adjustable clock rates a; @ for each clock synchronization algo-
rithm. From top to bottom, HyNTP, Average TimeSync, PI-Consensus,
and RandSync.

by 71 = 0.1 and T» = 0.5, respectively. The initial conditions
for the clock rates a; and adjustable clock values 7; for
each ¢ € V has been randomly chosen within the intervals
(0.5,1.5) and (0,200), respectively. Moreover, consider the
case where the system is subjected to a communication noise
m,(t,7) € (0,1) on the clock measurements. Figure [3a) and
[3b] show the trajectories of 7 and @;, respectively, for agents
1 € {1,2,3,4} for the HyNTP algorithm and each of the
comparison algorithms under consideration.

For the HyNTP algorithm, setting o* = 1, it can be found
that the parameters h = —2, 4 =9, v = 0.06 and € = 4.752
with suitable matrices P;, P,, and Pj5 satisfy conditions @
and (I8) in Theorem A3 with 71 = 2.02, k1 = 19.22, Ry = 1,
and oo = 44.03.

VIII.

In this paper, we modeled a network of clocks with
aperiodic communication that utilizes a distributed hybrid
controller to achieve synchronization, using the hybrid sys-
tems framework. Results were given to guarantee and show
synchronization of the timers, exponentially fast. Numerical
results validating the exponentially fast convergence of the
timers were also given. Numerical results were also provided
to demonstrate performance against a similar class of clock
synchronization algorithms.

CONCLUSION

APPENDIX
Proof of Lemma .4} Pick an initial condition £ € A. Let ¢
be a maximal solution to H with ¢(0,0) §E|

o Consider the case where ¢(0,0) € A\ D. The initial
conditions of the components of ¢ satisfy ¢.,(0,0) =
¢n:(0,0) = 0 for the clock errors e;, ¢ (0,0) =

¢-+(0,0) for the estimated clocks 7;, ¢5,(0,0) =
¢a,(0,0) for the clock rates aG; and ¢,,(0,0) =
&n,(0,0)—04,(0,0)+0* for the control input for each i €

V. With f being linear affine, the constrained differential
equation © = f(z) x € C has unique solutions. Let
[0,¢1] x {0} C dom ¢ with ¢; > 0, which exists since
#(0,0) € A\ D. From the definition of f, the solution
components of the states u, 77, and e during this interval

SNote that for a given solution ¢(¢,5) to H, the solution
components are given by (¢, j) = (qbe(t,j)7 Ou(t,4), dn(t, ),
b= (t,9), Ga(t, 1), 67 (t,5), 67 (£, 7))



remain constant. From the definition of f in (I2) we have
that the components of the solution ¢ satisfy ¢, (¢, ) =
¢ek(t7j)7 (bn(t»j) =0, ¢a,(t,7) = ¢a,(t,7), ¢2,(t,§) =
¢T;‘ (t7j), and ¢u1(tﬂj) = ¢ni(tvj) - ¢[li (t7j> + o* for
each (t,7) € [0,%1] x {0}. Therefore, the solution ¢ does
not leave the set A when ¢(0,0) € A\ D.

« Consider the case where ¢(0,0) € AN D. Since flow is
not possible from ¢(0,0) as ¢,(0,0) =0, ({0} x {0}) U
({0} x{1}) C dom ¢ as the solution ¢ jumps initially. By
inspection, the jump map G in only affects the states
1, u, and 7, with the other state components unchanged.
Since the quantity —yLe in the jump map is zero at
¢(0,0), we have that ¢,(0,1) = —vLp(0,0) = 0.
Moreover, since G is constant across jumps, ¢;(0,1) =
d)d(O? O)* then, Qbu (O’ 1) = _’7£¢e (07 O) _¢d(07 0)+U* 1,
¢n(0,1)—¢4(0,1)+0*1,, The timer 7 resets to a point in
the interval [Ty, T3], namely, ¢,(0,1) € [Ty, T>]. Then,
the full solution ¢ at (0,1) satisfies ¢(0,1) € A.

Since these properties hold for each £ € A, A is forward

invariant for . [ |
Proof of Lemma 5.2t For each z € X, the distance
from z to the set A is given as |z|4 = infyecqlz —

y|. Evaluating the distance directly, one has |z|4 =
infercpsqrt((e—e*) T (e—e*) +(u—n + a—0*1,)" (u—n +
a—0"1,) 40T+ (@ —a) (@ —a)+ (F— 1) (F — 7))
where E = {e* € R" : e = e Vi,k € V}. When
u = n—a+ o*l, we have |z[4 = infe-cpsqrt((e —
eV (e—e)+n'n+(a—a) (a—a)+(F—7)"(F—77)).
For each z. € AX_, the distance from z. to the set A, is
given as |z.|4, = infyca, |z — y|. Evaluating the distance
directly, one has |z.|4. = infecpsqrt((e —e*) (e — e*)
+n"n+eqeq + el er). Making the appropriate substitutions
for £, and €,, we get |z.|4. = infe-cpsqrt((e—e*) T (e—e*)
+n'n + (@a—a)"(a—a) + (7 — 7*)T(F — 7%)). Now,
for each (z.,7,7*) € A, the distance from the point
M(z.,7,7*) to the set A is given by |M(z.,7,7")[a =
infyea |M(ze, 7,7°) — y|. Computing this distance, one has
|M($5;7A->T*)‘A = infe*EE,aT* €RZ ,a-€[0,T3] ‘(6777 - (a -
€a) + 0 1p,m, T — er,a — €q,6, + 75, 7) —(e¥,m — a4 +
0*1,,0, a0+, a, 7, o, )|. Making the appropriate substitutions
for £, and e,, we get |M(z.,7,7%)|a = infe-cpsqrt((e —
e) (e—e*) +n'n+(a—a) (a—a) +(7 —7%) 1 (F = 7%))
Thus, we have that |M (z.,7,7*)|4 = |z|4 = || .. [ |

Proof of Lemma [5.3} Suppose the set A is GES for H..
By Definition 2.1] there exist x,« > 0 such that each maximal
solution ¢° to H. satisfies |¢°(¢t,j)|a. < rexp(-a(t +
iN|$%(0,0)| 4. for each (¢,5) € dom ¢°. Now, pick any
maximal solution ¢ to . Through an application of Lemma
[5.1] there exists a corresponding solution ¢ to 7. such that
O(t,§) = M(¢°(t,5), $#(t.5), dr+(t,j)) for each (t,j) €
dom ¢. Given that ¢° satisfies the given exponential bound,
using the relationship between distances in Lemma [5.2] we
have that ¢ satisfies |¢(t,7)|4 < kexp(—a(t + 7))|¢(0,0)| 4.
Then, the set A is GES for H. [ |
Proof of Lemma Pick a solution ¢ € Sy, with
= (¢Zl,¢22,¢wl,¢>w2, T), however, recall that z; :=
ﬁ) = (627" 6N>772a-~-777/N)’ wy = (gangn)’

¢
(@1,

and Wy = (Eay,---,Ea,sErgs---+&r,) thus, through a re-
ordering of the solution trajectories, one has that with
some of the above notation, ¢ can be rewritten as ¢>

(¢ea¢n,¢ga7¢gT, 7). Then, recall the change of coordinates

e = T leen = T 'n &, = T ey and &, =
T le.. Since 7! is an invertible time-invariant linear
operator, applying its inverse 7 to the components of

¢, one has (T¢e(t,§), Toy(t, 5), T oz, (t.5), Tz, (t.5)) =
(Pe(t, ), In(t,5), be, (t5), be, (t,§)) for each (t,5) €
dom ¢. Noting that 7 is equivalent for H. and H.. Therefore,

it follows thatq@(t,j) =T"1¢(t, ) for each (¢,j) € dom .

Conversely, pick a solution ¢ S Sy, let
¢ = (Pensbey, Pe,,7) and recall the change of
coordinates ¢ = T le, 7 = T 'n, &, = T ‘e,
and &, = T ‘'e,. Since 7! is a time-invariant linear
operator, applying it to the components of ¢, one has
(T et ), Tyt 5), T "0, (8:.5), T "0, (t.5)) =
(e(t,4), br(t, 4), be, (t,5), be, (t,§)) for each (t,j) €
dom ¢. Thus, it follows that ¢(t,57) = T'¢(t,j) for each
(t,j) € dom ¢. |

Proof of Lemma This proof has been omitted as it is
simply exploits the property of norms for linear systems.

Proof of Proposition The proof of this result has been
omitted as it follows similarly to that of Lemma [5.3]

Proof of Proposition [5.7; Consider the following Lyapunov
function candidate V. (x.,) = w, Pyw; + wq P3wy It sat-
isfies ag, [xe, s < Ver(Xe) € alxel’  for each
XET S CET U Dsr Wlth a1 = mm{)\mm(Pg), )\mzn(Pii)}
and oy = max{Amaz(P2), Amaz(Ps)}. For each x., € C.,
(VVe, (Xe, ), f(xe,)) < @f (PaAy, +Af Po)ioy +] (PsAy,
+Aj, P3)wy The conditions in imply the existence of
positive numbers (3; and (5 such that P2Af3+AJI3P2
_/8{[ P3Af4+A}r4P3 < —B2I Then (VV, (X, ), fe, (Xz,))

% (Xe,) where 8 = min{f, B2} > 0. For all x. €
Dy, and g € G, (Xc,) » Ve, (9) = Ve, (Xe,) = 0. Now, pick a
solution ¢ to H., with initial condition ¢(0,0) € C., U D, .
Direct integration of (t,j) — V. (¢(t,j)) over dom ¢ gives
Ve, (0(t,5)) < exp (-2 V, (#(0,0)) for each () €
dom ¢. Now, given the relation established in , for any
solution ¢ to H.,, we have j15 <t = —t < —jT5. Then,
for any v € (0,1) we have —yt < —T5j. Moreover —t =
—(I=y)t=7t < =(1=)t=7Tj < min{1—7, T2} (t+7)
leading to V-, (8(t, 1)) < exp (22 (t + j) vsr<¢><o,o>> for

~ “2

each (t,j) € dom ¢ where ¥ = min{1 — v,7T5}. Then, by
combining this inequality with the definition of V , one has
G Xe, SV, (0(1,9)) < exp (=22t + 1)) Ve, (9(0,0))
then leveraging V; (¢(0,0)) < a@2|¢(0 O)|ii

e, < 32 exp (<52 (t+7))10(0,0) 5, Ob-
serve that this bound holds for each solution b to ﬁer.
Maximal solutions to H., are complete due to the reduction
property established in Lemmas [5.4] [5.1} and @ Therefore,
the set A57 is globally exponentially stable for H., |
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