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Notions, Stability, Existence, and Robustness of Limit Cycles
in Hybrid Dynamical Systems

Xuyang Lou, Yuchun Li, and Ricardo G. Sanfelice,Fellow, IEEE

Abstract—This paper deals with existence and robust stability
of hybrid limit cycles for a class of hybrid systems given by
the combination of continuous dynamics on a flow set and
discrete dynamics on a jump set. For this purpose, the notionof
Zhukovskii stability, typically stated for continuous-ti me systems,
is extended to the hybrid systems. Necessary conditions, particu-
larly, a condition using a forward invariance notion, for existence
of hybrid limit cycles are first presented. In addition, a sufficient
condition, related to Zhukovskii stability, for the existence of (or
lack of) hybrid limit cycles is established. Furthermore, under
mild assumptions, we show that asymptotic stability of such
hybrid limit cycles is not only equivalent to asymptotic stability
of a fixed point of the associated Poincaŕe map but also robust to
perturbations. Specifically, robustness to generic perturbations,
which capture state noise and unmodeled dynamics, and to
inflations of the flow and jump sets are established in terms ofKL

bounds. Furthermore, results establishing relationshipsbetween
the properties of a computed Poincaŕe map, which is necessarily
affected by computational error, and the actual asymptoticstabil-
ity properties of a hybrid limit cycle are proposed. In parti cular,
it is shown that asymptotic stability of the exact Poincaŕe map is
preserved when computed with enough precision. Two examples,
including a congestion control system, are presented to illustrate
the notions and results throughout the paper.

I. I NTRODUCTION

A. Motivation and Related Work

Nonlinear dynamical systems with periodic solutions are
found in many areas, including biological dynamics [1],
neuronal systems [2], and population dynamics [3], to name
just a few. In recent years, the study of limit cycles in
hybrid systems has receivedrenewed attention, mainly due
to the existence of hybrid limit cycles in many engineering
applications, such as walking robots [5], genetic networks[6],
holonomic mechanical systems subject to impacts [7],among
others.Theory for the study of such periodic behavior dates
back to the work Andronov et al. in 1966 [4], where self-
oscillations (limit cycles) and discontinuous oscillations were
studied. Limit cycles has been studied within the impulsive
differential equations framework [8], [9], [10], for example
in strongly nonlinear impulsive systems [11], [12], in slowly
impulsive systems [13], in the Van der Pol equation [14], in
a holonomic mechanical system subject to impacts [7], and in
a weakly nonlinear two-dimensional impulsive system [15].
These early developments pertain to nominal systems given in
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the form of impulsive differential equations, leaving the ques-
tion of whether it is possible to handle more general models,
such as hybrid system models, and guarantee robustness to
generic perturbations wide open.

As a difference to general continuous-time systems, for
which the Poincaré-Bendixson theoremuses the topology of
R2 to rule out chaos andoffers criteria for existence of
limit cycles/periodic orbits, the problem of identifying the
existence of limit cycles for hybrid systems has been studied
for specific classes of hybrid systems. Specific results for
existence of hybrid limit cycles include [5]-[23]. In particular,
Grizzle et al. establish the existence and stability properties
of a periodic orbit of nonlinear systems with impulsive effects
via the method of Poincaré sections [5]. Using the transverse
contraction framework, the existence and orbital stability of
nonlinear hybrid limit cycles are analyzed for a class of
autonomous hybrid dynamical systems with impulse in [18].
In [19], the existence and stability of limit cycles in reset
control systems are investigated via techniques that rely on
the linearization of the Poincaré map about its fixed point.In
[20], we analyze the existence of hybrid limit cycles in hybrid
dynamical systems and establish necessary conditions for the
existence of hybrid limit cycles. Clark et al. prove a version of
the Poincaré-Bendixson theorem for planar hybrid dynamical
systems with empty intersection between the flow set and the
jump set [21], and extend the results to the case of an arbitrary
number of state spaces (each of which is a subset ofR2)
and impacts in [22]. More recently, Goodman and Colombo
propose necessary conditions for existence of a periodic orbit
related to the Poincaré map and sufficient conditions for
local conjugacy between two Poincaré maps in systems with
prespecified jump times evolving on a differentiable manifold
[23]. We believe that conditions for existence of hybrid limit
cycles in general hybrid systems should play a more prominent
role in analysis and control of hybrid limit cycles. To the
best of our knowledge, tools for the analysis of existenceor
nonexistenceof hybrid limit cycles for the class of hybrid
systems in [16], [24] are still not available in the literature.

Stability issues of hybrid limit cycles are currently a major
focus in studying hybrid systems for their practical value in
applications. Due to the complicated behavior caused by inter-
action between continuous change and instantaneous change,
the study of stability of limit cycles in hybrid systems is
more difficult than the study in continuous systems or discrete
systems, and so becomes a challenging issue. In this respect,
the Poincaré map and its variations or generalizations still play
a dominating role; see, e.g., [25]-[31]. For instance, Nersesov
et al. generalize the Poincaré method to analyze limit cycles
for left-continuous hybrid impulsive dynamical systems [25].
Gonçalves analytically develops the local stability of limit
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cycles in a class of switched linear systems when a limit cycle
exists [26]. The authors in [27] analyze local stability of a
predefined limit cycle for switched affine systems and design
switching surfaces by computing eigenvalues of the Jacobian
of the Poincaré map. Motivated by robotics applications,
the authors in [28]-[31] analyze the stabilization of periodic
orbits in systems with impulsive effects using the Jacobian
linearization of the Poincaré return map and the relationship
between the stability of the return map and the stability of the
hybrid zero dynamics. To the best of our knowledge, all of
the aforementioned results about limit cycles are only suitable
for hybrid systems that have jumps on switching surfaces and
under nominal/noise-free conditions. In fact, the resultstherein
do not characterize the robustness properties to perturbations
of stable hybrid limit cycles, which is a very challenging
problem due to the impulsive behavior in such systems.

Besides our preliminary results in [20], [32], [33], results
for the study of existence and robustness of limit cycles in
hybrid systems are currently missing from the literature, being
perhaps the main reason that a robust stability theory for such
systems has only been developed in [16], [24]. In fact, all of
the aforementioned results about limit cycles are formulated
for hybrid systems operating in nominal/noise-free conditions.
The development of tools that characterize the existence of
hybrid limit cycles and the robustness properties to pertur-
bations of stable hybrid limit cycles is very challenging and
demands a modeling framework that properly handles time and
the complex combination of continuous and discrete dynamics.

B. Contributions

Tools for the analysis of existence of limit cycles and
robustness of asymptotic stability of limit cycles in hybrid
systems are not yet available in the literature. In this paper,
we propose such tools for hybrid systems given as hybrid
inclusions [16], which is a broad modeling framework for
hybrid systems as it subsumes hybrid automata, impulsive
systems, reset systems, among others; see [16], [24] for more
details. We introduce a notion of hybrid limit cycle for hybrid
systems modeled as hybrid equations, which are given by

H
{

ẋ = f(x) x ∈ C,
x+ = g(x) x ∈ D,

(1)

wherex ∈ Rn denotes the state of the system,ẋ denotes its
derivative with respect to time, andx+ denotes its value after
a jump. The statex may have components that correspond
to physical states, logic variables, timers, memory states, etc.
The mapf and the setC define the continuous dynamics
(or flows), and the mapg and the setD define the discrete
dynamics (or jumps). In particular, the functionf : Rn → Rn

(respectively,g : Rn → Rn) is a single-valued map describing
the continuous (respectively, discrete) evolution whileC ⊂ Rn

(respectively,D ⊂ Rn) is the set on which the flow mapf is
effective (respectively, from which jumps can occur).

For this hybrid systems framework, we develop tools for
characterizing existence of hybrid limit cycles and robustness
properties to perturbations of stable hybrid limit cycles.1 The

1Preliminary version of the results in this paper appeared without proof in
the conference articles [20] and [32].

contributions of this paper include the following:

• We introduce a notion of hybrid limit cycle (with one
jump per period2) for the class of hybrid systems in (1).
Also, we define the notion of flow periodic solution and
asymptotic stability of the hybrid limit cycle for such
hybrid systems.3

• We present necessary conditions for existence of hybrid
limit cycles, including compactness, transversality of the
limit cycle, and a continuity of the so-called time-to-
impact function. Particularly, a condition using a forward
invariance notion for existence of hybrid limit cycles is
first presented.

• Motivated by the use of Zhukovskii stability methods
for periodic orbits in continuous-time systems, as done
in [35], [36], [37], we introduce this notion for the
class of hybrid systems introduced in (1) and provide a
sufficient condition for Zhukovskii stability that involves
the incremental stability notion introduced in [38].

• By assuming that the state space contains no isolated
equilibrium point for the flow dynamics, we establish
a sufficient condition for the existence of hybrid limit
cycles based on Zhukovskii stability. In addition, based
on an incremental graphical stability notion introduced
in [38], an approach to rule out existence of hybrid limit
cycles in some cases is proposed.

• We establish sufficient and necessary conditions for guar-
anteeing (local and global) asymptotic stability of hybrid
limit cycles for a class of hybrid systems. In the process
of deriving these results, we construct time-to-impact
functions and Poincaré maps that cope with one jump
per period of a hybrid limit cycle.

• Via perturbation analysis for hybrid systems, we propose
a result on robustness to generic perturbations of asymp-
totically stable hybrid limit cycles, which allows for state
noise and unmodeled dynamics, in terms ofKL bounds.

• Due to the wide applicability of the Poincaré section
method, we present results that relate the properties of
a computed Poincaré map, which is necessarily affected
by computational error, to the actual asymptotic stability
properties of hybrid limit cycles.

C. Notation

The setRn denotes then-dimensional Euclidean space,R>0

denotes the set of nonnegative real numbers, i.e.,R>0 :=
[0,+∞), andN denotes the set of natural numbers including
0, i.e., N := {0, 1, 2, · · · }. Given a vectorx ∈ Rn, |x|
denotes its Euclidean norm. Given a setS, Sn denotesn
cross products ofS, namelySn = S×S×· · ·×S. Given a
continuously differentiable functionh :Rn → R and a function
f :Rn → Rn, the Lie derivative ofh at x in the direction of
f is denoted byLfh(x) := 〈∇h(x), f(x)〉. Given a function
f : Rm → Rn, its domain of definition is denoted bydom f ,
i.e., dom f := {x ∈ Rm : f(x) is defined}. The range off is

2Here, we mainly focus on hybrid limit cycles with “one jump per period.”
The case of multiple jumps per period can be treated similarly; see [33].

3In this work, a hybrid limit cycle is given by a closed set, while the
limit cycle defined in [5], [28], [34] is given by an open set due to the right
continuity assumption in the definition of solutions.
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denoted by rgef , i.e., rgef := {f(x) : x ∈ dom f}. Given a
closed setA ⊂ Rn and a pointx ∈ Rn, |x|A := infy∈A |x−y|.
Given a setA ⊂ Rn, A (respectively,con A) denotes its
closure (respectively, its closed convex hull) andA◦ denotes
its interior. Given an open setX ⊂ Rn containing a compact
setA, a functionω : X → R>0 is a proper indicator for A
on X if ω is continuous,ω(x) = 0 if and only if x ∈ A,
and ω(x) → ∞ as x approaches the boundary ofX or as
|x| → ∞. Given a sequence of setXi, lim supi→∞ Xi denotes
the outer limit ofXi. The setB denotes a closed unit ball in
Euclidean space (of appropriate dimension) centered at zero.
Given δ > 0 and x ∈ Rn, x + δB denotes a closed ball
centered atx with radius δ. A function α : R>0 → R>0

belongs to class-K (α ∈ K) if it is continuous, zero at zero,
and strictly increasing; it belongs to class-K∞ (α ∈ K∞) if,
in addition, is unbounded. A functionβ : R>0 ×R>0 → R>0

belongs to class-KL (β ∈ KL) if, for each t > 0, β(·, t) is
nondecreasing andlims→0+ β(s, t) = 0 and, for eachs > 0,
β(s, ·) is nonincreasing andlimt→∞ β(s, t) = 0.

II. M OTIVATIONAL EXAMPLE

Consider the hybrid model for a congestion control mecha-
nism in TCP proposed in [40]. The hybrid model in congestion
avoidance mode can be described as follows:

• whenq ∈ [0, qmax]

[
q̇
ṙ

]

=







[
max{0, r −B}

a

]

if q = 0

[
r −B
a

]

if q > 0

(2a)

• whenq = qmax, r > B

(q+, r+) = (qmax,mr) (2b)

where q ∈ [0, qmax] denotes the current queue size,qmax

is the maximum queue size,r > 0 is the rate of incoming
data packets, andB > 0 is the rate of outgoing packets. The
constanta > 1 reflects the rate of growth of incoming data
packetsr while m ∈ (0, 1) reflects the factor that makes the
rate of incoming packets decrease; see [40] for details. The
model in (2) reduces the rate of incoming packetsr by the
factorm if the queue sizeq equals the maximum valueqmax

with rate larger than or equal toB.
We are interested in the hybrid system (2) restricted to the

region

MT:={(q, r)∈R>0×R>0 : q6qmax, aq>
1

2
r2−Br+B2

2
} (3)

for given parametersa, m, qmax andB (later, the setMT will
be part of our analysis); see Fig. 1. From the first piece in the
definition in (2) with a > 0, for any maximal solution with
initial condition with zeroq and r less thanB, q remains at
zero until r > B. Fig. 1 is shown to analyze how we get
a region from which a limit cycle with one jump exists. The
points in the curveP3 → P4 → P5 satisfyaq = 1

2r
2 −Br +

B2

2 . Solutions from the regionM2 result in solutions such that
q reaches zero and remains at zero untilr = B (point P4).
The open setM1 := {(qmax, B)} + εB◦ with ε > 0 small

MT

M1

M2

q

r

P1

P2

P3

P4

P5

(qmax, B+
√
2aqmax)

(0, B)

(B
2

2a , 0)

Fig. 1. Diagram of the compact setMT denoted in the region with light
green filled pattern. Parameters used in the plot areB = 1, a = 1, qmax =
1, and m = 0.25. The pointsP1 and P2 correspond to state values in a
limit cycle just before and right after each jump, respectively. The points
P1 corresponds to(q, r) = (qmax, 2B/(1 +m)), the pointP2 corresponds
to (q, r) = (qmax, 2Bm/(1 + m)), the pointP3 corresponds to(q, r) =
(B2/(2a), 0), the pointP4 corresponds to(q, r) = (0, B), and the pointP5

corresponds to(q, r) = (qmax, B +
√
2aqmax).

enough, will be part of our analysis in Example 4.6 and be
ruled out to ensure the transversality of the limit cycle. We
are not interested in the regionM2 with gray filled pattern as
it leads toa complex hybrid model whichmight be hard to be
analyzed. The compact setMT is marked by the region with
light green filled pattern. Hence, the setMT \M1 (the region
surrounded by blue line) is the region of the state space thatwe
are interested in. Note that if the value ofr after a jump from
the pointP5 is larger thanB (for instance, pointP5 jumps to
pointP1), a consecutive jump will happen. Therefore, to avoid
this case, we impose the conditionm(B +

√
2aqmax) < B.

From points in the setMT, solutions approach a limit cycle.
On MT and for parameters satisfying the conditions above,
the resulting system with(q, r) ∈ MT can be described as a
hybrid systemHTCP onMT with data

HTCP







ẋ = fTCP(x) :=

[
r −B
a

]

x ∈ CTCP,

x+ = gTCP(x) :=

[
qmax

mr

]

x ∈ DTCP,

(4)

wherex = (q, r), CTCP = {x ∈ R2 : q 6 qmax}, DTCP = {x ∈
R2 : q = qmax, r > B}.

A limit cycle of the system in (4) with parametersB =
1, a = 1,m = 0.25, andqmax = 1 is depicted in Fig. 1. This
figure shows in red a limit cycle denoted asO and defined
by the solution to the congestion control system with initial
condition P2 = {(1, 0.4)}. This solution flows to the point
P1, jumps to the pointP2, and then flows back toP1. The
interest in this paper is to find conditions under which such
limit cycles may exist.

III. D EFINITIONS AND BASIC PROPERTIES

A. Hybrid Systems

We consider hybrid systemsH as in [16], which can be
written as in (1). The data of a hybrid systemH is given
by (C, f,D, g). The restriction ofH on a setM is defined as
H|M = (M∩C, f,M∩D, g). A solution toH is parameterized
by ordinary timet and a counterj for jumps. It is given by
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a hybrid arc4 φ : domφ → Rn that satisfies the dynamics of
H; see [16] for more details.A solutionφ to H is said to be
complete ifdomφ is unbounded. It is Zeno if it is complete
and the projection ofdomφ ontoR>0 is bounded. It is discrete
if domφ ⊂ {0} × N. It is said to be maximal if it is not
a (proper) truncated version of another solution. The set of
maximal solutions toH from the setK is denoted as

SH(K) :={φ :φ is a maximal solution toHwith φ(0, 0)∈K}.
We definet 7→ φf (t, x0) as a solution of the flow dynam-

ics ẋ = f(x) x ∈ C from x0 ∈ C. A hybrid systemH is
said to be well-posed if it satisfies thehybrid basic conditions,
namely,

A1) The setsC,D ⊂ Rn are closed.
A2) The flow mapf : C → Rn and the jump mapg : D →

Rn are continuous.

The following notion ofω-limit set of a hybrid arc is used in
Section V-B to formulate sufficient conditions for the existence
of hybrid limit cycles.

Definition 3.1: [16, Definition 6.17] Theω-limit set of a
hybrid arcφ : domφ → Rn, denotedΩ(φ), is the set of all
pointsx ∈ Rn for which there exists a sequence{(ti, ji)}∞i=1

of points (ti, ji) ∈ domφ with limi→∞ ti + ji = ∞ and
limi→∞ φ(ti, ji) = x. Every such pointx is anω-limit point
of φ.

For more details about this hybrid systems framework, we
refer the readers to [16].

B. Hybrid Limit Cycles

Before revealing their basic properties, we define hybrid
limit cycles. For this purpose, we consider the following notion
of flow periodic solutions.

Definition 3.2: (flow periodic solution) A complete solu-
tion φ∗ to H is flow periodic with periodT ∗ and one jump in
each periodif T ∗ ∈ (0,∞) is the smallest number such that
φ∗(t+ T ∗, j + 1) = φ∗(t, j) for all (t, j) ∈ domφ∗.

The definition of a flow periodic solutionφ∗ with period
T ∗ > 0 above implies that if(t, j) ∈ domφ∗, then (t +
T ∗, j+1) ∈ domφ∗. For a notion allowing for multiple jumps
in a period, see [33]. A flow periodic solution toH as in
Definition 3.2 generates a hybrid limit cycle.

Definition 3.3: (hybrid limit cycle) A flow periodic solu-
tion φ∗ with period T ∗ ∈ (0,∞) and one jump in each
period defines ahybrid limit cycle5 O := {x ∈ Rn : x =
φ∗(t, j), (t, j) ∈ domφ∗}.

In [39, Example 3.5], we revisit the example in Section II to
further illustrate the hybrid limit cycle notion in Definition 3.3.

4A hybrid arc is a functionφ defined on a hybrid time domain and for
eachj ∈ N, t 7→ φ(t, j) is locally absolutely continuous. Acompact hybrid
time domainis a setE ⊂ R>0 × N of the form E =

⋃J−1
j=0 ([tj , tj+1], j)

for some finite sequence of times0 = t0 6 t1 6 · · · 6 tJ ; the setE is a
hybrid time domainif for all (T, J) ∈ E, E ∩ ([0, T ]× {0, 1, · · · , J}) is a
compact hybrid time domain.

5Alternatively, the hybrid limit cycleO can be written as{x ∈ Rn : x =
φ∗(t, j), t ∈ [ts, ts + T ∗], (t, j) ∈ domφ∗} for somets ∈ R>0.

IV. N ECESSARYCONDITIONS

A. Necessary Conditions for Existence of Hybrid Limit Cycles

In this subsection, we derive several necessary conditions
for the existence of hybrid limit cycles for a class of hybrid
systemsH as in (1) satisfying the following properties.

Assumption 4.1: For a hybrid systemH = (C, f,D, g) on
Rn and a compact setM ⊂ Rn, there exists a continuously
differentiable functionh : Rn → R such that

1) the flow set can be written asC = {x ∈ Rn : h(x) > 0}
and the jump set asD={x∈Rn : h(x)=0, Lfh(x)60};

2) the flow map f is continuously differentiable on an
open neighborhood ofM ∩ C, and the jump mapg is
continuous onM ∩D;

3) Lfh(x)<0 for all x∈M∩D, andg(M∩D)∩(M∩D)=∅.

Remark 4.2: Item 1) in Assumption 4.1 implies that flows
occur whenh is nonnegative while jumps only occur at points
in the zero level set ofh. Note that sinceh is continuous
and f is continuously differentiable, the flow set and the
jump set are closed. The statex may include logic variables,
counters, timers, etc. The continuity property off in item
2) of Assumption 4.1 is further required for the existence of
solutions toẋ = f(x) according to [16, Proposition 2.10].
Moreover, item2) also guarantees that solutions toẋ = f(x)
depend continuously on initial conditions.In the upcoming
results, item 3) in Assumption 4.1 allows us toestablish a
transversality property andrestrict the analysis of a hybrid
systemH to a region of a state spaceM ⊂ Rn, leading to the
restriction ofH given by H|M := (M ∩ C, f,M ∩ D, g).
The condition g(M ∩D) ∩ (M ∩D) = ∅ is assumed to
exclude discrete solutions.As we will show later, the setM
is appropriately chosen for each specific system such that it
guarantees completeness of maximal solutions toH|M and
the existence of flow periodic solutions. This is illustrated in
Section II with a setMT.

Remark 4.3: By items 1) and 2) of Assumption 4.1, the
data ofH|M satisfies the hybrid basic conditions [16, Assump-
tion 6.5]. Then, using item3) of Assumption 4.1, [46, Lemma
2.7] implies that for any bounded and complete solutionφ
to H|M there existsr > 0 such thattj+1 − tj > r for all
j > 1, tj = min Ij , tj+1 = max Ij ; i.e., the elapsed time
between two consecutive jumps is uniformly bounded below
by a positive constant.

It can be shown that a hybrid limit cycle generated by
periodic solutions as in Definition 3.3 is closed and bounded,
as established in the following result.

Lemma 4.4: Given a hybrid systemH = (C, f,D, g) on
Rn and a closed setM ⊂ Rn satisfying Assumption 4.1,
suppose thatH has a hybrid limit cycleO. Then,O is compact
and forward invariant6.

A proof can be found in [39, Lemma 4.4].

Remark 4.5: Since a hybrid limit cycleO to H|M is
compact, for any solutionφ to H|M , the distance|φ(t, j)|O is
well-defined for all(t, j) ∈ domφ.

6Every φ ∈ SH(O) is complete and satisfies rgeφ ⊂ O; see [41,
Definition 3.3].
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We revisit the previous example to illustrate the properties
of a hybrid systemH satisfying Assumption 4.1.

Example 4.6: Consider the congestion control system in
Section II. By definition, the setsCTCP and DTCP of the
model in (4) are closed. Moreover,fTCP and gTCP are contin-
uously differentiable. Define the functionh : R2 → R as
h(x) = qmax − q. Then,CTCP and DTCP can be written as
CTCP = {x ∈ R2 : h(x) > 0} and DTCP = {x ∈ R2 :
h(x) = 0, LfTCPh(x) 6 0}, respectively. Consider the compact
setMTCP := (MT ∩ CTCP) \M1, whereMT is defined in (3)
and M1 = {(qmax, B)} + εB◦ with ε > 0 small enough;
see Fig. 1. We obtain thatMTCP ∩ DTCP = {x ∈ R2 : q =
qmax, r ∈ [B+ε,B+

√
2aqmax]} and for eachx ∈MTCP∩DTCP,

LfTCPh(x) = B− r < 0. Moreover, due to the condition on
parametersm(B +

√
2aqmax) < B (see Section II), it can

be verified thatgTCP(MTCP ∩DTCP) ∩ (MTCP ∩DTCP) = ∅ and
gTCP(MTCP∩DTCP) ⊂ MTCP∩CTCP. Furthermore, for any point
x ∈ MTCP ∩ CTCP, since ther component of the flow map
fTCP, i.e., ṙ = a, is positive, TMTCP∩CTCP(x) ∩ {fTCP(x)} =
{fTCP(x)} 6= ∅ for each x ∈ (MTCP ∩ CTCP) \ DTCP.7 When
x ∈ MTCP ∩ DTCP, we have q = qmax and r > B + ε
with ε > 0 small enough, which implies thatr − B > 0
and solutions fromx cannot be extended via flow. By [16,
Proposition 6.10], every maximal solution toHTCP|MTCP =
(MTCP ∩ CTCP, fTCP,MTCP ∩ DTCP, gTCP) is complete. Therefore,
Assumption 4.1 holds. Moreover, a solutionφ∗ toHTCP|MTCP

from φ∗(0, 0) = (qmax, 2Bm/(1+m)) ∈MTCP∩CTCP is a flow
periodic solution withT ∗ = 2B(1−m)/(a+ma).

The following result establishes a transversality property of
any hybrid limit cycle forH restricted toM .8

Lemma 4.7: Given a hybrid systemH = (C, f,D, g) on
Rn and a closed setM ⊂ Rn satisfying Assumption 4.1,
suppose thatH|M = (M ∩ C, f,M ∩ D, g) has a hybrid
limit cycleO ⊂M ∩ C. Then,O is transversal toM ∩D.

Proof: We proceed by contradiction. Consider the flow
periodic solutionφ∗ with periodT ∗ that generates the hybrid
limit cycle O for H|M . By definition, there existsx∗ ∈ O
such thatx∗ ∈ O ∩ (M ∩ D) andφ∗(t∗, j∗) = x∗ for some
(t∗, j∗) ∈ domφ∗. Suppose thatO intersectsM∩D at another
point x′ 6= x∗, i.e., x′ ∈ O∩ (M ∩D) and φ∗(t′, j′) = x′

for some (t′, j′) ∈ domφ∗. Then, by items1) and 3) of
Assumption 4.1, it follows thath(x′) = 0 andLfh(x

′) < 0.
Since h is continuously differentiable andf is continuous,
x 7→ Lfh(x) is continuous. Then, there exists̃δ > 0 such
thatLfh(x) < 0 for all x ∈ x′ + δ̃B. Therefore, the solution
φ∗ to H|M cannot be extended through flow atx′. In fact,
sincex′ ∈M ∩D, φ∗ will jump immediately when it reaches
x′. This contradicts the fact thatφ∗ has only one jump in its
periodT ∗. �

To state our next result, let us introduce thetime-to-impact
function for hybrid systems as inH. Alternative equivalent
definitions can be found in [5] and [43, Definition 2]. In [43],
a minimal-time functionnotion with respect to a closed set

7
T(M∩C)(x) denotes the tangent cone to the setM ∩ C at x; see [16,

Definition 5.12].
8A hybrid limit cycle O to a hybrid systemH satisfying Assumption 4.1

is transversal toM ∩ D if O intersectsM ∩ D at exactly one point̄x :=
O ∩ (M ∩D) with the propertyLfh(x̄) 6= 0.

is presented for a constrained continuous-time system, which
provides the first time that a solution starting from a given
initial condition reaches that set. Following [5], for a hybrid
systemH = (C, f,D, g), the time-to-impact function with
respect toD is defined byTI : C ∪D → R>0 ∪{∞}, where9

TI(x) := inf{t > 0 : φ(t, j) ∈ D, φ ∈ SH(x)} (5)

for eachx ∈ C ∪D.
Inspired by [5, Lemma 3], we show that the functionTI is

continuous on a subset ofM∩(C∪D), as specified next.

Lemma 4.8: Suppose a hybrid systemH = (C, f,D, g) on
Rn and a closed setM ⊂ Rn satisfy Assumption 4.1. Then,TI
is continuous at points inX := {x ∈M∩C : 0<TI(x)<∞}.

A proof can be found in[39, Lemma 4.12].
Next, we show that the functionx 7→ TI(x) is also

continuous on a subset ofO.

Lemma 4.9: Given a hybrid systemH = (C, f,D, g) on
Rn and a closed setM ⊂ Rn satisfying Assumption 4.1,
suppose thatH|M = (M ∩ C, f,M ∩ D, g) has a unique
hybrid limit cycleO ⊂ M ∩ C defined by the flow periodic
solutionφ∗. Then,TI is continuous onO\{φ∗(t∗, 0)}, where
t∗ is such that(t∗, 0), (t∗, 1) ∈ domφ∗, namely,(t∗, 0) is a
jump time ofφ∗ andφ∗(t∗, 0) is the point inM ∩D at which
φ∗ jumps.

Proof: Consider a hybrid limit cycleO ⊂M ∩C defined
by the flow periodic solutionφ∗. For (t∗, 0), (t∗, 1) ∈ domφ∗,
we haveφ∗(t∗, 0) ∈M∩D. By Lemma 4.4, sinceO is forward
invariant, for allx ∈ O \ {φ∗(t∗, 0)}, there existst > t∗ such
thatφ∗(t, 1) has a jump, which implies that0 < TI(x) <∞.
By Lemma 4.8,TI is continuous at points inX :={x∈M∩C :
0<TI(x)<∞}. Then,TI is continuous onO\{φ∗(t, 0)}. �

B. A Necessary Condition via Forward Invariance

Following the spirit of the necessary condition for existence
of limit cycles in nonlinear continuous-time systems in [44],
we have the following necessary condition for general hybrid
systems with a hybrid limit cycle given by the zero-level set
of a smooth enough function.

Proposition 4.10: Consider a hybrid systemH = (C, f,
D, g) on Rn satisfying the hybrid basic conditions withf
continuously differentiable. Suppose every solutionφ ∈ SH

is unique and there exists a hybrid limit cycleO for H with
periodT ∗ > 0 satisfying

O ⊆ {x ∈ R
n : p(x) = 0},

wherep : Rn → R is twice continuously differentiable on an
open neighborhoodU of O. Then, there existsW : Rn →
R>0 that is twice continuously differentiable onU and

W (x) > 0 ∀x ∈ O, (6)

〈∇W (x), f(x)〉 = 0 ∀x ∈ O ∩ C, (7)

〈∇〈∇W (x), f(x)〉, f(x)〉 = 0 ∀x ∈ O ∩ C, (8)

W (g(x))−W (x) = 0 ∀x ∈ O ∩D. (9)
9In particular, when there does not existt > 0 such thatφf (t, x) ∈ D,

we have{t > 0 : φf (t, x) ∈ D} = ∅, which givesTI(x) = ∞.
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Furthermore, ifp is such thatp(x̄) 6= 0 for somex̄ ∈ C ∪D,
thenW is such that (6) holds with strict inequality.

A proof can be found in[39, Proposition 4.14].
Proposition 4.10 provides a necessary condition, that by

seeking for a functionW with the properties therein, can be
used to identify the existence of a hybrid limit cycle with
period T ∗. In addition, as exploited in [44, Theorem 1], it
can be used to determine the stability of limit cycles for
continuous-time systems.

The following example illustrates the result in Proposi-
tion 4.10.

Example 4.11: Consider the hybrid congestion control sys-
tem in Example 4.6. The set defined by points(q, r) such that
q − (r−B)2

2a = R with R = qmax − B2(m−1)2

2a(m+1)2 represents a
hybrid limit cycle forHTCP, namely,

O :=

{

(q, r) ∈MTCP : q −
(r −B)2

2a
= R

}

,

is a hybrid limit cycle. In particular, the state vectorx = (q, r)
moves clockwise withinO as depicted in Fig. 1. Using the
flow and jump maps, it is verified thatO is forward invariant.
Note that whenO ∩ DTCP, q = qmax and r = 2B/(m + 1).
To validateProposition4.10, define the continuously differ-
entiable functionsp(x) := q − (r−B)2

2a − R, which satisfies
p(0) = −qmax − 4m

(m+1)2
B2

2a 6= 0, andW : R2 → R>0 as

W (x) =
(

q − (r −B)2

2a
+
B2

2a

)2

> 0 ∀x ∈ O. (10)

This function satisfies (7)-(9) since〈∇p(x), fTCP(x)〉 =
[1 B−r

a ]fTCP(x) = r − B − (r − B) = 0 for all x ∈ CTCP.
Then, for allx ∈ O ∩MTCP ∩ CTCP,

〈∇W (x), fTCP〉=2
(

q − (r −B)2

2a
+
B2

2a

)

(r −B − r +B)=0

and 〈∇〈∇W (x), fTCP(x)〉, fTCP(x)〉 = 0. Moreover, for all
x ∈ O ∩MTCP ∩ DTCP, using the fact thatq = qmax and r =
2B/(m+ 1), we have W (gTCP(x)) −W (x) = 0.

V. EXISTENCE OFHYBRID L IMIT CYCLES

In this section, we introduce a stability notion that relates
a solution to nearby solutions, which enables us to provide
sufficient conditions for the existence of hybrid limit cycles
for the class of hybrid systems in (1).

A. Zhukovskii Stability for Hybrid Systems

Zhukovskii stability for a continuous-time system consists
of the property that, with a suitable reparametrization of
perturbed trajectories, Lyapunov stability implies Zhukovskii
stability; see, e.g., [36], [37]. We extend this notion to hybrid
systems and establish links to the existence of hybrid limit
cycles. To this end, inspired by [35], [36], [37], we employ
the family of mapsT defined by

T = {τ(·) : τ : R>0→R>0 is a homeomorphism, τ(0)= 0}.
A map τ in the family T is employed to reparametrize

ordinary time for the trajectories of the hybrid system (1)
and formulate stability and attractivity notions involving the
reparametrized trajectories, as formulated next.

Definition 5.1: Consider a hybrid systemH on Rn as in
(1). A maximal solutionφ1 to H is said to be

1) Zhukovskii stable(ZS) if for each ε > 0 there exists
δ > 0 such that for eachφ2 ∈ SH(φ1(0, 0) + δB) there
existsτ ∈ T such that for each(t, j) ∈ domφ1 we have
(τ(t), j) ∈ domφ2 and |φ1(t, j)− φ2(τ(t), j)| 6 ε;

2) Zhukovskii locally attractive(ZLA) if there existsµ > 0
such that for eachφ2 ∈ SH(φ1(0, 0) + µB) there exists
τ ∈ T such that for eachε > 0 there existsT > 0 for
which we have that(t, j) ∈ domφ1 andt+ j > T imply
(τ(t), j) ∈ domφ2 and |φ1(t, j)− φ2(τ(t), j)| 6 ε;

3) Zhukovskii locally asymptotically stable(ZLAS) if it is
both ZS and ZLA.

Remark 5.2: The mapτ in Definition 5.1 reparameterizes
the flow time of the solutionφ2. In particular, the ZS notion
only requires that the solutionφ2 stays close to the solution
φ1 for the same value of the jump counterj but potentially
at different flow timest. Note thatτ in the ZS and ZLA
notions may depend on the initial conditions ofφ1 and φ2.
For simplicity and for the purposes of this work, the ZLA
notion is written as a uniform property, in the sense of hybrid
time and over the compact set of initial conditions defined by
µ. Whenφ1 and eachφ2 are complete, the nonuniform version
of that property would require

lim
(t,j)∈domφ1,t+j→∞

|φ1(t, j)− φ2(τ(t), j)| = 0,

which resembles the notion defined in the literature of
continuous-time systems; see [36, Definition 4.1] and [37,
Definition 2].

The ZLAS notion will be related to existence of hybrid
limit cycles by analyzing the properties of a Poincaré map in
Section V-B (within the proof of Theorem 5.9) and theω-limit
set of a hybrid arc. Next, the ZLAS notion in Definition 5.1
is illustrated in an example with a hybrid limit cycle.

Example 5.3: Consider the academic systemHA =
(CA, fA, DA, gA) with scalar statex and data

HA

{

ẋ = fA(x) := −ax+ b x ∈ CA,

x+ = gA(x) := b2 x ∈ DA,
(11)

whereCA := [0, b1] and DA := {x ∈ [0, b1] : x = b1}.
The parametersa, b, b1, and b2 satisfy a > 0 and b >
ab1 > ab2 > 0. Define the compact setMA := [0, b1] and
define a continuously differentiable functionh : MA → R

as h(x) := b1 − x. Then, CA and DA can be rewritten
as CA = {x ∈ MA : h(x) > 0} and DA = {x ∈
CA : h(x) = 0, LfAh(x) 6 0}, respectively, where we
used the propertyLfAh(x) = −(−ax + b) = ab1 − b < 0
for all x ∈ MA ∩ DA. By design, the setsCA and DA

are closed. Moreover, the functionfA is continuously differ-
entiable and the functiongA is continuous. Furthermore, it
can be verified thatgA(MA∩DA)∩(MA∩DA)=∅. Therefore,
Assumption 4.1 holds. Note that every maximal solutionφ to
HA|MA = (MA ∩ CA, fA,MA ∩ DA, gA) is unique via [16,
Proposition 2.11].

To verify the ZS notion, let us consider a maximal solution
φ1 toHA|MA . For a givenε, let 0 < δ < min{ε, bε}. Then, for
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eachφ2 ∈ SHA|MA
(φ1(0, 0) + δB), we haveTI(φ1(0, 0)) =

1
a ln aφ1(0,0)−b

ab1−b and TI(φ2(0, 0)) = 1
a ln aφ2(0,0)−b

ab1−b . Without
loss of generality, assumeφ1(0, 0) > φ2(0, 0). Then, the
solution φ1 jumps beforeφ2 since jumps occur whenx
reachesb1. Denote t∆ = TI(φ2(0, 0)) − TI(φ1(0, 0)) =
1
a ln aφ2(0,0)−b

ab1−b − 1
a ln aφ1(0,0)−b

ab1−b = 1
a ln aφ2(0,0)−b

aφ1(0,0)−b > 0. Let
us constructτ as

τ(t) =







TI (φ2(0,0))
TI (φ1(0,0))

t t ∈ [0, TI(φ1(0, 0))],

t+ t∆ t > TI(φ1(0, 0)).
(12)

Note thatτ is a homeomorphism andsatisfiesτ(0) = 0, hence
it belongs toT , and, in addition, is continuous. Then, forj =
0, for eacht ∈ [0, TI(φ1(0, 0))], we haveτ(t) = TI(φ2(0,0))

TI(φ1(0,0))
t,

which satisfies(τ(t), 0) ∈ domφ2 and
|φ1(t, 0) − φ2(τ(t), 0)|

=
∣

∣

∣

(

(φ1(0, 0)− b
a
)e−at + b

a

)

−
(

(φ2(0, 0)− b
a
)e−aτ(t)+ b

a

)

∣

∣

∣

=
∣

∣

∣

(

φ1(0, 0)− b
a

)

e−at −
(

φ2(0, 0)− b
a

)

e−aτ(t)
∣

∣

∣
,

(13)

where e−aτ(t) = e−at
(

aφ1(0,0)−b
aφ2(0,0)−b

) t
TI (φ1(0,0))

. Since b/a >

φ1(0, 0) > φ2(0, 0) and TI(φ2(0, 0)) > TI(φ1(0, 0)), we
have that for eacht ∈ [0, TI(φ1(0, 0))], 0 <

(aφ1(0,0)−b
aφ2(0,0)−b

)
6

(aφ1(0,0)−b
aφ2(0,0)−b

)t/TI (φ1(0,0))
6 1. Therefore, (13) is equivalent to

|φ1(t, 0)− φ2(τ(t), 0)| 6 |φ1(0, 0)− φ2(0, 0)|e−at 6 δ < ε.

Note thatφ1(TI(φ1(0, 0)), 0) = φ2(τ(TI(φ1(0, 0))), 0) = b1.
In fact, for eachj ∈ N\{0} and eacht > TI(φ1(0, 0)) such
that (t, j) ∈ domφ1, we haveτ(t) = t + t∆, which satisfies
(τ(t), j) ∈ domφ2 and |φ1(t, j) − φ2(τ(t), j)| = 0 < ε.
Therefore, the solutionφ1 is ZS. In fact, any solutionφ1 ∈
SHA|MA

is ZS.
To verify the ZLA notion, letµ > 0. Let φ1 be a maximal

solution to HA|MA . Then, for eachε > 0 and for each
φ2 ∈ SHA|MA

(φ1(0, 0) + µB), we have TI(φ1(0, 0)) =
1
a ln aφ1(0,0)−b

ab1−b andTI(φ2(0, 0)) = 1
a ln

aφ2(0,0)−b
ab1−b . Similar to

the above proof of the ZS notion, without loss of generality,as-
sumeφ1(0, 0) > φ2(0, 0). Then, the solutionφ1 jumps before
φ2. Note thatφ1(TI(φ1(0, 0)), 1) = φ2(τ(TI(φ1(0, 0))), 1) =
b2. Then, for j = 1 and for eacht > TI(φ1(0, 0)), we
haveτ(t) = t + t∆, which satisfies(τ(t), 1) ∈ domφ2 and
|φ1(t, 1)− φ2(τ(t), 1)| = 0 < ε. In fact, for eachj ∈ N\{0}
and eacht > TI(φ1(0, 0)), we have thatτ(t) = t+ t∆ and

(t, j) ∈ domφ1, t+ j > T = TI(φ1(0, 0)) + 1

imply that (τ(t), j) ∈ domφ2 and |φ1(t, j) − φ2(τ(t), j)| =
0 < ε. Therefore,φ1 ∈ SHA|MA

is ZLA. In fact, any solution
φ1 ∈ SHA|MA

is ZLA. Hence, every maximal solution to
HA|MA is ZLAS.

Next, we establish a link between the Zhukovskii stability
notion in Definition 5.1 and incremental graphical stability as
introduced in [38]. The later notion is presented next for self-
containedness.

Definition 5.4: [38, Definition 3.2] Consider a hybrid sys-
temH on Rn as in (1). The hybrid systemH is said to be

1) incrementally graphically stable(δS) if for every ε > 0
there existsδ > 0 such that for any two maximal solutions

φ1, φ2 to H, |φ1(0, 0) − φ2(0, 0)| 6 δ implies that,
for each(t, j) ∈ domφ1, there exists(s, j) ∈ domφ2
satisfying|t− s| 6 ε and

|φ1(t, j)− φ2(s, j)| 6 ε; (14)

2) incrementally graphically locally attractive(δLA) if there
existsµ > 0 such that for everyε > 0 and for any two
maximal solutionsφ1, φ2 to H, |φ1(0, 0)−φ2(0, 0)| 6 µ
implies that there existsT > 0 such that for each(t, j) ∈
domφ1 such thatt+ j > T , there exists(s, j) ∈ domφ2
satisfying|t− s| 6 ε and

|φ1(t, j)− φ2(s, j)| 6 ε; (15)

3) incrementally graphically locally asymptotically stable
(δLAS) if it is both δS andδLA.

B. Existence of Hybrid Limit Cycles via Zhukovskii and In-
cremental Graphical Stability

In this section, we present conditions for the existence
of a hybrid limit cycle for hybrid systems that are ZLAS.
The existence of such a hybrid limit cycle is related to
nonemptyness of anω-limit set and continuity of a Poincaré
mapΓ on a closed setΣ near anω-limit point.

Inspired by [42, Chapter V, Definition 2.13], the following
notion is introduced in a sufficiently “short” tubeΦt̄(U) :=
{φx(t, 0) : t 7→ φx(t, 0) is a solution toẋ = f(x) x ∈
Rn from φx(0, 0) ∈ U, t ∈ [0, t̄], (t, 0) ∈ domφx}, where
U ⊂ Rn and t̄ > 0.

Definition 5.5: (forward local section) Consider a dynam-
ical systemẋ = f(x) x ∈ Rn. Given U ⊂ Rn and t̄ > 0,
a closed setΣ ⊂ Φt̄(U) is called alocal sectionif for each
solutionφx to ẋ = f(x) x ∈ Rn starting fromφx(0) ∈ U ,
there exists a uniquetv ∈ [0, t̄] such thattv ∈ domφx and
φx(tv) ∈ Σ.10

To guarantee the existence of aforward local section,
inspired by [42, Chapter V, Theorem 2.14], we present the
following result, which is different from [42, Chapter V,
Theorem 2.14] as it only allows for forward times.

Lemma 5.6: Consider the dynamical systeṁx =
f(x) x ∈ Rn. If f is continuously differentiable andv is
not an equilibrium point of the dynamical system, then, for
any sufficiently small̄t > 0, there existsσ > 0 such that there
exists a forward local sectionΣ ⊂ Φt̄(v + σB).

A proof can be found in [39, Lemma 5.11].
The following result reveals the behavior of the solutions

to the flow dynamics of the hybrid systemH|M = (M ∩
C, f,M∩D, g) in some neighborhood of any point inM ∩ C
and ensures the existence of a forward local sectionΣ in the
tubeΦt̄.

Lemma 5.7: Consider a hybrid systemH = (C, f,D, g)
onRn and a compact setM ⊂ Rn satisfying Assumption 4.1.
Suppose that for the hybrid systemH|M = (M ∩ C, f,M ∩
D, g), M ∩ C has a nonempty interior and contains no
equilibrium set for the flow dynamics

ẋ = f(x) x ∈M ∩ C. (16)
10Here, for the systeṁx = f(x) x ∈ Rn, since it is a continuous-time

system, we havedomφx ⊂ R>0. Then, we writeφx(t) instead ofφx(t, 0).
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For eachv ∈ (M ∩ C)◦ and a sufficiently small̄t > 0, there
existsσ > 0 such that each solutionφx to (16) starting from
φx(0, 0) ∈ Φt̄(v+σB) has the following properties: i)Φt̄(v+
σB)⊂(M ∩C)◦; ii) there exists a forward local sectionΣ⊂
Φt̄(v + σB).

A proof of Lemma 5.7can be found in[39, Lemma 5.12].
The following result is derived via an application of the

tubular flow theorem [45, Chapter 2, Theorem 1.1] to the flow
dynamics (16).

Lemma 5.8: Consider a hybrid systemH = (C, f,D, g)
onRn and a compact setM ⊂ Rn satisfying Assumption 4.1.
Suppose that for the hybrid systemH|M = (M ∩ C, f,M ∩
D, g), M∩C has a nonempty interiorand containsno critical
points11 of the mapf . For any open setU ⊂M ∩C and for
each pointv ∈ U , there exists an open neighborhoodNv ⊂ U
of v such that solutions to (16) fromNv are diffeomorphic to
the solutions to the system

ξ̇1 = 1, ξ̇i = 0 ∀i ∈ {2, 3, · · · , n} (17)

on (−1, 1)n.

Proof: We use the tubular flow theorem [45, Chapter
2, Theorem 1.1] to prove the result. First, we verify the
conditions of the tubular flow theorem. SinceM ∩C contains
no critical points for the mapf in (16), eachx ∈ M ∩ C is
a regular point off . Moreover, sinceM ∩C has a nonempty
interior and f is continuously differentiable by item 2) of
Assumption 4.1,f is a vector field of classCr,12 r > 1, on
any open setU ⊂ M ∩ C. Therefore, all conditions in the
tubular flow theorem are verified.

Now, by the tubular flow theorem, lettingv ∈ U be a regular
point of f , there exists an open neighborhoodNv ⊂ U of v
such that solutions to (16) fromNv are diffeomorphic to the
solutions to the system (17) on(−1, 1)n. �

The following result provides sufficient conditions for the
existence of a hybrid limit cycle of a hybrid system.13 In
addition to technical conditions, ZLAS would serve as a
sufficient condition for the existence of a hybrid limit cycle,
which is motivated by the use of ZLAS for continuous-time
systems in [35].

Theorem 5.9: Consider a hybrid systemH = (C, f,D, g)
onRn and a compact setM ⊂ Rn satisfying Assumption 4.1.
Suppose that for the hybrid systemH|M = (M ∩ C, f,M ∩
D, g), M∩C has a nonempty interior and contains no critical
points for the mapf , and contains no equilibrium set for
the flow dynamics (16), and for eachx ∈ M ∩ C, each
maximal solution toH|M is complete with its hybrid time
domain unbounded in thet direction, and each solution to
(16) is not complete and ends at a point inM ∩ C. Then,
for each solutionφ ∈ SH|M (M ∩ C), H|M has a nonempty
ω-limit set Ω(φ). In addition, if the solutionφ is ZLAS and

11For a differential mapf : Rm → Rn, a pointx is a critical point off
if ∂f

∂x
(x) is not full rank and is a regular point if∂f

∂x
(x) is full rank.

12Cr denotes the differentiability class of mappings havingr continuous
derivatives.

13Here, we establish sufficient conditions for the existence of a hybrid limit
cyclewith multiple jumpsin each period. A hybrid limit cycle notion allowing
for multiple jumps in a period can be defined similarly; see [33]. For specific
systems with one jump as will be illustrated in next examples, the result is
also applicable.

Ω(φ) ∩ (M ∩ C)◦ is nonempty, thenΩ(φ) is a hybrid limit
cycle forH|M with period given by someT ∗ > 0 and multiple
jumps per period.

Proof: First, we prove nonemptyness and forward in-
variance ofΩ(φ). Since the hybrid systemH = (C, f,D, g)
on Rn and a compact setM ⊂ Rn satisfy Assumption 4.1,
every maximal solution toH|M is unique via [16, Proposition
2.11] andH|M satisfies the hybrid basic conditions. By [16,
Theorem 6.8],H|M is nominally well-posed. Since each
solutionφ ∈ SH|M (M ∩ C) is unique and complete, the set
M ∩C is forward invariant forH|M . Note that completeness
of each solutionφ and the compactness ofM imply that each
φ is bounded. Then, it follows from [46, Lemma 3.3] that the
ω-limit setΩ(φ) is a nonempty, compact, and weakly invariant
subset ofM .

Next, we prove the existence of aforward local section
Σ. By assumption, let the solutionφ ∈ SH|M (M ∩ C) be
ZLAS. SinceΩ(φ) ∩ (M ∩ C)◦ is nonempty, we can choose
a point p ∈ Ω(φ) ∩ (M ∩ C)◦. By Definition 3.1, one can
choose a sequence{(ti, ji)}∞i=1 such thatlimi→∞ ti+ji = ∞
and limi→∞ φ(ti, ji) = p ∈ Ω(φ) ∩ (M ∩ C)◦. Therefore,
there exist positive constants0 < σ < δ such thatp + σB ⊂
φ(tl, jl) + δB and for sufficiently small̄t > 0, Φt̄(p+ σB) ⊂
φ(tl, jl) + δB for some(tl, jl) ∈ {(ti, ji)}∞i=1 with (tl, jl) ∈
domφ. Then, with the picked constantsσ and t̄ (which can
be chosen smaller if necessary), by Lemma 5.7, we have the
following properties: i)Φt̄(p + σB) ⊂ (M ∩ C)◦; ii) there
exists aforward local sectionΣ ⊂ Φt̄(p+ σB).

Now, to show the existence of a hybrid limit cycle, let us
introduce a Poincaré map for local structure of hybrid systems.
Given theforward local sectionΣ ⊂ Φt̄(p+ σB), we denote
the Poincaré map asΓ : Σ → Σ and define it as

Γ(x) :=
{
ψ(t, j) ∈ Σ : ψ ∈ SH|M (x), t > 0,

(t, j) ∈ domψ
}

∀x ∈ Σ.
(18)

We next prove that i) for each solutionψ to H|M starting
from ψ(0, 0) ∈ Σ, there exists(t, j) ∈ domψ with t > 0 such
thatψ(t, j) ∈ Σ, and that ii) the Poincaré mapΓ has a fixed
point q ∈ Σ.14

We prove the first assertion. By the definition ofΩ(φ) and
from the analysis above, we have the following claim.

Claim 1: With the solutionφ and σ above, there exists
(tk, jk) ∈ {(ti, ji)}∞i=1 such that|φ(tk, jk) − p| 6 σ/2 and
|φ(tm, jm)− p| 6 σ/2 for eachtm > tk and eachjm > jk.

Let φ1(0, 0) := φ(tk, jk) as above and defineφ1 as the
translation ofφ by (tk, jk), which leads to a complete solution
φ1 due to completeness ofφ. By assumption, the solution
φ1 to H|M is ZLAS. Then, we have the following claim by
Definition 5.1.

Claim 2: With σ above, for eachφ2 ∈ SH|M (φ1(0, 0)+δB)
there exists a functionτ ∈ T such that forε = σ/2 > 0 there
existsT > 0 for which we have(t, j) ∈ domφ1, t + j > T
implies that(τ(t), j) ∈ domφ2 and |φ1(t, j)− φ2(τ(t), j)| 6
ε = σ/2.

SinceΣ ⊂ Φt̄(p + σB) ⊂ φ1(0, 0) + δB, each solutionφ3
to H|M from φ3(0, 0) ∈ Σ also satisfiesClaim 2. In addition,
by assumption, since each solution to (16) is not complete and

14A point q is a fixed point of a Poincaré mapΓ : Σ → Σ if q = Γ(q).
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ends at a point inM ∩C, we have recurrent jumps.Therefore,
from Claim 1 and Claim 2, for eachφ3 ∈ SH|M (Σ), there
exist τ ∈ T and (tm, jm) ∈ domφ1 satisfying tm > 0,
jm > 1, and tm + jm > T such that(τ(tm), jm) ∈ domφ3,
|φ1(tm, jm)− p| 6 σ/2, and

|φ1(tm, jm)− φ3(τ(tm), jm)| 6 σ/2,

which leads toφ3(τ(tm), jm) ∈ Φt̄(p + σB).15 In addi-
tion, there exists(tm, jm) ∈ domφ1 as above such that16

φ3(τ(tm), jm)∈(p+ σB)\D. Let φ̄(0, 0)=φ3(τ(tm), jm) and
defineφ̄ as the translation ofφ3 by (τ(tm), jm), which leads
to a complete solution̄φ due to completeness ofφ3. Then,
φ̄(0, 0) ∈ (p+ σB)\D. By the second property of Lemma 5.7
and the definition offorward local sectionin Definition 5.5,
we have that the solution̄φ to (16) reaches theforward
local sectionΣ ⊂ Φt̄(p + σB) at a unique timetp ∈ [0, t̄],
that is, (tp, 0) ∈ dom φ̄ and φ̄(tp, 0) ∈ Σ, which implies
φ3(τ(tm)+tp, jm)∈Σ. Therefore, the first assertion is proved.

To prove the second assertion, that is, that the Poincaré map
Γ has a fixed pointq ∈ Σ, first we show continuity ofΓ onΣ.
Sinceφ3(0, 0) ∈ Σ andφ3(τ(tm)+ tp, jm) ∈ Σ, we have that
Γ(φ3(0, 0)) = φ3(τ(tm)+tp, jm) ∈ Σ. SinceΣ ⊂ Φt̄(p+σB)
and t̄ can be sufficiently small, we haveφ3(0, 0) ∈ p + σB
andΓ(φ3(0, 0)) ∈ p+ σB. Then, it follows that

|Γ(φ3(0, 0))−φ3(0, 0)| 6 |Γ(φ3(0, 0))−p|+|p−φ3(0, 0)| 6 2σ.

Therefore, sincethe chosenσ can besmall enough, we have
that the mapΓ in (18) is continuous onΣ.

Next, by applying the Brouwer’s fixed point theorem, we
show that the mapΓ has a fixed pointq ∈ Σ. Note that
by assumption, eachx ∈ M ∩ C is a regular point off
and all conditions in Lemma 5.8 are satisfied. Therefore,p
is a regular point off , and by using Lemma 5.8,for any
open setU ⊂ M ∩ C containingp, there exists an open
neighborhoodNp ⊂ U of p such thatsolutions to (16) from
Np are diffeomorphic to the solutions to the system (17) on
(−1, 1)n. In other words, there exists aCr diffeomorphism
H : (−1, 1)n → Np such that for any solutionφξ to (17),
φx = H(φξ) is a solution toẋ = f(x) x ∈ Np. Note that given
an initial condition(s1, s2, · · · , sn) ∈ (−1, 1)n, a solution to
(17) is given byφξ(t, 0) = (s1 + t, s2, · · · , sn) for all t ∈
[0, 1−s1), and that the functiont 7→ H(φξ(t, 0)) is a solution
to ẋ = f(x) x ∈ Np. DenoteΣξ := H−1(Σ) = {φξ(tp, 0) ∈
(−1, 1)n : t 7→ φξ(t, 0) is a solution to(17) from φξ(0, 0) ∈
(−1, 1)n, t ∈ [0, tp], (t, 0) ∈ domφξ}. Note thatΣξ is convex
and bounded. In addition, sinceΣ is closed andH is a diffeo-
morphism,Σξ is also closed and thusΣξ is a convex compact
set. Define a map17 Γξ = H−1 ◦ Γ ◦ H as Γξ : Σξ → Σξ.
Due toH being a diffeomorphism and continuity ofΓ, Γξ

15If this conclusion holds forjm = 1, the remaining proofs will show that
H|M has a hybrid limit cycle with one jump in each period.

16Since p ∈ Ω(φ) ∩ (M ∩ C)◦ and Φt̄(p + σB) ⊂ (M ∩ C)◦, there
always exists(tm, jm) such thatφ3(τ(tm), jm) ∈ (p+ σB)\D. In fact,
if that were not the case, for each(tm, jm) ∈ domφ1 satisfying tm > 0,
jm > 1 and tm + jm > T , we would haveφ3(τ(tm), jm) ∈ D. Since
|φ1(tm, jm) − p| 6 σ/2 and |φ1(tm, jm) − φ3(τ(tm), jm)| 6 σ/2, and
sinceσ is arbitrary, limm→∞ φ3(τ(tm), jm) = p ∈ D, which contradicts
with the factp ∈ Ω(φ) ∩ (M ∩ C)◦.

17The operator◦ defines a function composition, i.e.,H−1 ◦ Γ ◦H(x) =
H−1(Γ(H(ξ))) for all ξ ∈ (−1, 1)n.

is continuous. Therefore, by Brouwer’s fixed point theorem,
Γξ has a fixed pointq′ ∈ Σξ, i.e., Γξ(q

′) = q′. Since
Γξ = H−1◦Γ◦H , we haveH−1◦Γ◦H(q′) = q′, which implies
that Γ ◦H(q′) = H(q′) ∈ Σ. Let q = H(q′). Therefore, we
have thatΓ has a fixed pointq ∈ Σ, i.e.,Γ(q) = q.

From the existence of a fixed point forΓ and the fact that
φ3(0, 0) ∈ Σ and φ3(τ(tm) + tp, jm) ∈ Σ, there is a flow
periodic solutionφ∗ to H|M with period T ∗ = τ(tm) + tp
and jm jumps in each period. Therefore,H|M has a hybrid
limit cycle O with jm jumps in each period. Note that for the
solutionφ ∈ SH|M (q), every pointζ∗ in the hybrid limit cycle
O is in Ω(φ) since there exists a sequence{(ti, ji)}∞i=1 of
points (ti, ji) ∈ domφ such thatlimi→∞ φ(ti, ji) = ζ∗ with
limi→∞ ti + ji = ∞. To prove that every point inΩ(φ) is
also in the hybrid limit cycleO, we proceed by contradiction.
Suppose thatq ∈ Ω(φ) and q /∈ O. Since from the analysis
above, there is a fixed pointq ∈ Ω(φ) ∩ Σ for any chosen
σ ∈ (0, δ) we haveφ3(0, 0) ∈ Σ andφ3(τ(tm)+ tp, jm) ∈ Σ.
Then,Γ(q) = q, which leads to a contradiction withq /∈ O.
Thus, every point inΩ(φ) is also in the hybrid limit cycleO.
Therefore, we have thatΩ(φ) is a hybrid limit cycle. �

Remark 5.10: In Theorem 5.9, there are several ways to
guarantee thatM ∩C contains no equilibrium set for the flow
dynamics (16). One way to assure that is to check if for each
x ∈M ∩ C, f⊤(x)f(x) > 0.

The following example illustrates Theorem 5.9.

Example 5.11: Consider the academic systemHA|MA in
Example 5.3. We will verify the existence of a hybrid limit
cycle via Theorem 5.9. First, items 1)-3) of Assumption 4.1
have been illustrated in Example 5.3.Since the Jacobian of the
map fA given by JfA (x) = −a with a > 0 has the maximal
rank 1, MA ∩ CA contains no critical points for the mapfA .
By the definition ofMA, for all x ∈MA∩CA, x 6 b1 < b/a,
which implies thatf⊤

A (x)fA(x) = (−ax+b)2 > (b−ab1)2 >
0. Then, by Remark 5.10,MA∩CA contains no equilibrium set
for the flow dynamicṡx = fA(x) x ∈MA∩CA , where(MA∩
CA)

◦ = (0, b1) is nonempty. By the definitions offA andgA,
the setMA is forward invariant and eachφ ∈ SHA|MA

(MA ∩
CA) is unique and complete withdomφ unbounded in thet
direction. Next, from the data ofHA|MA , each solutionφ ∈
SHA|MA

(MA ∩ CA) to ẋ = fA(x) x ∈ MA ∩ CA is not
complete and ends at a point inMA ∩ CA. Therefore, for
each maximal solutionφ from ξ ∈ [b2, b1] given by, for each
(t, j) ∈ R>0 × N,

φ(t, j)=

{
(ξ− b

a )e
−at+ b

a t ∈ [0, t1], j = 0

(b2− b
a )e

−a(t−t′1)+ b
a t ∈ [t′1, t1]+jT

∗, j ∈ N\{0}
where t′1 = (j − 1)T ∗ + t1, t1 = 1

a ln aξ−b
ab1−b , and T ∗ =

1
a ln ab2−b

ab1−b , by Theorem 5.9,HA|MA has a nonemptyω-limit
set Ω(φ) := {x ∈ [0, b1] : x = φ(t, 1), t ∈ [t1, t1 + T ∗]}.
Finally, the ZLAS property of eachφ ∈ SHA|MA

has been veri-
fied in Example 5.3. In addition, from the construction ofΩ(φ)
and the conditionb1 > b2 > 0, Ω(φ)∩ (MA ∩CA)

◦ = [b2, b1)
is nonempty. Therefore, by Theorem 5.9,Ω(φ) is the hybrid
limit cycle for HA|MA with period T ∗ = 1

a ln ab2−b
ab1−b and one

jump per period.
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In light of Example 5.11, one may wonder if incremental
graphical asymptotic stability would serve as a necessary con-
dition for the existence of a hybrid limit cycle. Unfortunately,
the fact that incremental graphical asymptotic stability is a
property for all solutions starting in a neighborhood makes
it difficult to allow for the existence of a hybrid limit cycle.
The following result establishes a sufficient condition forthe
nonexistence of hybrid limit cycles for systems that areδLAS.

Theorem 5.12: For a hybrid systemH = (C, f,D, g) on
Rn and a closed setM ⊂ Rn satisfying Assumption 4.1,
consider the hybrid systemH|M = (M ∩ C, f,M ∩ D, g)
and assume that each solutionφ ∈ SH|M (M ∩C) is complete
with domφ unbounded in thet direction. If the hybrid system
H|M is δLAS, thenH|M has no hybrid limit cycles forH|M
with period given by someT ∗ > 0.

A proof can be found in[39, Theorem 5.17].

VI. SUFFICIENT CONDITIONS FORASYMPTOTIC

STABILITY OF HYBRID L IMIT CYCLES

A. Notions

Following the stability notion introduced in [16, Definition
3.6], we employ the following notion for stability of hybrid
limit cycles.

Definition 6.1: Consider a hybrid systemH = (C, f,D, g)
on Rn and a compact hybrid limit cycleO. Then, the hybrid
limit cycle O is said to be

• stable for H if for every ε > 0 there existsδ > 0 such
that every solutionφ to H with |φ(0, 0)|O 6 δ satisfies
|φ(t, j)|O 6 ε for each(t, j) ∈ domφ;

• globally attractivefor H if every maximal solutionφ toH
from C̄∪D is complete and satisfieslim

t+j→∞
|φ(t, j)|O=0;

• globally asymptotically stablefor H if it is both stable
and globally attractive;

• locally attractive for H if there existsµ > 0 such that
every maximal solutionφ to H starting from|φ(0, 0)|O6

µ is complete and satisfieslim
t+j→∞

|φ(t, j)|O=0;

• locally asymptotically stablefor H if it is both stable and
locally attractive.

GivenM ⊂ Rn andH = (C, f,D, g), for x ∈M∩(C∪D),
define the “distance” functiond :M ∩ (C ∪D) → R>0 as

d(x) := sup
t∈[0,TI(x)], (t,j)∈domφ, φ∈SH|M

(x)

|φ(t, j)|O

when0 6 TI(x) <∞, and

d(x) := sup
(t,j)∈domφ, φ∈SH|M

(x)

|φ(t, j)|O

if TI(x) = ∞, whereTI is the time-to-impact function defined
in (5). Note thatd vanishes onO. Then, following [5, Lemma
4], the following property of the functiond can be established.

Lemma 6.2: Consider a hybrid systemH = (C, f,D, g)
on Rn and a closed setM ⊂ Rn satisfying Assumption 4.1.
Suppose that every maximal solution toH|M = (M ∩
C, f,M ∩ D, g) is complete andH|M has a flow periodic
solution φ∗ with period T ∗ > 0 that defines a hybrid limit

cycleO ⊂ M ∩ C. Then, the functiond : M ∩ C→R>0 is
well-defined and continuous onO.

A proof can be found in [39, Lemma 6.2].

B. Asymptotic Stability Properties ofO
To establish conditions for asymptotic stability of a hybrid

limit cycle, let us introduce a Poincaré map for hybrid systems.
Referred to as thehybrid Poincaŕe map, given a maximal
solutionφ to H|M , we denote it asP :M ∩D →M ∩D and
define it as18

P (x) :=
{
φ(TI(g(x)), j) : φ ∈ SH|M (g(x)),
(TI(g(x)), j) ∈ domφ

}
∀x∈M∩D, (19)

whereTI is the time-to-impact function defined in (5).
The importance of the hybrid Poincaré map in (19) is

that it allows one to determine the stability of hybrid limit
cycles. Before revealing the stability properties of a hybrid
limit cycle, we introduce the following stability notions for
the hybrid Poincaré mapP in (19). Let P k denotek com-
positions of the hybrid Poincaré mapP with itself; namely,
P k(x) = P ◦ P · · · ◦ P

︸ ︷︷ ︸

k

(x).

Definition 6.3: A fixed pointx∗ of a hybrid Poincaré map
P :M ∩D →M ∩D defined in (19) is said to be

• stable if for each ǫ > 0 there existsδ > 0 such that for
eachx ∈M ∩D, |x−x∗| 6 δ implies |P k(x)− x∗| 6 ǫ
for all k ∈ N;

• globally attractiveif for eachx∈M ∩D, lim
k→∞

P k(x)=

x∗;
• globally asymptotically stableif it is both stable and

globally attractive;

• locally attractiveif there existsµ > 0 such that for each
x ∈M ∩D, |x− x∗| 6 µ implies lim

k→∞
P k(x) = x∗;

• locally asymptotically stableif it is both stable and locally
attractive.

A relationship between stability of fixed points of hybrid
Poincaré maps and stability of the corresponding hybrid limit
cycles is established next.

Theorem 6.4: Consider a hybrid systemH = (C, f,D, g)
on Rn and a closed setM ⊂ Rn satisfying Assumption 4.1.
Suppose that every maximal solution toH|M = (M ∩
C, f,M ∩ D, g) is complete andH|M has a flow periodic
solution φ∗ with period T ∗ > 0 that defines a hybrid limit
cycleO ⊂M ∩ C. Then, the following statements hold:

1) x∗ ∈M∩D is a stable fixed point of the hybrid Poincaré
mapP in (19) if and only if the hybrid limit cycleO of
H|M generated by a flow periodic solutionφ∗ with period
T ∗ from φ∗(0, 0) = x∗ is stable forH|M ,

2) x∗ ∈ M ∩ D is a globally asymptotically stable fixed
point of the hybrid Poincaŕe mapP if and only if H|M
has a unique hybrid limit cycleO generated by a flow
periodic solutionφ∗ with periodT ∗ from φ∗(0, 0) = x∗

18The hybrid Poincaré mapP in (19) is different from the Poincaré map
Γ : Σ → Σ in (18). The mapP in (19) mapsM ∩D to M ∩D within one
jump, while the mapΓ in (18) maps a closed setΣ ⊂ (M ∩ C)◦ to Σ and
allows for multiple jumps.
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that is globally asymptotically stable forH|M with basin
of attraction containing every point in19 M ∩ C.

Proof: We first prove the sufficiency of item1). By
Assumption 4.1, every maximal solution toH|M is unique
via [16, Proposition 2.11]. Consider the hybrid limit cycleO
generated by a flow periodic solution toH|M from x∗ with
x∗ ∈ M ∩ D. Since O is stable forH|M , given ε > 0
there existsδ > 0 such that for any solutionφ to H|M ,
|φ(0, 0)|O 6 δ implies |φ(t, j)|O 6 ε for each(t, j) ∈ domφ.
Sinceφ is complete andP k(x∗) = φ(TI(g(x

∗)), j) for some
j, in particular, we have that|P k(x∗)|O 6 ε for eachk ∈ N.
Therefore,x∗ ∈ M ∩ D is a stable fixed point of the hybrid
Poincaré mapP .

Next, we prove the necessity of item1) as in the proof of
[5, Theorem 1]. Suppose thatx∗ ∈ M ∩ D is a stable fixed
point of P . Then,P (x∗) = x∗ due to the continuity ofP in
(19) and, for anȳǫ > 0, there exists̄δ > 0 such that

x̃ ∈ (x∗ + δ̄B) ∩ (M ∩D)

impliesP k(x̃) ∈ (x∗+ ǭB)∩(M∩D) for all k ∈ N. Moreover,
by assumption, every maximal solutionφ to H|M from x̃ ∈
(x∗+δ̄B)∩(M∩D) is complete. Since solutions are guaranteed
to exist fromM ∩D, there exists a complete solutionφ from
every such point̃x. Furthermore, the distance betweenφ and
the hybrid limit cycleO satisfies20

sup
(t,j)∈domφ

|φ(t, j)|O 6 sup
x∈(x∗+δ̄B)∩(M∩D)

d ◦ g(x).

By Lemma 6.2,d is continuous atx∗. SinceO is transversal
to M ∩D, O ∩ (M ∩D) is a singleton,g(x∗) ∈ O, andg is
continuous, we have thatd ◦ g is continuous atx∗. Moreover,
sinced ◦ g(x∗) = 0, it follows by continuity that given any
ǫ > 0, we can pickǭ and δ̄ such that0 < ǭ < ǫ and

sup
x∈(x∗+δ̄B)∩(M∩D)

d ◦ g(x) 6 ǫ.

Therefore, an open neighborhood ofO given byV := {x ∈
Rn : d(x) ∈ [0, ǭ)} is such that any solutionφ to H|M from
φ(0, 0) ∈ V satisfies|φ(t, j)|O 6 ǫ for each(t, j) ∈ domφ.
Thus, the necessity of item1) follows immediately.

The stability part of item2) follows similarly. Sufficiency
of the global attractivity part in item2) is proved as follows.
Suppose the hybrid limit cycleO generated by a flow periodic
solution to H|M from x∗ is globally attractive forH|M
with basin of attraction containing every point inM ∩ C.
Then, givenǫ > 0, for any solutionφ to H|M , there exists
T̄ > 0 such that|φ(t, j)|O 6 ǫ for each(t, j) ∈ domφ with
t + j > T̄ . Note thatφ is precompact sinceφ is complete
and the setM is compact by Assumption 4.1.Therefore, via
[46, Lemma 2.7],domφ is unbounded in thet-direction as
Assumption 4.1 prevents solutions from being Zeno. It follows
that |P k(x∗)|O 6 ǫ for sufficiently largek. Therefore,x∗ is a
globally attractive fixed point ofP .

Finally, we prove the necessity of the global attractivity
19A “global” property forH|M implies a “global” property of the original

systemH only whenM containsC. For tools to establish the asymptotic
stability property, see [16].

20Given two functionsd : M ∩ C → R>0 and g : M ∩ D → M ∩ D,
the operator◦ defines a function composition, i.e.,d ◦ g(x) = d(g(x)) for
all x ∈ M ∩D.

property in item2). Assume thatx∗ ∈ M ∩ D is a globally
attractive fixed point. Then, for anȳǫ > 0, there exists̄δ > 0
such that, for allk ∈ N, x̃ ∈ (x∗ + δ̄B) ∩ (M ∩D) implies
lim
k→∞

P k(x̃) = x∗. Moreover, following from Definition 6.3,

it is implied that a maximal solutionφ to H|M from x∗ is
complete. Then, by continuity ofd andg,

lim
k→∞

d ◦ g(P k(x̃)) = d ◦ g(x∗) = 0,

from which it follows that

lim
t+j→∞

|φ(t, j)|O 6 d ◦ g(x∗) = 0.

The proof is complete. �

Remark 6.5: In [5], sufficient and necessary conditions for
stability properties of periodic orbits in impulsive systems
are established using properties of the fixed points of the
corresponding Poincaré maps. Compared to [5], Theorem 6.4
enables the use of the Lyapunov stability tools in [16] to certify
asymptotic stability of a fixed point without even computing
the hybrid Poincaré map.

At times, one might be interested only on local asymptotic
stability of the fixed point of the hybrid Poincaré map. Such
case is handled by the following result.

Corollary 6.6: Consider a hybrid systemH = (C, f,D, g)
on Rn and a closed setM ⊂ Rn satisfying Assumption 4.1.
Suppose that every maximal solution toH|M = (M ∩
C, f,M ∩ D, g) is complete andH|M has a flow periodic
solution φ∗ with period T ∗ > 0 that defines a hybrid limit
cycle O ⊂ M ∩ C. Then, x∗ ∈ M ∩ D is a locally
asymptotically stable fixed point of the hybrid Poincaré map
P if and only if H|M has a unique hybrid limit cycleO
generated by a flow periodic solutionφ∗ with periodT ∗ from
φ∗(0, 0) = x∗ that is locally asymptotically stable forH|M .

The proof can be found in [39, Corollary 6.6].

Remark 6.7: In [5] and [25], the authors extend the
Poincaré method to analyze the stability properties of periodic
orbits in nonlinear systems with impulsive effects. In particu-
lar, the solutions to the systems considered therein are right-
continuous over (not necessarily closed) intervals of flow.In
particular, the models therein (as well as those in [18]) require
C ∩D = ∅, which prevents the application of the robustness
results in [16] due to the fact that the hybrid basic conditions
would not hold. On the other hand, our results allow us to
establish robustness properties of hybrid limit cycles as shown
in Section VII.

Remark 6.8: In [18], within a contraction framework, con-
ditions guaranteeing local orbital stability of limit cycles for
a class of hybrid systems are provided, where, as a difference
to the notion used here, orbital stability is solely defined as
an attractivity (or convergence) property. Note that the case
of limit cycles with multiple jumps for hybrid systems is
not explicitly analyzed in [18], while the results here are
applicable to the situation where a hybrid limit cycle may
contain multiple jumps within a period; see our preliminary
results in [33].

Example 6.9: Consider the hybrid congestion control sys-
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tem in Example 4.6. A solutionφ∗ to HTCP|MTCP = (MTCP∩
CTCP, fTCP,MTCP∩DTCP, gTCP) from φ∗(0, 0) = (qmax, 2Bm/(1+
m)) ∈ MTCP ∩ CTCP is a flow periodic solution withT ∗ =
2B(1 − m)/(a + ma), which defines a hybrid limit cycle
O ⊂ MTCP ∩ CTCP. We verify the sufficient condition 2) in
Theorem 6.4 as follows. Due to the specific form of the flow
map of HTCP, the Jacobian of the hybrid Poincaré map has
an explicit analytic form. The flow solutionφf to the flow
dynamicsẋ = fTCP(x) from ξ is given by

φf (t, ξ) =

[

ξ1 + (ξ2 −B)t+ at2

2
ξ2 + at

]

. (20)

From the definition of the hybrid Poincaré map and the
solution of the flow dynamics fromx = (qmax, r) with
x ∈ DTCP, it follows that

PTCP(x) =

[

qmax + (mr −B)T̂ + aT̂ 2

2

mr + aT̂

]

,

whereT̂ = 2(B −mr)/a, which leads to

PTCP(x) = (qmax, 2B −mr). (21)

Then, the eigenvalues of the Jacobian of the hybrid Poincar´e
map PTCP are computed asλ1 = 0 and λ2 = −m, which,
sincem ∈ (0, 1), are inside the unit circle. According to
Theorem 6.4, the hybrid limit cycleO of the hybrid system
HTCP|MTCP is asymptotically stable with basin of attraction
containing every point inMTCP ∩DTCP.

VII. ROBUSTNESS OFASYMPTOTICALLY STABLE HYBRID

L IMIT CYCLES

A. Robustness to General Perturbations

First, we present results guaranteeing robustness to generic
perturbations of asymptotically stable hybrid limit cycles.
More precisely, we consider the perturbed continuous dynam-
ics of the hybrid systemH|M = (M∩C, f,M∩D, g) given by
ẋ = f(x+d1)+d2 x+d3 ∈M∩C, whered1 corresponds to
state noise (e.g., measurement noise),d2 captures unmodeled
dynamics or additive perturbations, andd3 captures generic
disturbances on the state when checking if the state belongs
to the constraint. Similarly, we consider the perturbed discrete
dynamicsx+ = g(x+ d1) + d2 x+ d4 ∈M ∩D, whered4
captures generic disturbances on the state when checking if
the state belongs to the constraintM ∩D. The hybrid system
H|M with such perturbations results in the perturbed hybrid
system

H̃|M
{

ẋ = f(x+d1)+d2 x+ d3 ∈M∩C,
x+ = g(x+d1)+d2 x+ d4 ∈M∩D. (22)

The perturbationsdi (i = 1, 2, 3, 4) might be state or hybrid
time dependent, but are assumed to have Euclidean norm
bounded byM̄i > 0 (i = 1, 2, 3, 4), and to be admissible,
namely,dom di (i = 1, 2, 3, 4) is a hybrid time domain and the
function t 7→ di(t, j) is measurable ondomdi ∩ (R>0 × {j})
for eachj ∈ N.

Theorem 7.1: Consider a hybrid systemH = (C, f,D, g)
on Rn and a closed setM ⊂ Rn satisfying Assumption 4.1.
If O is a locally asymptotically stable hybrid limit cycle for

H|M with basin of attractionBO, thenO isKL asymptotically
stable21 on the basin of attractionBO of the setO.

Proof: First, it is proved in Lemma 4.4 thatO is a
compact set. Second, note that for a hybrid systemH on Rn

and a closed setM ⊂ Rn satisfying Assumption 4.1,H|M
is well-posed [16, Definition 6.29]. Then, it is also nominally
well-posed. Therefore, according to [16, Theorem 7.12],BO

is open andO is KL asymptotically stable onBO. �

The following result establishes that the stability ofO for
H|M is robust to the class of perturbations defined above.

Theorem 7.2: Consider a hybrid systemH = (C, f,D, g)
on Rn and a closed setM ⊂ Rn satisfying Assumption 4.1.
If O is a locally asymptotically stable compact set forH|M
with basin of attractionBO, then for every proper indicator
ω of O on BO there exists̃β ∈ KL such that for everyε > 0
and every compact setK ⊂ BO, there existM̄i > 0, i ∈
{1, 2, 3, 4}, such that for any admissible perturbationsdi, i ∈
{1, 2, 3, 4}, with Euclidean norm bounded bȳMi, respectively,
every solutionφ̃ to H̃|M with φ̃(0, 0) ∈ K satisfies

ω(φ̃(t, j)) 6 β̃(ω(φ̃(0, 0)), t+ j) + ε ∀(t, j) ∈ dom φ̃.

Proof: Following [16, Section 6.4], we introduce the
following perturbed hybrid systemH|ρM with constantρ > 0:

H|ρM
{

ẋ ∈ Fρ(x) x ∈ Cρ,
x+∈ Gρ(x) x ∈ Dρ,

(23)

where
Cρ := {x ∈ Rn : (x+ ρB) ∩ (M ∩ C) 6= ∅},

Fρ(x) := cof((x+ ρB) ∩ (M ∩ C)) + ρB ∀x ∈ Rn,
Dρ := {x ∈ Rn : (x+ ρB) ∩ (M ∩D) 6= ∅},

Gρ(x) := {v∈Rn :v∈η+ρB, η∈g((x+ρB)∩(M∩D))} ∀x∈Rn.

Then, every solution toH̃|M with admissible perturbations
di having Euclidean norm bounded bȳMi, i ∈ {1, 2, 3, 4},
respectively,is a solution to the hybrid systemH|ρM with
ρ > max{M̄1, M̄2, M̄3, M̄4}, which corresponds to an outer
perturbation ofH|M and satisfies the convergence property
[24, Assumption 3.25]. Then, the claim follows by [24, Theo-
rem 3.26] and the fact that every solution tõH|M is a solution
to (23). In fact, using [24, Theorem 3.26], for every proper
indicatorω of O on BO there existsβ̃ ∈ KL such that for
each compact setK ⊂ BO and eachε > 0, there existsρ∗ > 0
such that for eachρ ∈ (0, ρ∗], every solutionφρ to (23) from
K satisfiesω(φρ(t, j)) 6 β̃(ω(φρ(0, 0)), t + j) + ε for each
(t, j) ∈ domφρ. The proof concludes using the relationship
between the solutions tõH|M and (23), and pickingM̄i, such
thatmax{M̄1, M̄2, M̄3, M̄4} ∈ (0, ρ∗]. �

Remark 7.3: Robustness results of stability of compact
sets for general hybrid systems are available in [16]. Since
O is an asymptotically stable compact set forH|M , Theorem
7.2 is novel in the context of the literature of Poincaré maps.
In particular, if one was to write the systems in [5] and [25]
within the framework of [16], then one would not be able
to apply the results on robustness for hybrid systems in [16]
since the hybrid basic conditions would not be satisfied and
the hybrid limit cycle may not be given by a compact set.
Furthermore, through an application of [16, Lemma 7.19],
it can be shown that the hybrid limit cycle is robustlyKL

21See [16, Definition 7.10] for a definition ofKL asymptotic stability.
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asymptotically stable onBO.

Remark 7.4: Recently, the authors in [34], [47] present
static or dynamic decentralized (event-based) controllers for
robust stabilization of hybrid periodic orbits against possible
disturbances and established results onH2/H∞ optimal de-
centralized event-based control design. In contrast to ourwork,
they use input-to-state stability for robust stability properties of
hybrid periodic orbits with respect to disturbance inputs in the
discrete dynamics. Note that the results in [34], [47] consider
possible disturbances only on the discrete dynamics and are
only suitable for nonlinear impulsive systems that have jumps
on switching surfaces. On the other hand, in this paper, we
establish conditions for robustness of hybrid limit cyclesthat
allow disturbances in the continuous/discrete dynamics and
are applicable for hybrid dynamical systems with nonempty
intersection between the flow set and the jump set.

Remark 7.5: Very recently, the authors in [48] propose a
reachability-based approach to compute regions-of-attraction
for hybrid limit cycles in a class of hybrid systems with
a switching surface and bounded disturbance. Note that the
approach in [48] deals with bounded disturbance only on the
continuous dynamics and is only suitable for hybrid systems
that have jumps on switching surfaces.

B. Robustness to Inflations ofC andD

We consider the following specific parametric perturbation
on h, in both the flow and jump sets, withǫ > 0 denoting
the parameter: the perturbed flow set is an inflation of the
original flow set while the conditionh(x) = 0 in the jump set
is replaced byh(x) ∈ [−ǫ, ǫ]. The resulting system is denoted
asH|ǫM and is given by

H|ǫM
{

ẋ = f(x) x ∈ Cǫ ∩M,
x+ = g(x) x ∈ Dǫ ∩M,

(24)

where the flow set and the jump set are replaced byCǫ =
{x ∈ Rn : h(x) > −ǫ} and Dǫ = {x ∈ Rn : h(x) ∈
[−ǫ, ǫ], Lfh(x) 6 0}, respectively, while the flow map and
jump map are the same as forH|M . We have the following
result, whose proof follows from the proof of Theorem 7.2.

Theorem 7.6: Consider a hybrid systemH = (C, f,D, g)
on Rn and a closed setM ⊂ Rn satisfying Assumption 4.1.
If O is a locally asymptotically stable compact set forH|M
with basin of attractionBO, then there exists̃β ∈ KL such
that, for everyε > 0 and each compact setK ⊂ BO, there
existsǭ > 0 such that for eachǫ ∈ (0, ǭ] every solutionφ to
H|ǫM in (24) with φ(0, 0) ∈ K satisfies

|φ(t, j)|O 6 β̃(|φ(0, 0)|O, t+ j) + ε ∀(t, j) ∈ domφ. (25)

Theorem 7.6 implies that the asymptotic stability propertyof
the hybrid limit cycleO is robust to a parametric perturbation
on h. Note that theKL bound (25) is obtained when the
parametrically perturbed systemH|ǫM in (24) should also
exhibit a hybrid limit cycle.At times, a relationship between
the maximum valuēǫ of the perturbation and the factorε in the
semiglobal and practicalKL bound in (25) can be established
numerically. Next, Theorem 7.6 and this relationship are
illustrated in the TCP congestion control example.

Example 7.7: Let us revisit the hybrid congestion control
system (4) in Section II, where, now, the flow setCTCP and
the jump setDTCP are replaced byCǫ

TCP = {x ∈ R2 : qmax −
q > −ǫ}, Dǫ

TCP = {x ∈ R2 : qmax − q ∈ [−ǫ, ǫ], r > B},
respectively. To validateTheorem7.6, multiple simulations
are performed to show a relationship betweenǭ, the maximal
value of the perturbation parameterǫ, andε, the desired level
of closeness to the hybrid limit cycleO. Given the compact
setK = [0.68, 0.72]× [0.58, 0.64] and different desired level
ε ∈ {0.01, 0.02, 0.03, 0.04} of closeness to the hybrid limit
cycle, it indicates that the relationship betweenǭ andε can be
approximated as̄ǫ ≈ 2.8ε.

C. Robustness to Computation Error of Hybrid Poincaré Map

The hybrid Poincaré map defined in (19) indicates the
evolution of a trajectory of a hybrid system from a point on
the jump setM∩D to another point in the same setM∩D. As
stated in Theorem 6.4 and Corollary 6.6, stability of hybrid
limit cycles can be verified by checking the eigenvalues of
the Jacobian of the hybrid Poincaré map at its fixed point.
However, errors in the computation of the hybrid Poincaré map
may influence the statements made about asymptotic stability.
Typically, the hybrid Poincaré map is computed numerically
by discretizing the flows, using integration schemes such
as Euler, Runge-Kutta, and multi-step methods [49], which
unavoidably lead to an approximation of Poincaré maps.

Following the ideas in [49] about perturbations introduced
by computations, the discrete-time system associated withthe
(exact) hybrid Poincaré mapP in (19) is given by22

HP : x+ = P (x) x ∈M ∩D, (26)

which we treat as a hybrid system without flows. As argued
above, due to unavoidable errors in computations and com-
puter implementations, only approximations of the mapP and
of the setsM andD are available. In particular, given a point
x ∈ M ∩D, the value of the step size, denoteds > 0, used
in the computation ofP at a pointx affects the precision of
the resulting approximation, which, in turn, may prevent the
solution to (26) to remain inM ∩D and be complete. Due to
this, we denote byPs the results of computingP , and byMs

andDs the approximations ofM andD, respectively. With
some abuse of notation, the discrete-time system associated
with Ps,Ms, andDs is defined as

HPs
: x+ = Ps(x) x ∈Ms ∩Ds. (27)

The approximations ofPs,Ms, and Ds are assumed to
satisfy the following properties.

Assumption 7.8: Given M ⊂ Rn and H = (C, f,D, g),
the functionPs : Rn → Rn parameterized bys > 0 is such
that, for some continuous function̺: Rn → R>0, there exists
s∗ > 0 such that, for allx ∈M ∩D,

Ps(x) ∈ P̺(x) ∀s ∈ (0, s∗] (28)

whereP̺(x) := {v ∈ Rn : v ∈ g+̺(g)B, g ∈ P (x+̺(x)B)}
and the setMs∩Ds satisfies, for any positive sequence{si}∞i=1

22By some abuse of notation, though it is not hybrid, we label asHP the
discrete-time system in (26) associated to the Poincaré map P and we use
j ∈ N as time instead of(0, j) for HP afterwards.
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such thatsi ց 0,

lim sup
i→∞

Msi ∩Dsi ⊂M ∩D. (29)

Remark 7.9: The property in (28) is a consistency con-
dition on the integration scheme used to compute the flows
involved in (19). For instance, when the forward Euler method
is used to approximate those flows, the numerical values of
φ are generated using the schemex + sf(x), which, under
Lipschitzness off and boundedness of solutions (and its
derivatives) toẋ = f(x), is convergent of order1; in particular,
the error betweenPs andP is O(s), which implies that (28)
holds for some function̺. Vaguely, the property in (29) holds
when a distance betweenMs ∩ Ds andM ∩ D approaches
zero as the step size vanishes, which is an expected propertyas
precision improves with a decreasing step size.Condition (29)
is satisfied when, for small enoughs > 0,Ms∩Ds is contained
in an outer perturbation ofM ∩ D. Very often, the jump set
M ∩ D can be implemented accurately in the computation
of the hybrid Poincaré map, i.e., it may be possible to take
Ms =M andDs = D.

The following closeness result between solutions toHP and
HPs

holds.

Theorem 7.10: (closeness betweensolutions and approx-
imations on compact domains) Consider a hybrid system
H = (C, f,D, g) on Rn and a closed setM ⊂ Rn satis-
fying Assumption 4.1. Assume the computed Poincaré mapPs

approximatingP and the setsMs andDs approximatingM
and D, respectively, satisfy Assumption 7.8. Then, for every
compact setK ⊂ M ∩D, everyε > 0, and every simulation
horizonJ ∈ N, there existss∗ > 0 with the following property:
there existsδ∗ > 0 such that for eachδ ∈ (0, δ∗], for each
s ∈ (0, s∗] and any solutionφPs

∈ SHPs
(K+δB) there exists

a solutionφP ∈ SHP
(K) with domφP ⊂ N such thatφPs

andφP are (J, ε)-close.23

A proof can be found in [39, Theorem 7.12].
Inspired by [49, Theorem 5.3], the following stability result

shows that when Assumption 7.8 holds, asymptotic stability
of the fixed point ofP (assumed to be unique) is preserved
under the computation ofP .

Theorem 7.11: (stability preservation under computation
error of P ) Consider a hybrid systemH = (C, f,D, g) onRn

and a closed setM ⊂ Rn satisfying Assumption 4.1. Assume
that the computed Poincaré mapPs approximatingP and
the setsMs and Ds approximatingM and D, respectively,
satisfy Assumption 7.8, and thatx∗ is a unique globally
asymptotically stable fixed point ofP . Then,x∗ is a unique
semiglobally practically asymptotically stable fixed point ofPs

with basin of attraction containing every point inM ∩D, i.e.,
there exists̃β ∈ KL such that, for everyε > 0, each compact
setK ⊂Ms ∩Ds, and every simulation horizonJ ∈ N, there
existss∗ > 0 such that, for eachs ∈ (0, s∗], every solution
φPs

∈ SHPs
(K) to HPs

satisfies for eachj ∈ domφPs

|φPs
(j)− x∗| 6 β̃(|φPs

(0)− x∗|, j) + ε.
23See [49, Definition 3.2] for a definition of(T, J, ε)-close to quantify the

distance between hybrid arcs (and solutions). Here, it is just the hybrid case
but with t = 0.

Proof: Since the hybrid systemHP without flows satisfies
the hybrid basic conditions A1) and (A2) in Section III-A and
x∗ is a unique globally asymptotically stable fixed point of
P , by [49, Theorem 3.1], there exists̃β ∈ KL such that each
solutionφP ∈ SHP

(M ∩D) to HP satisfies

|φP (j)− x∗| 6 β̃(|φP (0)− x∗|, j) ∀j ∈ domφP .

Givenδ > 0, let s ∈ (0, δ]. Given a compact setK ⊂Ms∩Ds

and a simulation horizonJ ∈ N, by the assumptions, [49,
Lemma 5.1] implies thatfor a state dependent perturbation
determined by the constantδ and a continuous function̺ :
Rn → R>0, the outer perturbationHPδ

of HP given by

HPδ
: x+ ∈ Pδ(x) x ∈ Dδ, (30)

wherePδ(x) :=
{
v ∈ Rn : v ∈ g + δ̺(g)B, g ∈ P (x+

δ̺(x)B)
}
, Dδ := {x ∈ Rn : x + δ̺(x)B ∩ (M ∩ D) 6=

∅}, satisfies the convergence property in [49, Definition 3.3].
Then, usingK above, [49, Theorem 3.5] implies that for each
ε > 0 there existsδ∗ > 0 such that for eachδ ∈ (0, δ∗],
every solutionφPδ

∈ SHPδ
(K+ δB) to HPδ

satisfies for each
j ∈ domφPδ

|φPδ
(j)− x∗| 6 β̃(|φPδ

(0)− x∗|, j) + ε.

By Assumption 7.8, the properties of solutions toHPδ
also

hold for solutionsφPs
. The result follows by this preservation

and theKL bound of solutions toHP . �

Note that the property in Theorem 7.11 holds for small
enough step sizes. The step size bounds∗ decreases with
the desired level of closeness tox∗, which is given byε. The
next result shows that the computed Poincaré mapPs has a
semiglobally asymptotically stable (semi-GAS) compact set
As with basin of attraction containing every point inM ∩D
that reduces to a singleton{x∗} ass approaches zero.

Theorem 7.12: (continuity of asymptotically stable fixed
points) Consider a hybrid systemH = (C, f,D, g) on Rn

and a closed setM ⊂ Rn satisfying Assumption 4.1. Assume
that x∗ is a unique globally asymptotically stable fixed point
of the hybrid Poincaŕe mapP and the computed Poincaré map
Ps approximatingP and the setsMs andDs approximating
M and D, respectively, satisfy Assumption 7.8. Then, there
existss∗ > 0 such that for eachs ∈ (0, s∗], the computed
Poincaŕe mapPs has a semi-GAS compact setAs with basin
of attraction containing every point inM ∩ D satisfying
limsց0 As = x∗.

Proof: Let K be any compact set such that for some
ε > 0, x∗ + 2εB ⊂ K ⊂ Rn. Using K as above and an
arbitrary simulation horizonJ ∈ N, consider the perturbed
systemHPδ

in (30) and defineH̃P̃δ
with

P̃δ(x) =

{

Pδ(x) ∪ {x∗} x ∈ Dδ

{x∗} x ∈ R
n\Dδ

and D̃δ = Rn. UsingK and ε as above, [49, Theorem 3.5]
implies that for eachε > 0 there existsδ∗ > 0 such that
for eachδ ∈ (0, δ∗], every solutionφP̃δ

∈ SH̃P̃δ

(K) to H̃P̃δ

satisfies for eachj ∈ domφP̃δ

|φP̃δ
(j)− x∗| 6 β̃(|φP̃δ

(0)− x∗|, j) + ε. (31)



15

For a simulation horizonJ ∈ N, let ReachJ,H̃P̃δ

(x∗+2εB)

be the reachable set of̃HP̃δ
from x∗ + 2εB up to J, i.e.,

ReachJ,H̃P̃δ

(x∗+2εB) :={φP̃δ
(j) :φP̃δ

is a solution toH̃P̃δ
,

φP̃δ
(0) ∈ x∗ + 2εB, j ∈ domφ, j 6 J}.

Now, following a similar step as in the proof of [49, Theorem
5.4], let

Bε := Reach∞,H̃P̃δ

(x∗ + 2εB).

By (31), Bε is bounded. Moreover, sinceBε is closed by
definition, it follows that it is compact. Next, we show that
it is forward invariant. Consider a solutionφP̃δ

∈ SH̃P̃δ

(Bε)

to H̃P̃δ
. Assume that there existsj′ ∈ domφP̃δ

for which
φP̃δ

(j′) /∈ Bε. By definition ofBε, sinceφP̃δ
(0) ∈ Bε, the

solutionφP̃δ
belongs toBε for eachj ∈ domφP̃δ

. This is a
contradiction. Next, we show that solutions tõHP̃δ

starting
from K converge toBε uniformly. (31) implies that for the
givenK andε, there existsN > 0 such that for every solution
φP̃δ

∈ SH̃P̃δ

(K) to H̃P̃δ
and for eachj ∈ domφP̃δ

, j >

N : |φP̃δ
(j) − x∗| 6 2ε. Then, sinceBε is compact, forward

invariant, and uniformly attractive fromK, by [24, Theorem
3.26],Bε is a semi-GAS set for̃HP̃δ

. By the construction of
H̃P̃δ

and Assumption 7.8, semiglobal asymptotic stability of
Bε for HPs

with basin of attraction containing every point
in M ∩D follows. Finally, note thatB0 = {x∗} and that as
ε → 0, limεց0 Bε = x∗. By (31), ε ց 0 implies δ ց 0.
Moreover, from the proof of Theorem 7.10, we havesց 0 as
δ ց 0. It follows that s ց 0 as ε ց 0. Therefore, the result
follows by As = Bε. �

VIII. C ONCLUSION

Notions and tools for the analysis of existence and stability
of hybrid limit cycles in hybrid dynamical systems were pro-
posed. Necessary conditions were established for the existence
of hybrid limit cycles. The Zhukovskii stability notion for
hybrid systems was introduced and a relationship between
Zhukovskii stability and the incremental graphical stability
was presented. A sufficient condition relying on Zhukovskii
stability of the hybrid system was established for the existence
of hybrid limit cycles. Sufficient and necessary conditionsfor
the stability of hybrid limit cycles were presented. Moreover,
comparing to previous results in the literature, we established
conditions for robustness of hybrid limit cycles with respect
to small perturbations and to computation error of the hybrid
Poincaré map, which is a very challenging problem in systems
with impulsive effects. Examples were included to aid the
reading and illustrate the concepts and the methodology of
applying the new results. Future work includes exercising
the presented conditions on systems of higher dimension
and more intricate dynamics, and hybrid control design for
asymptotic stabilization of limit cycles as well as their robust
implementation.
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