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ABSTRACT

We study control design methods to endow hybrid systems un-
der disturbances with safety guarantees as an inverse-optimality
problem. First, we provide sufficient conditions to guarantee input-
to-state safety of a hybrid system with disturbance inputs only.
Next, given a nominal feedback law, we show that a hybrid system,
with inputs and disturbances, can be rendered input-to-state con-
trolled safe under the existence of a control barrier function (CBF)
using pointwise min-norm safeguarding feedback laws. Finally, we
demonstrate that every CBF is a meaningful value function for a
two-player zero-sum hybrid game in the context of safety, and that
every pointwise min-norm safeguarding feedback law is optimal
for such a game, even though its design is independent of any cost
functional. The main results are illustrated in an example.
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1 INTRODUCTION

Designing autonomous decision-making processes for dynamical
systems that exhibit both continuous-time and discrete-time be-
havior under the presence of adversarial actions is an active area
of research. Applications in close proximity to humans demand
formal safety guarantees to characterize the potential impact of
the disturbances. Notions that relate inputs and the state of the
system conveniently allow the design of control strategies to guar-
antee a nominal property, e.g., stability of a set of interest, and
simultaneously reduce the effect of a disturbance that potentially
drives the system’s trajectories into an unsafe set. Applying only
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continuous-time results fails when seeking to measure and opti-
mize the performance of the system at discrete-time events. Systems
that interconnect physical and computational components or in-
clude continuous dynamics plus timers that expire, communication
switches, impacts, or resets require a specialized control design
formulation to address the effect of adversarial actions.

These observations led us to write a paper on the design of safety
filters for hybrid systems under disturbances as a two-player zero-
sum game where, following the framework in [4, 9], a player P;
selects the control input to minimize a cost functional, while a
player P, designs a disturbance to maximize it. In addition, an
important link between stability and optimality is presented; the
value function for a meaningful optimal stabilization problem is
also a Lyapunov function for the closed-loop system. Given that
the computation of the optimal strategy (known as the saddle-
point equilibrium) and the optimal cost via solving Hamilton-Jacobi-
Bellman-Isaacs (HJBI) equations represents a nontrivial task, an
inverse optimality approach is proposed in this paper.

In the context of safety, barrier function-based control design meth-
ods have been shown to be suitable for safety-critical scenarios. In
[1, 2], control Lyapunov function-based quadratic programs (CLF-
QP) with constraints are solved online to synthesize controllers to
perform locomotion and manipulation tasks. Safety guarantees are
handled by including control barrier functions (CBFs) constraints
in the optimization problem (CBF-CLF-QP). In addition, input-to-
state safety notions trace back to [7] and [11] for continuous-time
systems, and [14] considers the case of compositional input-to-state
safety for nonlinear systems given as an interconnection of sub-
systems. The inverse optimal design of CBF-based safety filters
for continuous-time systems with disturbances was studied in [12]
with a two-player zero-sum formulation of a differential game.

To the best of our knowledge, no work has addressed the design of
safety filters for hybrid systems as in [4] under disturbances as an
inverse optimal problem. To close this gap, as an extension of the
work in [13], this paper presents an approach to formulate such
a problem as a two-player zero-sum game, as in [8-10]. In addi-
tion, we provide input-to-state safety guarantees through different
families of feedback laws. Specifically, the main contributions of
this paper are a formulation of two-player zero-sum games with
hybrid constraints, following the framework in [4], encoding the
design of safety filters. In Section 3, Theorem 3.6 provides sufficient
conditions to guarantee input-to-state safety of a hybrid system
with disturbance inputs only. In addition, Theorem 5.4 shows that
a hybrid system, with inputs and disturbances, can be rendered
input-to-state controlled safe under the existence of a CBF, whereas
Theorem 5.6 and Theorem 5.8 prove that this can also be achieved
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with a pointwise min-norm continuous feedback law. Finally, in
Theorem 6.3, we show that every CBF is a meaningful value func-
tion for the two-player zero-sum hybrid game in the context of
safety, and that every pointwise min-norm feedback law is opti-
mal for such meaningful game, even though its construction is
independent of any cost functional or HJBI equation.

The remainder of the paper is structured as follows: in Section 2, we
present preliminary concepts. A framework for the study of input-
to-state safety for hybrid systems with disturbances is presented in
Section 3. In Section 4, we state the problem addressed. In Section 5,
we present results on input-to-state safety filters based on control
barrier functions for hybrid systems. The main results of the paper
on inverse-optimal safety filters are presented in Section 6, and a
numerical application of the algorithm is presented in Section 7.
Conclusions and future work are presented in Section 8.

Notation. The symbol N denotes the set of natural numbers in-
cluding zero. The symbol R denotes the set of real numbers, R>¢
denotes the set of nonnegative reals, and R the set of positive
reals. Given two vectors x,y € R", we use the equivalent notation
(x,y) = [xTy"]" and (x, y) denotes the Euclidean inner product.
Given a nonempty set C, denote by int C its interior and by C its clo-
sure. A function « : [0,a) — Ry is a class-K function, also written
as a € K, if « is zero at zero, continuous, and strictly increasing. It
is a class-Kwo, also denoted as a € Ko, if it is class-%;, it is such that
a = o0, and lim,_,o a(r) = o0. Given a continuously differentiable
function h : R® — R and a vector field f : R" — R", we denote
the Lie derivative of h along f as Lgh(x) := (Vh(x), f(x)).

2 PRELIMINARIES
2.1 Hybrid Dynamical Systems

This paper considers hybrid systems modeled based on the frame-
work in [4]. In such a framework, the continuous dynamics of
the system are modeled by differential equations, while the dis-
crete dynamics are modeled by difference equations. Based on
this, a hybrid dynamical system H affine in the input (v, w) =
((uc, we), (up, wp)) € R™C x R™D = R™ where u := (uc,up) €
R™MCu x R™Pu = R™« jg a control input and w := (wc, wp) €
R™MCw x RMDPw = R™w s a disturbance, is defined as

x = F(x, (uc, we)) = f(x) + fu(x)uc + fw(x)we

W (x, (uc, we)) €C, )
x*=G(x, (up, wp)) = g(x) + gu(x)up + gw(x)wp
(x, (up,wp)) € D

where x € R" is the state. The flow map F : R"XR™C —R" captures
the continuous evolution of the system when the state and the input
(uc, we) are in the flow set C. The discrete evolution of the system
is captured by the jump map G : R" x R™P — R" when the state
and the input (up, wp) are in the jump set D.

Since solutions to H in (1) can exhibit both continuous and discrete
behavior, we use ordinary time ¢ to determine the amount of flow
elapsed and a counter j € N that keeps track of the number of
jumps that have occurred. Based on this parametrization of time,
the concept of hybrid time domain, in which solutions to H are
fully described, is proposed as follows.
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DEFINITION 2.1. (Hybrid time domain) A set ECRs)xNisa
compact hybrid time domain if

J-1

E={ (It tpn] x 7)) @)

Jj=0
where ] e Nand0 =1ty <t; <tp <---<tj.AsetE CR59XNis
a hybrid time domain if it is the union of a non decreasing sequence
Eq C E; C E3 C ... of compact hybrid time domains.

For a hybrid time domain E, notice that each element (¢, j) € E
denotes the elapsed hybrid time, which indicates that ¢ seconds of
flow time and j jumps have occurred. A hybrid signal is a function
defined on a hybrid time domain. Given a hybrid signal ¢ and j € N,
we define I/ := {t : (¢, j) € dom ¢}.

DEFINITION 2.2. (Hybrid arc) A hybrid signal ¢ : dom¢$ — R”
is called a hybrid arc if; for each j € N, the function t — ¢(t, j) is
locally absolutely continuous on the interval I/. A hybrid arc ¢ is
compact if dom ¢ is compact.

DEFINITION 2.3. (Hybrid Input) A hybrid signal u is a hybrid input
if, foreach j € N, the functiont > u(t, j) is Lebesgue measurable and
locally essentially bounded on the interval I, := {t : (t, j) € domu}.

Let X be the set of hybrid arcs ¢ : dom ¢ — R" and U x W the
set of hybrid inputs (u, w) : dom (u,w) — R™ x R™w_ where
u = (uc,up) and w = (we, wp). A solution to the hybrid system
H in (1) is defined as follows.

DEFINITION 2.4. (Solution to H) A pair (¢, (u, w)) defines a so-
lution to (1) if ¢ € X, u = (uc,up) € U, w = (we,wp) € W,
dom¢ = dom(u, w), and

* ($(0,0), (uc(0,0),wc(0,0))) € C or
(¢(0,0), (up(0,0), wp(0,0))) € D,

e For each j € N such that I/ has a nonempty interior int I/, we
have, forallt € int I/,

(@t ), (uc(t, j), wel(t, j)) € C
and, for almost all t € U,

D 11) = P ), (uc(t, ), welt, )

e Foreach (t, j) € dom ¢ such that (t,j+1) € dom ¢,

(¢(t.)), (up(t, j), wp(t,j))) € D
Pptj+1) = Gt ) (up(t,j), wp(t,j)))

A solution (¢, (u, w)) is a compact solution if dom ¢ is compact.

The £ norm of a hybrid signal r = (r¢, rp) is given by

Illz,j) = max {llrcll e,y Irpll e, ) } (32)

lIrcll(r,j) = max  esssup Ir(t’, i) (3b)
J'=Jpst(r,j’)edomr

lrpll e,y = sup r(#", )] (3¢)

(t',j")el(r),t’+j' <t+j
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where T'(r) := {(t,j) € domr : (t,j + 1) € domr}. For nota-
tional convenience, |||, denotes lim;—N lI7ll(s ), where N =
SUP(; j)edomr L+ J € [0, +00]. We say a solution (¢, (u, w)) to H
is maximal if it cannot be extended, and we say it is complete
if dom ¢ is unbounded. We denote by §(H(M) the set of solu-
tions (¢, (u,w)) to H as in (1) such that ¢(0,0) € M. The set
Sq (M) C §W(M) denotes all maximal solutions from M. We
define dom; ¢ := {t € Ry : Jj s.t. (t,j) € dom¢}, dom; ¢ :=
{j € Ny : 3t st. (t,j) € domg}, sup, dom¢ := sup dom; ¢ and
sup; dom ¢ := sup dom; ¢. We define the projections of C and D
onto R", respectively, as

I(C) := {£ € R" : A(uc, we) s.t. (& (uc, we)) € C}

(D) := {£ € R" : A(up, wp) s.t. (£ (up,wp)) € D}.
Well-posed dynamical systems refer to a class of dynamical systems
where the solutions enjoy very useful structural properties [5]. A

hybrid system H as in (1) is well-posed if the hybrid basic conditions
hold [18, Lemma 2.21].

2.2 Hybrid Systems with Disturbances
Consider the hybrid system resulting from assigning the control
input u of H as in (1) to a given feedback law k := (kc, kp) : R" —
R™MCu x R™Pu and with disturbance input w € R™Cw x R™Dw,
namely

| %= F(x, (kc(x), we)) =: Fe(x, we) @)

© x+ = G(X, (KD(x)’ WD)) = GK(x’ WD)

where Cy := {(x,wc) € R" X R™Cw : (x, (kc(x),wc)) € C} and
Dy = {(x,wp) € R" Xx R™Dw : (x, (kp(x),wp)) € D}.

(x,we) € C
(x,wp) € Dy

Recall that X is the set of hybrid arcs ¢ : dom ¢ — R™ and W is
the set of hybrid inputs w : dom w — R™w, where w = (wc, wp).
We define a solution to Hy as follows.

DEFINITION 2.5. (Solution to Hy) A pair (¢, w) defines a solution
to Hy asin (4) if¢p € X, w = (we, wp) € W, dom ¢ = domw, and

e ($(0,0), wc(0,0)) € C or (¢(0,0), wp(0,0)) € Dy,

e For each j € N such that Ié; has a nonempty interior int Ié, we
have, for all t € int I;;,

(¢(taj),WC(t,J')) € CK

and, for almost all t € Ié,
d

W11 = FG 1), (ke ) wet )

e Foreach (t, j) € dom ¢ such that (t,j+1) € dom¢,

(¢(ts j)sWD(ts ])) € DK
¢(t,j+1) = G(§(t j), (kp($(t ), wp(t, J)))

A solution pair (¢, w) is a compact solution if dom ¢ is compact.

Given a solution pair (¢, w) to Hy, the component ¢ is referred to
as the state trajectory. We say that the hybrid closed-loop system
with disturbances, namely Hj as in (4), results from assigning the
input u of H in (1) to a feedback law «.
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Finally, we define the projections of C and Dy onto R", respectively,
as

II(Cy) ={& € R" : we s.t. (& we) € Gy}
II(Dy) := {£ € R" : Gwp s.t. (£, wp) € Dy }.

3 INPUT-TO-STATE SAFETY FOR HYBRID
SYSTEMS

Given a hybrid system H = (C, F, G, D) as in (1) and a feedback law
k, we formulate conditions guaranteeing that every state trajectory
of the resulting closed-loop system H, that starts in a closed set
K c R remains close to K under the presence of a disturbance
w = (we, wp), where the closeness to K depends on the size of
w. For this purpose, following [11], we use the notion of input-
to-state safety (ISSf) to guarantee that a larger set containing K
is conditionally invariant for H, with respect to w and K. We
introduce the following definitions of invariance and safety.

DErFINITION 3.1. (Conditional pre-invariance with disturbances)
Given a feedback law , a set S C R" is said to be conditionally
pre-invariant for Hy in (4) with respect to the disturbance w and the
set K C S if each (¢, w) € Sgq (K) is such that §(t, j) € S for all
(t,j) € dom ¢.

Barrier functions (BFs) serve as a synthesis tool to guarantee in-
variance of a set of interest, see, e.g., [1] and [19]. In the context of
safety, given an unsafe set X;, c II(C) UII(D) U G(D) and a con-
tinuous function B : R® — R such that B(x) > 0 for all x € X;,, we
define a set K as the zero-sublevel set of B restricted to I1(C) UII(D),
ie.,

K = {x e [I(C) UTI(D) : B(x) < 0} (5)
which is closed when II(C) U II(D) is closed.

The following definition introduces the notion of safety for hybrid
systems with disturbance inputs.

DEFINITION 3.2. (Input-to-state safety) Consider a closed set K C
R"™ defined by a function B : dom B — R as in (5), and a feedback
law k defining the hybrid closed-loop system H as in (4). If there
existw > 0 and p € Ko such that

(§,w) € Sqq (K), [lwlly < w
= B(¢(t,j)) < p(w) V(t,j) € domg¢
where the function p is referred to as the ISSf gain, then the system
H is w-small-input input-to-state safe (w-small-input ISSf) with
respect to the disturbance w and the set K.

(6)

Notice that Definition 3.1 and Definition 3.2 do not require maximal
solutions to be complete, for which we employ the prefix ‘pre-’,
for more details, see [3, 16, 17]. In addition, observe that, from the
construction of K in (5) and the properties of the barrier function
B, it follows that

K c (II(C) UTI(D) U G(D)) \ Xu. @)

Small-input ISSf is strengthened to ISSf if (6) holds for arbitrary
large w. In addition, small-input ISSf resembles the notion of safety
in [16] when w = 0.
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REMARK 3.3. (Safety and invariance) It is immediate that the system
Hic is w-small-input ISSf with respect to w and K if and only if there
existw > 0 and p € Keo such that the set Kz(w) D K defined as

K (w) = {x € II(C) UTI(D) : B(x) — p(w) < 0} ®)

is conditionally pre-invariant for Hi. with respect tow and K.

REMARK 3.4. (Connections with the literature) In this work, we
are interested in characterizing the ISSf property in Definition 3.2 for
hybrid systems so that we can guarantee that, under the worst-case
disturbance w, trajectories starting from K do not reach the unsafe
set Xy.

e Selection of a finite w: following [11], in which a connection
between safety and conditional invariance of a set is established
in terms of an upper bound on the disturbances, the notion of
input-to-state safety herein relies on a similar approach. In the
context of robust safety for continuous-time systems, previous
work, such as [6], considers disturbances bounded by a known
constant to design feedback laws that robustly stabilize the system
while rendering a set of interest forward invariant. Notice that for
H,. to be w-robustly safe' with respect to (K, Xy,), it is sufficient
to find a finite

0<w<o :=argsup v
>0 (9)
subjectto Kz(v) NXy, =0

and k such that Kz(w) D K in (8) is conditionally pre-invariant
for Hy with respect tow and K. Thus, if Hy is w-robustly safe
with respect to (K, Xy,), then it is w-small-input ISSf with respect
to the disturbance w and the set K satisfying (7). Furthermore,
when w = 0, w—small-input ISSf of the system H with no
disturbances implies that each ($,w) € Sq (K) is such that
¢(t, j) € K forall (t,j) € dom ¢.

Existing notions of ISSf with respect to disturbances: a version of
Definition 3.2 was presented in [12] for continuous-time systems.
The K L bound therein accounts for solutions that start outside of
K, case we do not consider in this work. Compared to [12], the set
K in (7) is defined following an opposite sign convention, namely,
K is defined as the zero-sublevel set of B (contrary to being defined
as the zero-superlevel set of h in [12]). Without loss of generality,
(5) relies on an upper bound w on disturbances, which can be
conveniently chosen to resemble (7) in [12].

The following sections provide sufficient conditions to establish
input-to-state safety using barrier functions to guarantee that a
larger set containing K as in (5) is conditionally invariant for H,
with respect to w and K. To this end, we formalize the notion
of an input-to-state safety barrier function candidate in the next
definition, where we impose conditions on a function B such that
the set K can be defined as in (5) and conditionally invariance can
be satisfied as well.

DErFINITION 3.5. (ISSf barrier function candidate) Consider a
hybrid system H = (C, F, D, G) as in (1). The function B : dom B —

1Following [15, 18], the system H, is said to be w-robustly safe with respect to
(K, X,) if each (¢, w) € Sy, (K) is such that ¢(t, j) € R™ \ X, for all (¢, j) €
dom ¢.
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R and the sets K C K; C R" define an ISSf barrier function (ISSf-BF)
candidate for H with respect to (K, K;) if the following conditions
hold:

1) TI(C) UII(D) U G(D) ¢ dom B and K; € TI(C) UIL(D);

2) for some open set V containing an open neighborhood of K;, B is
continuously differentiable on (V \ K;) N I1(C);

3) B(x) > 0 forallx € (mu H(D)) \K;

4) B(x) <0 forallx € K.

Notice that K; D K in Definition 3.5 is the set we aim to render
invariant, whose role will be played by K;(w) in the following
results .

THEOREM 3.6. (ISSf using a barrier function candidate) Given a
hybrid system H as in (1), a closed set K C R", and a feedback law
k = (kc, kp) defining the closed-loop system Hy. = (Cx, Fic, D, Gx)
as in (4) with disturbance w = (we, wp), suppose B is an ISSf-BF
candidate for H with respect to (K, Kz(w)), where Kz(w) is defined
as in (8) for some p € Ko and w > 0, and let V be an open set
containing an open neighborhood of Kz (w). If there exist ac > 0 and
ap € [0,1] such that
(VB(x), Fx(x,we)) < —acB(x)
V(x,we) € Cx : x € V\Kz(w), |lwe| <w
B(Gk(x,wp)) — B(x) < —ap(B(x) — p(w))
V(x,wp) € Dy : x € Kg(w), lwp| <w
Gk (Dx) € TI(Cx) UII(Dx) (10c)
where Dy := {(x,wp) € D : x € Ky(w)}, then Hy is w-small-

input ISSf with respect to the disturbance w and the set K, as in
Definition 3.2.

(10a)

(10b)

Notice that (10c) requires that G, does not map the state x out-
side of II(Cy) U II(Dy) after a jump, case in which K;(w) would
not be conditionally pre-invariant for K. Therefore, we restrict
our attention to a family of hybrid systems that satisfy the next
assumption.

ASSUMPTION 3.7.  Consider a hybrid system H = (C,F,D,G) as
in (1) and a closed set K C R™. Let B be an ISSf-BF candidate for
H with respect to (K, Kg(w)), where Kz(w) is defined as in (8) for
some p € Koo and w > 0. Suppose that, for all (x,(up,wp)) €
D such that x € K;(w), the following holds

G(x, (up,wp)) Cc II(C) UII(D).

4 PROBLEM STATEMENT

Consider the system H in (1), with the feedback law k = (k¢, kp) as-
signing values to the control input u, the disturbance input w € W,
and an unsafe set X;; C R"™. We consider the case when the feed-
back « is the sum of a given nominal feedback law & = (k¢,kp)
capturing desired properties, referred to as uncertified objectives,
such as rendering a set asymptotically stable for H, and a safe-
guarding feedback law k. We say H is w-small-input input-to-state
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controlled safe when the corresponding closed-loop system H, as
in (4) is w-small-input ISSf.

In this paper, we address the problem of designing the safeguarding

feedback law « that not only renders H w-small-input input-to-
state controlled safe but also solves a zero-sum hybrid game. We use

a continuous function x + B(x) defining a barrier function candi-
date, leading to K given in (5) such that (7) holds, to guarantee that

state trajectories starting in K never reach X;,. Specifically, we seek

the existence of p € K such that every (¢, (u, w)) € Sy (II(C) U

I1(D)), with input u given by dom ¢ 3 (t, j) — u(t, j) = k(¢(t, j)) =
k(P(t, j)) + k(¢(t, j)), satisfies (6) for all (¢, j) € dom ¢. This ob-
jective? is attained by considering the corresponding closed-loop

system H; and solving the following problem.

PROBLEM 4.1. (Inverse-Optimal Safety Filter) Given a closed set
K c R" and an uncertified nominal feedback law &, design a safe-
guarding feedback lawk that renders the corresponding hybrid closed-
loop system Hy w-small-input input-to-state safe with respect to the
disturbance w and the set K. In addition, determine the cost functional
that ¥ minimizes under the worsi-case disturbance w.

REMARK 4.2. (Relation to the literature) A version of Problem 4.1 was
solved in [12] for continuous-time systems without constraints, i.e., the
case in which H = (R" x R™, F, 0, x), where x denotes an arbitrary
Jjump map, and K in (5) is defined as K := {x € R" | B(x) > 0}.

5 INPUT-TO-STATE SAFETY FILTERS

In this section, we address the first part of Problem 4.1 by using
ISSf control barrier functions (ISSf-CBFs) as a synthesis tool to
guarantee safety of a hybrid system. First, we introduce defini-
tions and preliminary results on ISSf-CBFs for hybrid systems with
disturbances.

5.1 Input-to-State Safety Control Barrier
Functions

Given a hybrid system H = (C, F, G, D) we define the projection
of x onto R x R™*w_ for each x € {C, D}, as

I, (%) := {(x, wx) : Fux s.t. (x, (U, Wx)) € %}
In addition, we define, for each x € {C, D}, the set of admissible
control inputs during flows (* = C) and during jumps (% = D) at
each state and disturbance as

Wy (x, wy) = {u* € R™u : (x, (g, Wx)) € *}.

DEFINITION 5.1. (ISSf-CBF with respect to disturbances) Given a
system H = (C,F, D, G) as in (1) and a closed set K, suppose B is an
ISSf-BF candidate for H with respect to (K, Kz(w)), where Kj(w) is
defined as in (8) for some p € Koo andw = 0. Let V' be an open set
containing an open neighborhood of K;(w). We say that B is an ISSf-
control barrier function (ISSf-CBF) for H with respect to (K, Kz(w))
if there exist ac > 0 and ap € [0, 1] such that

inf (VB(x), F(x, (uc,wc))) < —acB(x)

uce¥e (x,we)

V(x,we) € Iy (C) : x € V\Ky(w), |lwe| < w

(11a)

2Notice that the safeguarding map ¥ plays the role of a filter that shall be zero when
(6) is satisfied by the nominal feedback law k.
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inf  B(G(x, (up, wp))) — B(x)
upe¥p (x,wD)
< —ap(B(x) - p(w)) ~ (11b)
V(x,wp) € I, (D) : x € Kz(w), |lwp| < w.

The following results are used to establish a connection between the
existence of an ISSf-CBF and a feedback law that renders the hybrid
closed-loop system ISSf. To characterize the effect of inputs in the
safety conditions at jumps, we restrict our attention to a family of
systems and barrier functions that satisfy the next assumption.

AssUMPTION 5.2.  Given a system H = (C,F,D,G) asin (1) and a
function B : R" — R, suppose there exist functions By, : II(D) —
R™Du and By, : II(D) — R™Pw such that, for all (x, (up, wp)) €
D,

B(G(x,up)) = B(g(x) + gu(x)up + gw(x)wp)

- A (12)
< B(g(x)) + Bry (x)up + Bryw(x)wp.

LeEmMA 5.3. (Equivalent ISSf conditions) Given a system H =
(C,F,D,G) as in (1) and a closed set K C R™, suppose B is an ISSf-
CBF for H with respect to (K, Kz(w)), where Kz(w) is defined as in
(8) for some p € Koo andw > 0,V is an open set containing an open
neighborhood of K3(w), ac > 0, and ap € [0, 1]. The tuple (B, p, w)
satisfies (11a) if and only if

L, B(x) =0,x € (V\Kyg(w)) NII(C) =0 = wc(x) <0 (132)
where
wc(x) = LyB(x) + acB(x) + |waB(x)|p_1(B(x)) (13b)
and, under Assumption 5.2, satisfies (11b) if and only if
Bru(x) = 0,x € Kz(w) NTI(D) = wp(x) <0 (l4a)

where

©p(x) := B(g(x)) = B(x) +ap(B(x) = p(w)) + | BLy, (x)| . (14b)

THEOREM 5.4. (ISSf-CBF Sontag-like formula) Under Assump-
tion 5.2, suppose that there exists an ISSf~CBF B for H = (C, F, D, G)
with respect to (K, Kz(w)), where Ky (w) is defined as in (8) for some
p € Ko andw > 0, and that Assumption 3.7 is satisfied. Then, the
feedback law ks = (Ksc, Ksp), with

() = {quB(x())Ksc(x) if LgB(x)#0

if LgB(x)=0 (152)

where

~wc(x)=ywg (x) +|Lg, B(x)|*

ksc(x) = |quB(x)|2 s (15b)
wc defined in (13b), and
Ksp(x) = {BL“ (x)(;CSD(x) ii gi“g; ig (16a)
where
—op (x)=yJ} (x) + [Bry(x)|*
ksp(x) := , (16b)

| BLu (x)[2
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wp defined in (14b), renders the resulting hybrid closed-loop system
Hz, as in (4) w-small-input ISSf with respect to the disturbance w
and the set K.

5.2 Input-to-State Safety QP Filter

Given a nominal feedback law & = (K¢, kp), we endow a system
H with an input-to-state safety property by solving a quadratic
program (QP) problem in terms of an ISSf control barrier function.

Let V be an open set containing an open neighborhood of Kz (w).
Given ¢ > 0, we define

wc(x) = LyyfieB(x) + ILg, B(x)[p~ (B(x)) + acB(x)  (17)
for all x € V NII(C) and introduce the following QP:
chP (x) = argmin |o|?
veR™Cu (18)
subject to  Lg B(x)v < —wc(x).
whose closed-form solution is given by
max{0, oc(x)}
L, B(x)|?
0 if Ly, B(x) = 0.
(19)
Similar to Assumption 5.2, to characterize the effect of the QP filter
and the disturbance in the safety conditions at jumps, we impose

the following assumption to upper bound the growth of B by a
control-affine function.

quB(x) ifouB(x) 0

Keop (%) =

AssumMPTION 5.5.  Consider a hybrid system H = (C, F, D, G) as in
(1), a feedback lawk = (x¢c,kp) = (Rc+Ke, kp+Kp), and a function
B : R™ — R. Suppose that there exist functions Br,, : II(D) — R™Pu
and Br, : II(D) — R™Pw such that, for all (x, (kp(x), wp)) € D,
B(G(x, (kp(x), wp))) = B(g(x) + gu(x)kp (x) + gw(x)wp)
< B(g(x) + gu(x)kp(x))
+ Bry (x)®p (x) + BLyy (x)wp.
(20)

Similarly, given ap € [0, 1], under Assumption 5.5, we define

wp(x) = B(g(x) + gu(x)&p (x)) - B(x)
+BLaw ()W + ap (B(x)—p(w)  (21)
for all x € II(D) N K4(w), and introduce the following QP:
EDQP (x) = argmin |v|2
veR™Du (22)
subject to ELu (x)v £ —wp(x)
whose closed-form solution is expressed
max{0,wp(x)} =~
- 000N
|BLy ()]
0 if B, (x) = 0.
(23)

R if By (x) # 0
KDgp (X) :=

With the QP safety filters (18) and (22) we establish the following
result.
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THEOREM 5.6. (ISSf QP filter via CBFs) Consider a hybrid system
H = (C,F,D,G) as in (1), a nominal feedback law k = (kc,kp),
and a closed set K C R"™. Suppose that there exists an ISSf~CBF B for
H with respect to (K, Kz(w)), where Kz(w) is defined as in (8) for
some p € Koo and w > 0, such that Assumption 3.7 is satisfied, and
consider the feedback law k = (Rc +KCgp, KD +KDgp ), With Kcgp
as in (19) and ;C\DQP as in (23) defining the corresponding hybrid
closed-loop system Hy. = (Cx, Fx, Dx, Gx) as in (4). If there exist
functions By : (D) — R™Du and B (D) — R™Dw such
that Assumption 5.5 holds, then k renders Hy w-small-input ISSf with
respect to the disturbance w and the set K.

REMARK 5.7. (Noncompleteness of solutions under QP control)
Notice that the optimization in (18) and (22) is carried over R™Cu
and R™Du | respectively, instead of over the constrain sets ¥y, * €
{C, D}, as in Definition 5.1. This allows to compute the closed-form
safeguarding feedback law = (kKcgp, KDp), Which may potentially
lead to maximal solutions to Hy. that are not complete. The “pre" term
in the results accounts for this trade-off. We refer the reader to [18,
Prop. 2.34] for sufficient conditions to assure completeness of solutions
for the hybrid closed-loop system Hi.

The next result shows that the “half-Sontag" formula [12] not only
guarantees input-to-state safety, but also generates a pointwise
min-norm feedback law.

THEOREM 5.8. (ISSf-CBF “half-Sontag" formula) Consider a hybrid
system H = (C,F,D,G) as in (1), a nominal feedback law k& =
(kc,kp), and a closed set K € R™. Suppose that there exists an ISSf-
CBF B for H with respect to (K, Kz(w)), where Kz(w) is defined as in
(8) for some p € Ko andw > 0, such that Assumption 3.7 is satisfied,
and consider the feedback law k = (k¢ + %'Esc, Kp+ %'ESD), withKsc
as in (15) and ksp as in (16) defining the corresponding hybrid closed-
loop system Hy. asin (4). If there existfunctionsELu : II(D) — R™Du
and ELW : II(D) — R™Pw such that Assumption 5.5 holds, then k
renders Hy w-small-input ISSf with respect to the disturbance w
and the set K. In addition, let 'V be an open set containing Kz(w).
Then, for allx € (V \ Kz(w)) NII(C), the feedback law %Esc is the
pointwise minimizer of

argmin  |o|?
vER™Cu ) (24)
subject to Lg B(x)v < E|quB(x)|21<5c(x).

Similarly, for all x € Kz(w) NII(D), the feedback law %?SD is the

pointwise minimizer of
arg min |o|?
veR"Du

. _ 1 , (25)

subject to B, (x)v < 5|BLu(x)| Ksp(x).

6 INVERSE-OPTIMAL SAFETY FILTERS

Given that the control input u defined in terms of a safeguarding
feedback law ¥ aims to keep state trajectories of H from the set K
close to K, but the disturbance w seeks to prevent it, we formulate
a zero-sum hybrid game that captures such a setting. As stated in
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Problem 4.1, given a feedback law x, which is the sum of a nominal
feedback law i and a safeguarding feedback law &, that renders H;
w-small-input input-to-state safe with respect to the disturbance w
and the set K, we are interested in determining the cost functional
that makes the feedback control action x optimal. For starters,
following [9], we formulate a zero-sum hybrid game. Given & € K,
an input action (v, w) = ((uc, up), (we, wp)) € U X ‘W, the stage
cost for flows Lc : R” X R™¢ — Ry, the stage cost for jumps
Lp : R" X R™P — Ry, and the terminal cost g : R" — R, we
define the cost associated to the solution (¢, (u, w)) to H from £ as

sup; dom ¢

tjv1
JE@w)= ) / Lo($(t ), (uc(t, ), we(t, j)))dt
j=0 t

sup; dom $—1
+ Lp(¢(tj+1, ), (up(tjs1, ), wp(tjrt, 1))
=

J

+ lim sup
t+j—sup, dom $+sup; dom ¢

(t,j)edome¢

q(¢(t, 1))

(26)

where tsup; dom +1 = SUP; dom ¢ defines the upper limit of the last

. sup; dom¢ | . .
integral, and {t; }jzoj is a nondecreasing sequence associated

to the definition of the hybrid time domain of ¢; see Definition 2.1.
The terminal cost in (26) is captured by the third term therein and
given by q at the value of the state trajectory ¢ at the terminal time.

Given a system H = (C,F,D,G) as in (1), a closed set K c R",
an ISSf-CBF B for H with respect to (K, Kz(w)), where K;(w) is
defined as in (8) for some p € Ko, W > 0, a nominal feedback law
k, and ¢ € K, we consider the following optimization problem:

minimize maximize J (& (u,w)) (27)
u w
ueUqp (k,w)

where
Uqgy(k, W) = {u €U : 3k, (P (u,w)) € Sy (8),
dom ¢ > (2, j) = u(t, j) = &($(t, j)) +K(H(t, j)),
dom 3 (1) = §(t. ) € Ka()}.

The next definition introduces the notion of value function for the
hybrid game in (27).

DEFINITION 6.1. (Value function) Given ¢ € K and a nominal
feedback law &, the value function at & is given by

T = T (& (u,w)). (28)

min max
u w

u=(u,w) € Up (K, w)

6.1 Inverse-Optimal QP Filter

In this section, we provide sufficient conditions to solve Problem
4.1 when the safeguarding controller is expressed as the pointwise
solution to a QP, as introduced in Section 5.2. Notice that the min-
norm safeguarding feedback law kpgp = (k\CQP, EDQP), with values
as in (19) and (23), guarantees input-to-state safety and makes the
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Figure 1 — Consider the hybrid system H given by (33), and
the sets K and K;(w) as in (35) and (36), respectively. We show
the phase portraits of the state trajectory ¢ of H from ¢ € 0K
under different settings: a) without disturbance and without
the ISSf QP filter, b) without disturbance and with the ISSf QP
filter, c) with disturbance and without the ISSf QP filter, and d)
with disturbance and with the ISSf QP filter.

feedback law x = & +¥kpp deviate as little as possible from the given
nominal feedback law k = (k¢, kp).

Given ¢ € II(C) U TI(D), an input action u = (uc,up) € U, a
nominal feedback law k = (k¢, kp), the stage cost for flows L¢ :
R?xR™MC — R, the stage cost for jumps Lp : R" XR™P — R,
and the terminal cost q : R” — R, we define the cost associated to
the solution (¢, (u, w)) to H from & as in (26), where

e forall (x, (uc,wc)) € C:x € V\ Kz(w)

Le(x, (uc, we)) =Lic(x) - Ay(leC')

1 |LgB(x)?
* 2 max{0, wc(x)}

(29a)
luc — ke (x)[?

e forall (x, (up,wp)) € D : x € Kz(w)

Lp(x, (up, wp)) :=L1p(x) — M(@)
|§Lu(x)|2

) (29b)
2 max{0, wp(x)}

_ 2
lup — kp ()]

e forall x € (II(C) UII(D)) NV

q(x) = B(x) (29¢)

where y € Koo, A € (0,1], and K;y(w) is defined as in (8) for some
p € Koo and w > 0, and V is an open set containing and open
neighborhood of K;(w). We approach the optimization problem
in (27) as an inverse problem: we design the optimal safeguarding
feedback law, and the stage costs Lic and Lyp in (29).
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A key tool in our analysis to solve the hybrid game in (27) is the
Legendre—Fenchel transform, which is defined as follows.

DEFINITION 6.2. (Legendre-Fenchel transform of a class-Ko func-
tion [13, Lemma A.1]) For a class-Kw function y whose derivative
exists and is also a class-Kw function, the Legendre—Fenchel trans-
form of y is defined as

7 =r(/)7H ) =y ()Y Vr=o0 (30)
d
where (y')~! stands for the inverse function of y’ := d_y
r

Finally, the next result shows that every pointwise min-norm feed-

back law is optimal for a meaningful game.

THEOREM 6.3. (Inverse-optimal QP safety filter) Consider the hy-
brid system H = (C,F,D,G) as in (1), a nominal feedback law
k = (Kc,Kp), and a closed set K € R™. Suppose that there exists
an ISSf-CBF B for H with respect to (K, Kz(w)), where Kg(w) is
defined as in (8) for some p € Koo and w > 0, such that Assump-
tion 3.7 is satisfied. Consider the feedback law k = k + Kgp, where
Kop = (Kcops KDgp) has values as in (19) and (23), defining the cor-
responding hybrzd closed-loop system Hy. = (CK, Fy, Dy, G). If there
exist functions BLu II(D) — R™Du gnd BLw II(D) — R™Dw
such that Assumption 5.5 holds, then k renders Hy w-small-input
ISSf with respect to the disturbance w and the set K, and minimizes,
forany & € K, the cost J in (26) with

Lic() = = (Lpaiy, xe B — 5 max{0,0c(0)
+A(Lg, BOOD) VxeT(CONY (1)

where V C R" is an open set containing an open neighborhood of
Ky(w), and
1
Lip(x) =~ (B(g(x) +gu(x)&p (x)) — B(x) — 5 max{0, wp (x)}
#A7(Braw() Vx € Do) N Kg(w) (32)

with wc defined in (17) and wp in (21).

7 NUMERICAL EXAMPLE

To illustrate our results, consider the following oscillator with im-
pacts with dynamics given by

=) e

xt = (‘ngxz) + (Uou) up + (’Y(L) wp  (x, (up,wp)) € D
(33)

(x, (uc,we)) € C

Where ng Uu, UW 2 05 gD € (05 1]’ and
C = {(x, (uc, we)) e R xR? : x1 > 0}
D= {(x, (up,wp)) € RZxR%?:x1=0, x5 < 0}

with (ux, wx) € R% for x € {C,D}. Now, consider the following
nominal feedback law:

€0 = (Ree) k() = e 73] 9
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J L&
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Figure 2 — Consider the hybrid system H given by (33), and
the sets K and K;(w) as in (35) and (36), respectively. We show
that phase portrait of the state trajectory ¢ of H from ¢ € oK.
In addition, the surface plot of the value function (dark gray)
and the cost of solution (blue-red), rendered by the saddle-
point equilibrium strategy, are shown. Notice that the 7% (&) =
B(&) =0, as guaranteed by Theorem 6.3.

1 1
where rc > 0 and rp € |—oo, U (- ,00|. Next,
2lp—2 2{p +2
consider the following set
2
K:{xeRz (x1 = 0orxy <0), (xl) faxe }
a ab
(35)

for some a,b € R such that b > a and 5a > 2b. Pick r — p(r)
r3 and w = 1. Then,

2
nx (ﬂ) sz}

2
Ky(w) = {x € R?: (x1 > 0 or x3 < 0), (ﬂ) + —+
a ab b
(36)
which are depicted in Fig. 1 and Fig. 2. From this choice, we have
_(x1\2 | x1x2 | (X2)\2
B = (2) + 224 (2) -1 (37)

To show that B is an ISSf-BF candidate® for H with respect to
(K, K4(W)), notice that: i) II(C) UTI(D) UG(D) = {x e R? : x; >
0} ¢ dom B = R? and K;(w) c II(C) UTI(D) = {x € R? : x; > 0},
ii) B is continuously differentiable everywhere on R?, iii) B(x) > 0
forall x € {£ € R? : &, > 0} \ K, and iv) B(x) < 0 for all x € K.
Then, B is an ISSf-BF candidate for H with respect to (K, Kz(w)),
according to Definition 3.5. Also, notice that

G (D N (Kd(w) sz)) = {x € R? : x; = 0} € I[I(C) UTI(D)

3Notice that the dynamics H and B satisfy Assumption 5.5, for each x € {u, w}, with

2Nx X2

b2 VxeRz:xlzo,xzso‘

Bra(x) =
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and, as a result, Assumption 3.7 is satisfied. The ISS{-BF candidate
B in (37) is also an ISSf-CBF for H with respect to (K, Kz(w)). To
see this, pick ¢ = 1 and check the ISSf-CBF condition during flows
in (13a), namely

quB(x) =0 = x1=-—x2.

b
This equation defines a line on the plane along which wc, defined
in (13b), satisfies

Now, let
2 3a
V.= xeR:(xlzoorxzso),B(x)<—b -1
-a

be an open set containing an open neighborhood of the boundary
of K;(w). Then, we see that:

wc(x) 0 Vx € (V\Ky(w)) NII(C) : x1 = _ZTbaxz'

Thus, (13a) is satisfied. Similarly, notice that ELu (x)=0=>x2=0
which, in turn, implies that wp, defined in (14b), satisfies

wp(x) = ap(B(x) — p(w)) VYxeR?:x3=0

for any ap € [0, 1]. It is then immediate that wp(x) < 0 for all
x € Kz(w) NII(D) such that x; = 0, that is (14a) holds. As a result,
B is an ISSf-CBF for H with respect to (K, Kz(w)).

Following Section 5.2, the pointwise min-norm QP safeguarding
feedback law Kgp(x) = (ECQP (x), EDQP (x)) has values as in (19)
and (23), and, from Theorem 5.6, we conclude that the feedback
law k = (k¢ + ECQP’ Kp + EDQP) renders the resulting closed-loop
system H, w-small-input ISSf with respect to the disturbance w
and the set K. In particular, we can see that in Fig. 1d) the set
K4(w) is conditionally invariant for H,. with respect to w and K,
as opposed to Fig. 1c) where the ISSf QP filter is not active. Also,
notice that from Fig. 1a) and Fig. 1b), when disturbances are not
considered, the set K is forward invariant for Hy, as discussed in
Remark 3.4.

In addition, pick r + y(r) = r? and invoking Theorem 6.3, we
have that x minimizes, for any initial condition ¢ € K, the cost
J in (26). This can also be seen from Fig. 2, where J attains the
value of the value function evaluated at the initial condition. In
this particular example, we chose & € 9K, therefore, it follows that

JH(§) =B(é) =0.

8 CONCLUSIONS AND FUTURE WORK

In this paper, we study the problem of designing safety filters for
hybrid systems under disturbances as an inverse optimal problem.
Via a characterization of safeguarding feedback law that assigns the
control input, we formulate the problem as a two-player zero-sum
hybrid game to minimize the effect of the worst-case disturbance.
Instead of solving the game for a given cost functional, we design
the cost functional that the safeguarding feedback law minimizes.
A QP formulation is shown to solve the problem. Future work
includes designing projection tools to deal with feedback laws that
render maximal solutions not complete and force them to satisfy
the constraints specified by the hybrid dynamics.
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