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Abstract This book chapter presents a method to efficiently solve hybrid model
predictive control (MPC) problems for a class of discretized hybrid control systems.
The proposed method recasts the optimal control problem associated with hybrid
MPC into a mixed-integer quadratic problem (MIQP), which can be efficiently
solved using well-established algorithms. The approach consists of transforming
the discretized hybrid control system into a mixed logical dynamical (MLD) system.
This transformation enables the use of MIQP tools for the solution of the hybrid MPC
problem. To arrive to such a system, an intermediate step converting the discretized
hybrid control system into a discrete-time control system with set-valued dynamics is
formulated. The proposed method is illustrated in several examples that demonstrate
the ability of the approach to handle state jumps and logic variables present in
the hybrid control system, highlighting its suitability for real-world applications
featuring hybrid dynamics.

1 Introduction

Model predictive control (MPC) is an effective feedback control method due to
ensuring asymptotic stability, optimality, and constraint adherence [1]. As an ap-
proach grounded in optimization, MPC often incurs high computational costs and
is significantly influenced by the efficacy of the optimization method utilized. The
computation-intensive nature of MPC, mainly due to time involved in the solution
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of the optimization problem, is well-documented in the literature, including stud-
ies such as [2] and [3], highlighting the potentially large amount of time required
for the optimization schemes to converge. In many MPC applications, the optimal
control problem (OCP) that is to be solved at each computation event is nonlinear.
Methods are available in the literature to cope with such nonlinearity, including
sequential quadratic programming, penalty methods, Lagrangian-based approaches,
interior point methods, among others. The survey [4] provides a detailed presenta-
tion of techniques designed to handle nonlinear optimization problems emerging in
MPC for continuous-time and discrete-time control systems. However, methods for
the solution of MPC problems for hybrid control systems — namely, systems with
continuous and discrete dynamics (see [5] and [6, Section 2.2 of Chapter 2]) — are
much less developed. For hybrid control systems given in terms of a discrete-time
piecewise affine (PWA) system or a mixed logical dynamical (MLD) system, the
works of [7, 8] show that the OCP associated to the MPC problem with quadratic
cost can be recast as a mixed-integer quadratic problem (MIQP). This approach is
powerful as it allows for the use of MIQP solvers already available in the literature.

The general framework for robust asymptotic stability and control design for
hybrid dynamical systems in [9] and [10] was recently augmented by the development
of a hybrid MPC approach; see [11, 12, 13]. The hybrid system models therein
are referred to as hybrid inclusions/equations, and are useful for a wide range of
applications due to allowing for continuous-valued and discrete-valued states, set-
valued and nonlinear dynamics, nonunique solutions, Zeno behavior, and beyond.
Hybrid equations describe the continuous evolution (referred to as flow) of the state
in terms of differential equations, and of the discrete events (referred to as jumps)
via difference equations. Whether the state flows or jumps depends on conditions
formulated in terms of sets, referred to as flow set and jump set; for more details,
see [9]. While the work in [11, 12, 13] address most of the key theoretical aspects
of hybrid MPC for such broad class of hybrid systems, the work therein does not
delve into the numerical solution of the optimal control problem formulated for
the control of the hybrid dynamical system. This paper aims at filling this gap.
Specifically, inspired by the effectiveness of formulating a mixed-integer quadratic
problem (MIQP) to solve MPC problems for discrete-time, continuous-time, and
certain classes of hybrid systems, this paper presents a method enabling the use of
MIQP solvers for hybrid equations.

In our pursuit of finding effective solutions to hybrid MPC problems with hybrid
equations, we considered a discretized version of hybrid equations — as in [14] and
[15] — and devise an efficient method for solving the related optimal control problem.
To handle binary variables, we employ the McCormick Relaxation technique to
reframe the hybrid MPC problem as a mixed-integer quadratic problem (MIQP).
Specifically, we address discretized hybrid equations characterized by linear flow
and jump maps, and flow and jump sets defined by inequalities related to the state and
input. Building on the concepts in [16], we develop a (discrete-time) mixed logical
dynamical (MLD) system model for the hybrid equation, subsequently reformulating
the OCP of hybrid MPC as an MIQP. Our approach involves two key transformations.
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The first transformation converts the discretized hybrid equation into a discrete-time
system with binary variables and set-valued dynamics. The second transformation
consists of reformulating the discrete-time system into an MLD system. To establish
a solid mathematical foundation for these transformations, we show equivalences
between the solutions to each system. These results allow us to link the solution
of the OCP for the equivalent MLD system, which is obtainable via MIQP solvers,
with the solution of the OCP related to the discretized hybrid equation. As a result,
we derive an MIQP-based solution for hybrid MPC tailored to the class of systems
considered. Additionally, we present an algorithm to numerically implement our
method and demonstrate its application in various examples. The examples include
a controlled bouncing ball system and a congestion control mechanism used in
transmission control protocol models. These examples showcase the practicality and
effectiveness of the proposed approach.

In [17], we presented a preliminary version of this work. This manuscript expands
on it, providing detailed steps and methodologies not covered in the conference
version, and further illustrating the effectiveness of the proposed approach with
more examples.

Organization

This paper is structured as follows. In Section 2, we introduce the concepts of dis-
cretized hybrid control systems, mixed logical dynamical systems, and the solutions
associated with them. Section 3 is dedicated to formulating the MPC problem for
discretized hybrid dynamical systems. In Section 4, we formulate the mixed-integer
approach to model predictive control for these systems. This formulation is followed
by Section 5, where we present numerical simulations of several examples.

2 Preliminaries

2.1 Notation

We denote by R the set of real numbers, Ry( its nonnegative subset, and by N
the set of nonnegative integers. Boolean ~or”, and”, and “not” are denoted by V,
A, and ~, respectively. The standard projection onto R" is defined by the function
IT : R" xRP — R", such that I1(x, y) = x. The n-dimensional Identity matrix is

denoted by I,,.
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2.2 Hybrid Control Systems

In this paper, we consider an affine discretized hybrid control system given by

H, - xt = f(x,u) :=Apx+Bru+cy (x,u) € C, N
x*=g(x,u) ;= Agx + Bgu +cg (x,u) € D,

where (x,u) € CUD U {(g(x,u),u) | (x,u) € D} =2 X Cc R" x R™ are the state
and the input of the system, respectively. The set C is called the flow set, and D is
the jump set. The affine functions f : C — R" and g : D — R are the flow and
jump maps, respectively.

Definition 1 A set £ C N X N is called a discrete hybrid time domain if, for each
(K,J) € E, there exists a nondecreasing sequence {K j}f;é such that Ky = 0,
K;.1 €N foreach j € {1,2,...,J}, and
J Kju
En({0,1,...K}x{0,1,...0}) = U U (k, ).

=0 k=K;

The state and the input are presented by discrete hybrid time (k, j) € N X N,
where k and j index the evolution during discretized flow and jumps, respectively.

Definition 2 (Concept of solution pair [14]) A pair x : domx — R", u : dom u —
R™ is a solution pair to Hy if the following conditions hold:

(S1) dom x = dom u is a discrete hybrid time domain,
(52) (x(0,0),u(0,0)) € X,
(S3) For each (k, j) € dom x such that (k + 1, j) € dom x,

(x(k,j) u(k,j)) € C, x(k+1,j) = f(x(k,j),u(k,j)).
(S4) For each (k, j) € dom x such that (k, j + 1) € dom x,
(x(k, ) u(k,j)) € D, x(k,j+1)=g(x(k,j),u(k,j)).
Throughout the paper, §-7-{ ,(x0) denotes the set of solution pairs (x,u) to Hy

such that x(0,0) = x¢. The pair (L,J) € dom (x, u) is called the terminal time of
the solution pair (x,u),if k < L and j < J for all (k, j) € dom (x, u).

2.3 Mixed Logical Dynamical Systems

A general MLD model is given by [16]



Solving Hybrid Model Predictive Control Problems via a Mixed-Integer Approach 5

£t = A%+ Biii + B26 + B3z + By (2)
subject to E2d + Esz < Eyit + E4% + Es, 3)

where ¥ € R" and #i € R™ are the state and the input of the system, respectively.
The auxiliary continuous and binary variables are represented by z € R" and
6 € {0, 1}, respectively. The matrices A, {Bi}?zl, By, and {E; }le have appropriate
dimensions. The MLD model in (2)-(3) can be expressed in the compact form

= ®(z,6,%, 1)
Huvo {‘P(z, 5,%,0) <0, “)
where R R
®(z,0,%,0) = A% + Biii + Bod + B3z + By, .

W(z,6,%,14) := Ex6 + Ezz — E1it — E4% — Es.

A solution to Hy . p is defined as follows.

Definition 3 A function M 3 £ (z(¢),5(£), 2(£), i(£)) is a solution to Hysr.p if
it satisfies

2L+ 1) = AR(0) + B1ii(€) + B28(0) + Bsz(0) + By,  YC:0,0+1eM

o 6
E»6(€) + E3z(€) < Eqii(€) + E4X(€) + E5 teM, ©

where M is of the form {0, 1, ..., K}, with K finite, or equal to N.

MLD models have shown remarkable utility in complex control systems, demon-
strating their importance in theoretical and practical applications. For instance, in
the control of gas supply systems, MLD models adeptly handle the intricate balance
between the physical flow of gas and the operational control mechanisms [16]. In
the area of digital communications, our work explores the novel application of MLLD
models to Transmission Control Protocols (TCP) [23]. Additionally, their applica-
bility is evident in the bouncing ball system, a key example in control theory that
demonstrates the integration of continuous and discrete dynamics. Detailed explo-
rations of the latter two examples, specifically the Transmission Control Protocols
(TCP) and the bouncing ball system, will be provided in the later sections of this
document, showcasing the versatility and effectiveness of MLD models in diverse
scenarios.
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3 Hybrid Model Predictive Control for Discretized Hybrid
Control Systems

This section formulates an MPC problem for a discretized hybrid control system
given by H in (1). Based on the framework given in [13], we first introduce some
details related to MPC for discretized hybrid systems.

3.1 Prediction Horizon

A fixed end-time optimal control problem fits well with continuous or discrete-time
Model Predictive Control (MPC), where we update the controls periodically, and
each computed control input has the same final moment. But, due to the nature of
(discrete) hybrid time domains, using a fixed end-time optimal control problem is
restrictive [13]. For (discretized) hybrid control systems, the solutions might flow
or jump, so the prediction horizon must accommodate solutions having different
discrete hybrid time domains. To address these issues, as in [13], we define the
prediction horizon 7~ € N X N as

T ={(k,j) e NxN:max{k,j} =75} @)

where 7, is a given integer. This means that for some 7, € {1,2,...}, the terminal
time (7', J) of any feasible solution pair satisfies max{7',J} = 7.

3.2 Cost Functional

Given a solution pair (x, u) to H, with compact domain and terminal time (L, J),

J Kju
let {K; }jf.:(; be a nondecreasing sequence such that dom (x,u) = |J U (k, j), and
j=0 k=K
Kj+1 = L, and X c II(X) be the terminal constraint set. If x(L,J) € X, then the
cost of the pair (x, u) is given by

J Kj+l_1

Tew =Y Y Letek j)u(k. /)
j=0 k=K;
J

®)

+ ( LD(x(K~,j),u(K~,j)) +V(x(L,J)).
j:

(=]
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In the definition of the cost functional 7, L¢ is called the flow cost defined on
the flow set C, Lp is called the jump cost defined on the jump set D, and V is called
the terminal cost defined on the terminal constraint set X.

3.3 Hybrid Optimal Control Problem

Given the terminal constraint set X and the prediction horizon 7, the minimization
of the cost functional 7 is performed over solution pairs of ; with initial condition
X0-

Problem 1 Given an initial condition xy € R”

minimize 9 (x, u)

subjectto (x,u) € §7-{d (x0)
x(L,J) € X
(L,J)eT,

(€))

where the constraints x(L,J) € X and (L,J) € 7 dictate that solutions pairs have
terminal conditions in X and terminal times in 7, respectively.

If a solution pair (x, u) satisfies the constraints in (9) with x(0,0) = xo, then
we call it a feasible solution. A feasible solution is called the optimal solution, if it
minimizes cost functional .

In the next section, we show that the model #{; and Problem 1 can be reformulated
as a mixed-integer quadratic problem (MIQP) and solve it with a MIQP solver.

4 A Mixed-Integer Formulation of Discretized Hybrid Model
Predictive Control

We formulate a version of Problem 1 that can be solved using mixed integer tools.
To this end, we proceed as follows:

Step 1) The discretized hybrid control system H,; is converted into a discrete-time
control system, which we denote H_;

Step 2) The new discrete-time control system (F(d is converted into a MLD system,
which we denote Hy1.p;

Step 3) Problem 1 is formulated for Hjs; p and solved using mixed integer tools.

The conversion in Step 1 is an intermediate step leading to a model given in terms of
a MLD system. In this step, we convert the discretized hybrid control system H,; into
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a nonlinear discrete-time system. This conversion is technical and described in full
detail in Appendix A. For this reformulation to be possible, we impose the following
structure on the flow set and the jump set of H,;.

Assumption 1. The flow set C and the jump set D are given as

C=CiU(C, (10)
and
D=D;ND, (11)
where, for eachi € {1,2},
Ci={(x,u) € X : hj(x,u) —o; <0}, (12)
D; ={(x,u) € X : hj(x,u) +o; > 0}, (13)

hi : X — R is defined as h;(x,u) = h]\x + hlu, with h; and h;y being vectors of
appropriate dimension and o; > 0 is a constant.

For each i € {1,2}, we define the set-valued maps Uy; : C; U D; =3 {0,1} as
follows:

1 if (x, M) (S C[ \D,‘
Upi(x,u) =1 0 it (x,u) e D;\C; 14
{o,1y if (x,u) e C;NnD,

Note that the subscript f in Uyz; and ur; is merely a naming convention and does
not indicate any relationship with the function f. We exploit the MLD system
structure enabled by Assumption 1 to formulate a MIQP version of Problem 1. For
this purpose, we impose the following assumption on the flow cost, jump cost, and
terminal cost involved in the cost functional 7 in (8).

Assumption 2. The flow cost L¢, the jump cost Lp, and the terminal cost V are
given by
Le(x,u) =x"Qex+u' Reu

Lp(x,u) =x"Quax +u"Rqu, V(x)=x"Px

for each (x,u) € X, where P >0, Q. >0, R. >0, 04 >0, and Ry > 0.

5)

4.1 Recasting H, as a MLD system

Employing the McCormick Relaxation, as detailed in [18] and [19], we formulate
a key lemma to facilitate the transformation of the discrete-time system H, as
defined in (1), into an MLD system, denoted H1 p, following the structure in (4).
The McCormick Relaxation is used to linearize the product of a binary variable
6 € {0,1} and a continuous variable x, commonly encountered in mixed-integer
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programming. This linearization is key in transforming nonlinear constraints into a
linear form suitable for MLD modeling, effectively enabling the conversion of the
system H into Hyrpp.

Lemma 1 Consider a compact set A C R and a continuous function p : A — R.
Define
M = s = mi .
I;lggp(X) m inéklp(x) (16)

Given functions § : A — {0,1} and 7 : A — R,
z(x) = 86(x)p(x) Vx e A a7

holds, if and only if, for each x € A, the following hold:

z(x) < Mé(x), (18a)
z(x) 2 mé(x), (18b)
7(x) < p(x) —m(1 = 8(x)), (18¢)
z2(x) = p(x) = M(1 - §(x)). (18d)

Proof. Since A is compact and p is continuous, M and m in (16) are well-defined.
To prove the equivalence between (17) and (18), we consider the two possible values
of 6(x) € {0, 1}:

e Case 1: If 6(x) = 1, then (17) implies z(x) = p(x). The inequalities (18a) and
(18b) reduce to m < p(x) < M, which are true by the definition of m and M.
The inequalities (18c) and (18d) simplify to z(x) = p(x), which also holds.

e Case 2: If 6(x) = 0, then (17) implies z(x) = 0. The inequalities (18a) and
(18b) reduce to 0 < 0, which is trivially true. The inequalities (18c) and (18d)
simplify to m < p(x) < M, which again hold by the definition of m and M.

Therefore, (17) holds if and only if all the inequalities in (18) hold. |

After presenting Lemma 1, we are now prepared to formulate an MLD system
associated with the discretized hybrid system #,;. In the proof of the next theorem, we
utilize Lemma 1 to efficiently translate the nonlinear interactions between variables
into a series of manageable linear inequalities.

Theorem 1. Suppose the discretized hybrid control system, Hy, in (1) with data
(C,Ayr,Byf,cp,D,Ag, By, cg) satisfies Assumption 1 and X is a compact set. Let
A,BiEj foralli € {1,2,...4} and j € {1,2,...,5} in (5) take the following
values:
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A=Ay, B =B, By=|cy—cgcp—cgl,

B3 = [Af—Ag Bf —Bg Cr —Cg] s B4 =Cg,

E;=[00000000hiy ~hi» hyy —h22 01, 0 =1, |,

E _ 0-10 1—M1 —M2m1 mp ms3 + 0 M31—0'1 0 0 —m; —my M] M2 T
27100 -11 -M| —M» my my 0 0 map + 0y My — 0y —my —my M} M»

0000 I, O -I, 0 0000 1, 0 -1, 0]
E;=|0000 O I, O -1,0000 O I, O —I,| ,
0000—M1 —Mz nm; mp 0000—1’111 —niy M1 Mz

Ey=[00000000 Ay —hiy hay —hot 1, 0 =1, 0] ",
E5=[000100000’1 M3] 0'2M32—m1 —m2M1 Mz]T

19)
where
M, :=max{x(k,j): (k,j) € (K,J)}, my:=min{x(k,j): (k,j) € (K,J)},
M, = max{u(k,j): (k,j) € (K,J)}, mp:=min{u(k,j): (k,j) € (K,J)},
My = max{hy (x(k. ). u(k. ) : (k. j) € (K.D)),
m3y = min{hy (x(k, j),u(k, j)) : (k, j) € (K, )},
M3y = max{hy(x(k, j),u(k, J)) : (k.j) € (K,J)},
m3y := min{hy (x(k, j),u(k, j)) : (k. ) € (K,J)},
(20)

where o, 07, hi1, hi2, ha1, hoo, by, hy are given parameters and functions that
come from (10) and (11). Then, for each solution (k, j) — (x(k, j),u(k, j)) to Hy,
the function € — (z(£),81(€),52(€),%(),4(€)) defined as

51(6) € Upi (x(k, j), u(k, j)). (21a)

62(6) € Upa(x(k, j), u(k, j)). (21b)

a(€) == u(k, j), (21c)

£(0) = x(k, j), (21d)
21(0) (él(f) +<§2(5) - él(f)éz(f))x(k,j)

2(6) = [22(0) | := | (01(£) + 02(£) = 01(O)02(O)u(k, j) | (2le)
23(£) 01(£)02(£)

for each { =k + j with (k, j) € dom (x, u) is a solution to Hyrpp in (4) with
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23 .
<3 _(/5\1 r

23— 02 r3
—z3+61+6, -1 re
21 = My (61 + 62+ 23) rs
22— My(81 + 62 + 23) re
m1($1+52+z3)—zl r7
my(61 +8 +23) — 22 rg

¥(z,61,62,%, 1) = 22)

(m31+01)81 — hi(%,4) = | 1o
(M3 — 01)é1 + hi(£,4) = M3y | 10
(m32+0'2)(§2—h2()2,ﬁ)—0'2 rii
(M32—0'2)(§2+h2(xA,12) — Mz | T12
21 —%+m(1 =61 +62+23)) | 13
22—+ ma(l— (61 +6,+23)) | 714
£—z1 =M (1- (81 +02+23) | 15
fi— 20— My(1— (81 + 82 +23))) "16

and

D(z,01,62,%,0) =(Af — Ag)z1 + (By — Bg)za + (cr — cg) (81 + 62 + 23) + Agk + Byl + ¢
(23)

defined for each 7 = (z1,22,73) € R"™" x {0, 1} and each 5= (51,52) e {0, 1}~

Furthermore, for each solution € +— (z(f),& (f),&Az(f),)?(f),ﬁ(f)) to HayrLp, the

function (k, j) — (x(k, j),u(k,J)) defined as

x(k, j) == x(0), (24a)
:u(k,j) =14(f), (24b)

[N R A n A
foreachk = Y, (61(i)+02(i)—061(i)02(i)) and j = €—k with € € dom (z, 01, 02, %, ),
i=1

is a solution to H,.

Proof. Since X is compact, and h; are continuous, then {M,, mq}fj=1 and
{M3q, m3g}, _, are well defined.

Pick a solution (k, j) — (x(k, j),u(k, j)) to Hy. Considering (10) and (11), we

conclude that
Ci\D;={(x,a) €e X | hi(&, ii) +0; <0},

o - Lo (25)
D;\C; ={(x,i) €e X | hj(x, i) —o; > 0}.

Letusdefine 81 (£) € Uy ((x(k, j), u(k, j))),and62(€) € Upz((x(k, j),u(k, j))),
foreach ¢ = k+j with (k, j) € dom (x, u). If the solution (k, j) — (x(k, j),u(k, j))
is such that ((x(k, j),u(k, j)) € C1 \ C2, then

[ ((x(k, j), uk, ) + o1 < 0] = [8:(¢) = 1]. (26)
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Similarly, if ((x(k, j),u(k,j)) € D; \ D,, then

[ ((x(k, j), u(k, j)) = o1 > 0] = [61=0]. 27)
Note that
X = Xp (283)
g
(~X1) V Xa. (28b)

Furthermore, if x € A and ¢ : A — R is a continuous function,

[g(x) £0] Vv [6(x) =1] (29a)
()
q(x) < Mé(x) (29b)

where M := ma/)xcq(x). Now, using (28) with X; given by [h;((x(k, j),u(k,j)) +
X€

o1 < 0],and X, by [61(€) = 1], given £ = k+j with (k, j) € dom (x, u), implication
(26) is equivalent to

[h1((x(k, j),u(k, j)) + o1 = 0] vV [81(€) = 1]. (30)

Using (29) with ¢ = —(h +071), and § = &, we conclude that (26) holds if and only
if

~hi ((x(k, j),u(k, j)) = o1 < (=m31 = 01)81(0) 3D
holds.

Similarly, using (28) with X; given by [ ((x(k, j),u(k, j))—o > 0], and X, by
[61(¢) = 0], given £ = k + j with (k, j) € dom (x, ), implication (27) is equivalent
to

[ ((x(k, j), u(k, ) = o1 < 0] v [61(€) = 0]. (32)
Now, using (29) withg = h; —ojand 6 =1 - 51, we conclude that (32) holds if and
only if
h ((x(k, j),u(k, j)) — o1 < (M31 — o) (1 = 01(¢)) (33)
holds. Let us define () = x(k,j) and @(€) = u(k,j), for each £ = k + j with
(k, j) € dom (x, u).

Then, (61(£),%(¢),@(£)) for all £ € dom (z,8, %, i) satisfies (31) and (33) or
equivalently makes the lines rg9 and 719 of ¥ in (22) nonpositive.

Similarly, for the case that (k, j) +— (x(k, j),u(k, j))issuchthat (x(k, j),u(k, j)) €
Cy \ Ci or (x(k,j),u(k,j)) € Dy \ Dy, then, (82(£),%(£),i(¢)) for all £ €
dom (z, 8, %, 1) make the lines ry; and ri; of ¥ in (22) nonpositive.

Now, consider (21e). Using Lemma 1 for each £ € dom (z, 8, %, i) with p = é (0),
0= 32(5), and z = z3, we obtain that,
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23(6) = 61(0)62(0) (34)
if and only if the following inequalities hold
23(6) < 62(0),
z3(€) 2 0,

z3(6) < 62(0),
z3(6) > 81(6) — (1 - 62(0)),

(35)

or, equivalently, the lines 71 to r4 of ¥ in (22) are nonpositive. Using Lemma 1 for
each ¢ € dom (z, 6, %, i), with p =X(£), 6 = z3(£), and 7 = 71, we obtain that,

2(6) = (up1(€) +upr(€) — z3(€))%(£) (36)
if and only if the following inequalities hold:
2(6) < Mi(61(6) +62(6) - z3(0)),
22() 2 my(851(6) + 62(€) — 23(0)),

22(0) < £(€) =mi(1 = (81(6) +62(¢) = z3(0))),
22(€0) 2 £(6) = My (1 = (81(6) +82(6) — z3(0))).

(37)

Considering (21a) and (21b), (z(k), 61 (€), 62(€), £(€), it(k)) forall k € dom (z, 6, %, i)
satisfy (37) or equivalently make the lines rs, r7, r13, and r5 of ¥ in (22) nonpositive.

Similarly, using Lemma 1 for each £ € dom (z, 6, £, i), with p = ii(£), § = z3(£),
and z = z5(¢), we obtain that,

22(6) = (61(6) +62(6) = z3(€))a(¢€) (38)

if and only if the following inequalities hold

2(0) < May(81(0) +62(0) — z3(0)),

22(£) = my(81(6) +62(6) = z3(¢)),

22(6) < a(6) = ma(1 = (61(0) +62(€) — z3(0))),

22(£) 2 4(6) = My (1 = (61(6) + 62(£) = z3(0))).
Considering (21a) and (21b), (z(€), 61 (£), 62(£), £(€), @i(¢)) forall £ € dom (z, 8, £, it)

satisfies (39) or, equivalently, makes the lines r¢, rg, 714, and rj¢ of ¥ in (22) non-
positive.

Combining the properties above, from (31), (33), (35), (37), and (39) the function
0 (2(6),6(€),%(€),(£)) defined in (21) satisfies

(39)

W(z(£),5(€),%(),d(£)) <0
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for all £ € dom (z, 4, £, i), where W is given in (22).
Now, considering (21e) and (21d) result in !

R(L+1) = (61(0) +62(0) = 61(062(D) (f(2(0), 4(0)))
+ (1= (81(6) +62(6) = 61(0)62(6))) (g(£(0), i (£)))
= (61 +62—6162)(Ap% + Brii +cy)
+ (1= (81 +62 = 8182)) (Agk + Byii + cy)
=(Ap — Ag)(81 + 8 — 6162)%
+(Bf = Bg)(61 + 62— 6162)i
+(cp—cg)d+ Agh + Byl + g
C(Af - Ag)zi + (By - B)za
+(cp—cg) (61 +82+73) + Agk + Byl + ¢
=d(z,6,%,0).

(40)

Therefore, with (z(£), 5(£), 4(€)) given in (21e)-(21d), the function £(£) = x(k, j)
given in (21d) is updated via (23) while making ¥, given in (22), nonpositive, which
corresponds exactly to the definition of a solution to Hysrp given in (6). Hence,
the function ¢ +— (z(f),é({’),ﬁ(f),ﬁ({’)) defined in (21) is a solution to Hysrp.
Considering the proof of the first part of the theorem, the proof of the second part
follows similarly. O

The system featured in the following example is a slightly modified version of
[16, Example 4.1] in a way that the intersection between C and D is nonempty
and is adjustable by the parameter o. We relate a solution of H; in (1) into a
solution of Hysrp in (4), using Theorem 1. Then, we find the MLD solution using
a mixed-integer quadratic programming (MIQP) solver [20].

Example 1 Consider the discretized hybrid control system H,; in (1) with n = 2,
m =1, and data (A, By, A, C, D) given by

0.5 -0.86 0 0.4 0.69
S R R R

0.86 0.5 1 -0.69 0.4
Bg:[(l)]’ Hi=[10], Hy=0, 0=0., S

and
X ={(x,u) | x € [-10, 10]%, u € [-1, 1]}.

1 In (40), to ease notation, we ignore writing (€) after the second line.
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We substitute the parameters given in (41) in (19) and obtain the parameters of the
corresponding MLD system. Then we find a solution to this MLD system using
a MIQP solver.2 As shown in Figs. 1 and 2, the obtained solution starting from
x(0,0) = (=1,-1) is a solution to the discretized hybrid system given in (41).
Figures confirm that, when (x,u) € C \ D, then p(6;,6») = 1, and the solution
flows according to x* = f(x,u) = Agx + Byu. Furthermore, when (x,u) € D \ C,
then p(41,6,) = 0, and the solution jumps according to xt =g(x,u) = Agx + Bgu.
Finally, if (x,u) € C N D, then p(d1,62) € {0, 1}, and the solution will either jump
or flow.

To

Fig. 1 A trajectory resulting from linear discretized hybrid system that transformed into MLD
system

4.2 A MIQP version of the Hybrid Optimal Control Problem

Now we use Theorem 1, and convert the hybrid optimal control problem in Problem
1 to a MIQP problem. To enforce the prediction horizon constraint, we add two

2 Files for this simulation can be found at the following address:
https://github.com/HybridSystemsLab/HybridMPCMLD2Dsystem.git
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0.8 i

LA 06
p((sl.(jz)
0.4 i

0.2 - -

Fig. 2 Binary variable p( 8}, 8,) obtained from simulation

auxiliary variables 7. and 74 to the proposed Hys 1 p system in (4). By adding these
two auxiliary variables, we can keep track of flows and the number of jumps elapsed.
To this end, we rewrite the MLD system with new variables as follows:

£ ®(z,81, 82, %, 1)
7 ) = (7| =] p(01,02) +re
MED Fy 1—p(61,02) +7q

¥(z,81,62,%,i1) <0,

(42)

where £ := (x Fe,7q), p(61,62) = 61 + 82 — 616> and b1, 65, z, and £ are given in
21), ¥(z, 81,65, %, i1) and CD(z,cSl,(Sz,x u) are given in (22) and (23), respectively.
Note that p is equal to one when §; = 1 or §, = 1, which corresponding to flow and
p =0 when é; = 0 and §, = 0, which corresponding to jump.

Now, considering (21e), z(£) = p(61,62)(£)£(£) and z2(£) = p(81,62) (0)ii(£),
J in (8) be written as

N-
Jdiy=) ((m(f)Tch(f)+zz<f)TRcﬁ(f>)

=0
+ (20T Quk(0) +ﬁ(€)TRdﬁ(£)) )
- (2107Qu2(0 +zz<f>TRdﬁ<f>))
+2(N)TPx(N).

with the data of H y r p already defined in (42). So the corresponding MIQP problem
to Problem 1 to be solved is as follows.

Problem 2 Given an initial condition (z¢, £o) € R x R” x R" x {0} x {0}
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minimize j(z, Z, i)
subject to (Z, 51, 82, Z, 12) € SM.E’HD (Zo)
X(N)eX
(re(N),ra(N)) € T,

(44)

where N is the terminal time of (z,él,éz,f, i) and satisfies N € [1,,27,], and

Sy (20) i the set of solution pairs of H (o from zo.
Using (23) and (2), a solution to H s o is given by

-1
(6= Y Al(Bia(e—1-1i)

i0 ) A 5)
+Bop(01(€—1-1),00(6—1-1))

+B3z(£— 1 —1i) + Bg) + A Ry,

for each ¢ = k + j with (k, j) € dom (x, u), where A and {Bi};‘:1 are given in (19).
Substituting (45) in (43) and (22), and defining the vectors

Z(0) = [2(€), 7 (€), Fa(£), 4(0), p(81(0),82(6))] T (46)
Z(0)
V= : , (47)
Z(N-1)

Problem 2 is rewritten as follows.

Problem 3 Given £( and an initial condition Z(0) = Zy € R" X R X R" x {0} X
{0} x R™ x {0, 1} and V defined in (47)

minimize VTS|V +2(S2 +x;S3)V

. (48)
subjectto FiV < F, + F3xo,

where {S;, F[}f:] are appropriately defined.

Theorem 2. Suppose a solution to Problem 3 is given by V and Z({) for all
£€{0,1,...,N — 1} is given in (46). Then,

((x(0,0),u(0,0)), ..., (x(L,J),u(L,J)))

is a solution to Problem 1, where L+J = N — 1 and
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-1
x(k, j) = ZAi (Bia(£—1—1i)
i=0

+ Bop(81(£—1-1),82(6 =1 -1)) (49)
+B3z({—1—1i)+Bg) + A%,
u(k, j) =a(0),

[ A A A A A A A
foreachk = 3, (61(i)+62(i)=61(i)02(i)) and j = t—k with € € dom (z, 01,02, ¢, 4).
i=1

Note that £ = k + j with (k, j) € dom (x, u). When we generate the trajectory via
(49), it means the solution either flows or jumps until it reaches the control horizon.
This process continues until the solution reaches either 7. steps of flow or 7, jumps,
i.e., max{k, j} = 7., at which point £ = k + j. At every step, we update k and j, and
accordingly ¢ is updated. For a visual demonstration of the algorithm, we refer the
reader to Figures 2 and 3 of reference [13]. Here, 7. < 7}, is a positive integer used
to parametrize the control horizon.

Proof. The proof follows from the results in the previous sections. Theorem 1
converts Problem 1 to a MIQP problem presented in Problem 3. This shows that to
find a solution to Problem 1 for H,, it is sufficient to solve Problem 3 for the MLD
system, H (£ 5, in (42) using a MIQP solver. a

4.3 Implementation of Hybrid MPC using MIQP solvers

Using Problem 3, the proposed algorithm for solving hybrid MPC by MIQP solver
is given as follows.

Algorithm 1: Implementation of Hybrid MPC by using MIQP Problem 3

Seti=0,% =0, x(0) = X, and Z(0) = Zo;
while rrue do
Solve Problem 3 to obtain the optimal solution V*;
while max{7#. (€ — &;),Ffq (€ — €;)} < 7. do
\ generate trajectory X using (49);
end
seti=i+1,6=¢, 6 =(%(),0,0)
end

where 7. < 7, is a positive integer number and is used to parametrize the control
horizon. Control horizon is defined to regulate the optimization times and it has the
same structure of prediction horizon 7~ defined in (7).
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In the subsequent sections, we showcase the practical implementation of our pro-
posed method by addressing the hybrid MPC problem in a variety of scenarios. The
examples chosen for this demonstration include a discretized version of a controlled
bouncing ball system, a congestion control mechanism used in transmission control
protocol (TCP) models that exhibit a limit cycle, and the application of MPC to
the system described in Example 1. Through these diverse and illustrative cases, we
aim to highlight the adaptability and efficacy of our algorithm in managing different
types of systems and scenarios.

S Examples

This section illustrates the proposed method to solve the hybrid MPC problem in
examples that feature hybrid control systems with state jumps and logic variables.

Example 2 (Discretized Controlled Bouncing Ball) Consider a ball that is moving
vertically and bouncing on a horizontal surface. According to [21, page 27], it is
modeled as a point mass with x| and x; as its height and vertical velocity, respectively.
The motion of the ball evolves according to the following discretized hybrid control
system:

xt=x1 +Toxy —T?5, x3=x2—-T,6 when x; >0 (50a)

x{=x1 —Tsxa, x3=-Axp+u when x; =0, x,<0 (50b)

where 6 = 9.8, 4 € [0, 1], and T are the gravitational constant, the coefficient of
restitution, and the sample time, respectively. When x; > 0, the state x = (xp, xp)
evolves according to the difference equations x;r =x1 +Tsxo — TS26, xz =xy —Ts0
and impacts occur when the ball reaches the surface with nonpositive velocity; i.e.,
when x; = 0 and x, < 0. At this point the state is reset according to the difference
equations x| = x1 — Tyxp, x3 = —Axz +u. The data of the discretized hybrid control

system in (1) for the state and input in a compact set is as follows:

1T l_Ts
0 1Y]’A8: [0 —A]’
_[-1%s o
cp= [—Tsé]’Cg_ [O] (G2))]

e f

X ={(x,u)lx € [x1,,,, X150 ] X [*¥2,05 X20ac)> ¥ € [Umin, Umax]} N Ly (c),

Ap=
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C={(x,u) e X :x1 20}, (52)

D={(x,u) € X :x; =0,x0 <0}, (53)

where Ly (¢) is the sublevel set of function V (xy, xp) = %x% +0x for a given number
c. We need to restrict C and D to a compact set that is forward invariant. To represent
the flow set and jump set given in (53), in the form that is given in Assumption 1,
we choose the functions % (x1,x2) = —x1, ha(x1,x2) = —x» and o; = 0 for each
i € {1,2} and x;,, = 0, x1,,, = 10, xo,, = —10, xp,,, = 10, umin = —0.01,
and umax = 0.01. The control objective is to minimize the cost functional (8) with
Q,=02,R. =0.01,04 =0.2, R; = 0.01, and P = 0.11,. Also, the prediction
and control horizon are given with 7, = 2 and 7. = 1, respectively.

As shown in Fig. 3, when (x,u) € C \ D, then p((61,42) = 1 and the solution
flows according to f(x,u) = Ayx + Byu. Furthermore, when (x,u) € D \ C, then
p(61,82) = 0 and the solution jumps according to g(x, u) = Agx + Bgu. Finally, if
(x,u) € C N D, then p(41,6,) € {0, 1} and the solution will either jump or flow,
and also the control input has adhered to the intended restriction as given in X. 3

min max

In the next example, we present a congestion control mechanism using in models
of transmission control protocols (TCP) with limit cycle.

Example 3 Consider the congestion control mechanism given by the hybrid system
[23], which can be modeled by the hybrid equation

7

[q] = [r ;B] when ¢ € [0, ¢maxl]
(54)

+
R -

The flow map is discretized by the sample time 75 = 0.001 to present (54) as
a discretized hybrid control system as (1). So, the data of the discretized hybrid
control system in (1) for this example is presented as follows

10 00
Af: [01 +T312, Ag= [Om}’
-B max
cf:TS[a s ng[q() :|,
0 0
selol el

In Fig 4, the solution obtained by MIQP solver, approach a limit cycle with one jump
per period with parameters B = 1, a = 1, m = 0.25, and ¢4 = 0.25. The initial

3 Files for this simulation can be found at the following address:
https://github.com/HybridSystemsLab/HybridMPCMLDBouncingBall.git
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Fig. 3 The solution of the Bouncing ball with input resulting from the linear discretized hybrid
system that is transformed into the MLD system.

point for the simulation is Py = (%,O) = (0.5,0). When the solution reaches to
point Py, it jumps to P, and then flows to P and this repetition makes a limit cycle
with initial point of P, = (1,0.4). 4

In the next example, we add MPC to the system given in Example 1 and solve the
hybrid MPC problem via MIQP solvers.

Example 4 Consider the hybrid system #; given in Example 1, and cost functional
(8) with Q. = 0.2, R, = 0.1, Q4 = 0.11, Rz = 0.1, and P = 0.011,. Also, the
prediction and control horizon are given with 7, = 2 and 7. = 1, respectively.

As shown in Fig. 5, when (x,u) € C \ D, then p(8;,6,) = 1 and the solution
flows according to x* = f(x,u) = Agx + Byu. Furthermore, when (x,u) € D \ C,
then p(41,62) = 0 and the solutionAjurpps according to x* = g(x,u) = Agx + Bgu.
Finally, if (x,u) € C N D, then p(d1,02) € {0, 1} and the solution either jumps or
flow. Note that the control input has adhered to the intended restriction as given in
X. Note that ”prediction Horizon X number of binary variables” equations should

4 Files for this simulation can be found at the following address:
https://github.com/HybridSystemsLab/HybridMPCMLDCongestionControl.git
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Fig. 4 State Trajectory of TCP described in (54). Illustration of a Limit Cycle in an MIQP Solution.
Starting at Py = (0.5, 0), the cycle shows a repetitive jump from P; to P, and back.

be solved at every step. So, adding more binary variables to the system or increasing
the prediction horizon adds to the algorithm’s complexity. 3

6 Conclusion

In this work, a new mixed-integer-based approach for the solution of hybrid MPC
problems for discretized hybrid control systems is presented. To solve the formu-
lated MPC problem for the discretized hybrid control system, Boolean algebra is
employed to formulate a mixed-integer quadratic programming for the transformed
MLD system. The proposed approach consists of converting the discretized hybrid
system into a nonlinear discrete-time system and transforming the converted non-
linear discrete-time system into an MLD system using McCormick Relaxation. The
presented results establish that solving MPC for the discretized hybrid control sys-
tem, namely H, in (1) is equivalent to solving Problem 3 for the MLD system,
namely H (o in (42). Future work includes the extension of the proposed method

5 Files for this simulation can be found at the following address:
https://github.com/HybridSystemsLab/HybridMPCMLD2Dsystem.git
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Fig. 5 Model predictive control of system (1) resulting from problem 3

for the case of hybrid equations with 1) uncertainty, 2) nonlinear flow and jump
maps, and 3) nonlinear cost functionals.
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Appendix A : Intermediate Step: Converting the discretized
hybrid control system #,; into a nonlinear
discrete-time system (Step 1)

We introduce a new state ¥ and input i, which play the role of x and u in Hy,
respectively. With these definitions, we define the following discrete-time control
system:

Xt e U {p(upiup) f(x @)+ (1= pugup))g (% i)}
y up € Upi (%, 1)
7’[d : up € Upy (%, 1)
(x,i) e CUD,
(55

where p(uysi,up2) = ug) +uygr — upiusy determines whether the state X flows or
jumps, and C and D are given in (10) and (11), respectively. A notion of a solution
to Hy is defined as follows.

Definition 4 A function M 3 £ +— (%(), i(€), us1(£), up2(£)) is a solution to Hy
in (55) if it satisfies

i(l+1) e U {p(usi(0),urp(0) f(X(L), (L))
up)(6) € Up (%, @)
u:;z(f)eﬂ;z(ff,ﬁ)

+ (1= p(upi(6),ur2(0))) g(X(0), @(6)) } (56)

for all £ € M such that £+ 1 € M , where M is of the form {0, 1, ..., K}, with K
finite, or equal to N. When M = N, the solution is said to be complete.

The fgllowing result establishes a relationship between the solutions to H,; in (1)
and to H, in (55).

Lemma 2 For each solution (k, j) — (x(k, j),u(k,j)) to Hy in (1), the function
e (X(0), (), up1(€), up(l)) defined as

x(6) =x(k,j), a(l) :=ulk,j),
ufl(g) E(L[fl(x(k’])’u(k’J))’ (57)
I/tf2(£) € ﬂfQ(-x(khi)’u(k’ J))’

for each € = k + j with (k,j) € dom (x,u), is a solution to Hy in (55). Also,
for each solution € — (X(€),4(€),uri1(€),ur2(€)) to Hy, the function (k,j)
(x(k, j),u(k,J)) defined as

x(k,j) :=x(0),  u(k,j):=a(l), (58)
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¢

for each k = 2 (up1(i) + upp(iQ) — up1(Duyp2(i)) and j = € — k with £ €
i=1

dom (%, @, us1,uyr2), is a solution to Hy.

Proof. Pick a solution (k, j) — (x(k, j),u(k, j)) to H,. Considering (1), the state
x is updated via f when (x,u) € C \ D, and is updated via g when (x,u) €
D \ C. In the case where (x,u) € C N D, the state x can be updated via either f
or g. Now, with @(f) = u(k, j), us1(£) € Up((x(k, j),u(k,j))), and usr(f) €
Usr((x(k, j),u(k,j))), the function X(£) = x(k,j) given in (57) is updated as
follows:

e via f when (us1(€) +up(€) —uri(Qupr()) =1,ie., (X,id) € C\ D,
. Viag when (Mf] (f) + ufz(f) - ufl({’)ufz(f)) =0,1i.e., (f, l:i) €D \ C,

* via either f or g when (ur1(€) +up2(£) —up1(Oupa(€)) € {0,1}, ie., (%, 0) €
CcnD.

This corresponds exactly to the definition of a solution to H; given in (56).
Therefore, the function £ — (%(£), @(£), us1(£), ug2(£)) defined in (57) is a solution
to ﬁd.

Considering the proof of the first part of the lemma, the proof of the second part
is straightforward. O

Appendix A.1 : Converting the hybrid optimal control problem into a
nonlinear discrete-time optimal control problem

To enforce the prediction horizon constraint, we add two auxiliary variables r. and
rq to the proposed H; system in (55). By adding these two auxiliary variables we
can keep track of flows and the number of jumps elapsed. To this end, we rewrite the
nonlinear discrete-time system with new variables as follows:

U {pQupi up) f(& @) + (1= plugi,up))g (%, @)}
usi € ﬂf]()?,lz)
Z € |ur € Upa (X, it)
ry plugpi,up) +re
L= p(ugi,up) +rq
(¢, i) =(X,re,rg,ii) e CUD,

+ _
‘7:{@: (—

(59)

where ¢ = (X,r¢,rq), C = {{ e R"XNXN : (§,i) € C}and D := {{ €
R*"XNxXN: (%,it) € D}.

Considering the quadratic cost functions defining J in (8), the following cost
functional is defined for a given solution ¢ — ({(£),ur1(£),urr(€),4(£)) to Hop
with terminal time N
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N-1
T (Gaugrups@) = Y plupi(0,up2(0) (¥ Q) + (O Ra(0))
=0

(60)
+(1= plug1 (0, up2(0) (H0)T QaR(0) +a(0) Raii(0))

+%(N)TP%(N).

With the data of Hy, already defined in (59), the nonlinear optimal problem to
be solved is as follows:

Problem 4 Given an initial condition {o = (%o, 7'¢,, 7q,) € R" x {0} x {0}

minimize j(é, upi, Uy, i)
subjectto ({,uyr1,upo, i) € §fHD(ZO)
X(N)eX
(re(N),rq(N)) € T,

(61)

where N is the terminal time of ({,uf1,uy2, i) and satisfies N € [7,,27,], and
Sa1,, ({o) is the set of solution pairs of Hyp from (.



