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1. Introduction. For a classical differential equation, or a perhaps generalized12

dynamical system with unique solutions, a set is forward invariant if every solution13

starting in it at a time t0 remains in the set for all relevant t ≥ t0. For a differential14

equation with an irregular right-hand side, or when generalized solutions to such a15

differential equation are considered, or for a differential inclusion, or for other kinds16

of generalized dynamics, solutions need not be unique. Then, one may distinguish17

between weak and strong forward invariance, and weak and strong versions of other18

properties, for example stability. The weak version requires that, for each relevant19

initial condition, there exist a solution from it satisfying the property in question.20

The strong version requires that all solutions from all relevant initial condition satisfy21

the property. Early appearance of weak stability is in [50], with strong and weak22

properties featured in the later book by the same author [51]. Early appearance23

of strongly invariant sets is [56]. 1 Weak invariance and invariance, without the24

“strong” adjective but in that sense, for differential equations are treated by [59]. The25

same concepts, called viability and invariance, in a more general setting of differential26

inclusions, appear in the seminal books [4] and [3].27

The main object of study in this paper is strong forward invariance of sets for an
autonomous differential inclusion

ẋ ∈ F (x),

without the expectation of uniqueness of solutions to it. Reasons for considering differ-28

ential inclusions include: the concepts of generalized solutions to irregular differential29

equations, dating back to [30] and [17], with a more recent survey in [15]; robustness30

considerations for a differential equation ẋ = f(x, d) with disturbances d ∈ D, lead-31

ing to ẋ ∈ F (x) := {f(x, d) | d ∈ D}, see, for example [55]; optimality conditions in32

optimal control, where Euler-Lagrange or Hamiltonian equations feature nonsmooth33

functions and become inclusions, see the early [11] or the recent [12]; extensions of34

the gradient flow / steepest descent to nonsmooth functions; and more.35
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1Even earlier appearance of weak and strong invariance in dynamics, but in a different meaning,
is [52].
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The main results of this paper provide necessary conditions for strong forward36

invariance in terms of (smooth-enough) Lyapunov-like functions. Lyapunov functions,37

as sufficient conditions for asymptotic stability, date back to [34], and are an often-38

used and textbook tool [27]. Converse Lyapunov results, stating that the existence39

of a Lyapunov function, with different degrees of regularity, is a necessary condition40

for asymptotic stability in a differential equation, have a rich history too; see the41

survey [26]. For differential inclusions, the existence of smooth Lyapunov functions42

as a sufficient and, more importantly, necessary condition for asymptotic stability of43

an equilibrium, with relation to robustness, was observed in [13], with generalization44

to asymptotically stable sets in [57], and to more general hybrid dynamics in [7], [8].45

Lyapunov-like conditions for properties related to asymptotic stability, for exam-46

ple input-to-state stability, also abound [54]. Lyapunov-like conditions for forward47

completeness — which amounts to forward maximal solutions being forward com-48

plete and the open set of initial conditions being strongly forward invariant — date49

back to [25] and [6], where irregular Lyapunov-like functions were featured. Smooth50

Lyapunov-like, or barrier, functions for that purpose appear in [2], for differential51

equations and, essentially, Lipschitz continuous differential inclusions, and in [7] for52

hybrid inclusions. A special case of the result of [7], that generalizes [2], is stated53

below as Theorem 2.9 and used in the proof of one of the main results. Sufficient con-54

ditions for strong forward invariance, involving Lyapunov-like functions, were used by55

[22], [21], [9], [10], [16]. However, Lyapunov-like characterizations of strong forward56

invariance of a general set, in the setting of differential inclusions, and — especially —57

necessary conditions featuring smooth functions, do not appear to have been formu-58

lated before. 2 This is the purpose of Section 3 and Section 4.59

Sufficient conditions for strong forward invariance in terms of smooth Lyapunov-60

like functions, including those stated in Subsection 2.1, can of course be generalized61

to the use of nonsmooth functions and generalized differentiation techniques. This is62

not a goal of this work.63

Necessary and sufficient conditions for strong forward invariance, of a closed set,64

in terms of “subtangential” conditions on the dynamics date back to [39], [44], were65

revisited by [59], and recast in the language of tangent cones to the (viable or invariant)66

set in [4], [3], and are reasonably well-known. Some of these results are recalled in67

Subsection 2.3 below. Closely related to the subtangential conditions are the necessary68

and sufficient conditions for strong forward invariance of the set K = {x ∈ Rn |h(x) ≤69

0} for a differential equation with unique solutions, in terms of the (smooth) function70

h used as a Lyapunov-like function, in [28].71

The notion of safety, in a dynamical or control system, and the barrier functions72

used for that purpose, has recently gained attention in the control literature: see [46]73

and the subsequent [1], [58], [48], [28], [33], [41], [36], and [38]. Safety and strong74

forward invariance of certain sets are closely related. The relationship is clarified in75

Subsection 5.1 and some applications of the main results on invariance to safety are76

provided there. A different application of the main results is to establishing invariance77

of sets for an interconnection of several differential equations with inputs. This is done,78

and further discussed, in Subsection 5.2.79

2The main results of this paper have been announced, without proofs, in [20]. Further differences
from [20] include the application to interconnections in Subsection 5.2; a more detailed treatment
of the Lipschitz case in Proposition 4.3, Lemma 4.4, and Corollary 4.5; the discussion of sets with
regular boundary in Subsection 3.4; the discussion of (sub)tangential conditions in Subsection 2.3;
and the inclusion of several examples.
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2. Setting and background. Throughout this paper, F : Rn ⇒ Rn is a set-80

valued mapping, i.e., for every x ∈ Rn, F (x) ⊂ Rn is a set. A solution to the81

differential inclusion82

(2.1) ẋ ∈ F (x)83

is a function φ : I → Rn such that I ⊂ R is an interval (consisting of more than one84

point) and, for every [a, b] ⊂ I, φ is absolutely continuous on [a, b], and φ̇(t) ∈ F (φ(t))85

for almost all t ∈ I. A solution is forward maximal if it cannot be extended forward86

in time, and forward complete if I is unbounded from above.87

2.1. Strong invariance and sufficient conditions. A set K ⊂ Rn is strongly88

forward invariant for (2.1) if every solution φ : [0, T ] → Rn with φ(0) ∈ S satisfies89

φ(t) ∈ S for all t ∈ [0, T ]. Equivalently, K is strongly invariant if there exists no90

solution φ : [0, T ]→ Rn to (2.1) with φ(0) ∈ S and φ(T ) 6∈ S. 391

Example 2.1. (reachable sets) Let S ⊂ Rn be any set, and define the (infinite-
horizon) reachable set RS ⊂ Rn as

RS := S ∪
{
x ∈ Rn

∣∣∣∣ ∃ T > 0 and a solution φ : [0, T ]→ Rn
such that φ(0) ∈ S, φ(T ) = x

}
.

Then, RS is strongly forward invariant, essentially by its definition. 492

Example 2.1 requires no regularity of F . Consequently, the reachable set need not93

be closed, or otherwise regular, even when S is. The next example involves commonly94

encountered open and closed invariant sets.95

Example 2.2. (nonincreasing V ) Let V : Rn → R be a continuously differen-
tiable function. For r ∈ R, consider the level set V=r and the closed sublevel set V≤r,
respectively, defined by

V=r := {x ∈ Rn |V (x) = r}, V≤r := {x ∈ Rn |V (x) ≤ r}.

If there exists a neighborhood U ⊂ R of V=r such that96

(2.2) ∇V (x) · f ≤ 0 ∀x ∈ U, ∀f ∈ F (x),97

then V≤r is strongly forward invariant. Indeed, standard arguments show that, for
any solution φ : [a, b]→ U to (2.1), t 7→ V (φ(t)) is absolutely continuous on [a, b],

d

dt
V (φ(t)) = ∇V (φ(t)) · φ̇(t) ≤ 0

for almost all t ∈ [a, b], and thus V is nonincreasing along solutions to (2.1). For the
open sublevel set V<r, defined by

V<r := {x ∈ Rn |V (x) < r},

to be strongly forward invariant, it suffices that there exists a neighborhood U ⊂ R98

of V=r such that (2.2) holds not at all x ∈ U but all x ∈ U ∩ V<r. Furthermore, if99

(2.2) holds with U = Rn, then for every r ∈ R, the closed sublevel set V≤r and the100

open sublevel set V<r are strongly forward invariant. 4101

3The definition of strong forward invariance is intentionally stated without any assumptions on
F , and thus without any guarantees of the existence of solutions to (2.1). In an extreme case, this
renders every set K ⊂ Rn invariant for (2.1) where F (x) = ∅ for all x ∈ Rn and where there exist
no solutions to (2.1) at all. In [18, Definition 6.25], to highlight the issues of existence of nontrivial
solutions and of maximal solutions being not complete, the name “strong forward pre-invariance”
was proposed. This work drops the “pre” term.
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Example 2.3. Consider the differential equation ẋ = f(x), where the continuous
but not locally Lipschitz continuous function f : R→ R is given by

f(x) =

{
0 if x < 0,√
x if x ≥ 0.

The set K := (−∞, 0] is not strongly forward invariant, despite the fact that f(x) = 0102

for every x ∈ K. Indeed, φ(t) := t2/4 is a solution on [0,∞), with φ(0) = 0 ∈ K. The103

non-uniqueness of solutions, from 0, is to blame for this. Also, note that the function104

V (x) = x satisfies (2.2) at every x ∈ K (but not at x 6∈ K) and V≤0 = K is not105

strongly forward invariant. 4106

The issues highlighted in Example 2.3 suggest that conditions like (2.2) enforced107

only on a closed set need not imply its strong forward invariance. This is reflected in108

the sufficient condition below, which applies at points in a neighborhood of the closed109

set in question, and outside that set. On the other hand, the Lyapunov-like function110

V is allowed to grow, but not too fast.111

Proposition 2.4. (sufficient condition for a closed set) Let K ⊂ Rn be a non-112

empty closed set. Suppose that there exist an open neighborhood U ⊂ Rn of the113

boundary ∂K of K, a continuous function V : U → R which is continuously differen-114

tiable on U \K and such that V (x) = 0 if x ∈ ∂K and V (x) > 0 if x ∈ U \K, and115

λ ∈ R so that116

(2.3) ∇V (x) · f ≤ λV (x) ∀x ∈ U \K, ∀f ∈ F (x).117

Then, K is strongly forward invariant for (2.1).118

Proof. Suppose, for the sake of contradiction, that K is not strongly forward invari-
ant. Then, there exists a solution φ : [0, T ] → Rn of (2.1) such that φ(0) ∈ K and
φ(T ) 6∈ K. Subject to reducing T , one can assume that φ : [0, T ] → U . Let τ be the
maximum of t ∈ [0, T ) such that φ(t) ∈ K. Then, for every τ ′ ∈ (τ, T ), the function
t 7→ V (φ(t)) is absolutely continuous on [τ ′, T ] and, for almost all t ∈ [τ ′, T ],

d

dt
V (φ(t)) = ∇V (φ(t)) · φ̇(t) ≤ λV (φ(t))

and thus
V (φ(T )) ≤ eλ(T−τ

′)V (φ(τ ′)).

Continuity of V and letting τ ′ ↘ τ yields 0 < V (φ(T )) ≤ eλ(T−τ)V (φ(τ)) =119

eλ(T−τ)0 = 0 which is absurd. Thus, K is strongly forward invariant.120

Example 2.5. For the simple case of f(x) := x ∈ R and K := {0}, the function121

V (x) := x2 satisfies V ′(x)f(x) = 2V (x) for all x ∈ U := R, where V ′ is the derivative122

of the (scalar) function V . This confirms invariance of K for ẋ = f(x). In fact,123

considering U to be any open neighbourhood of 0 sufficies. Of course, for the locally124

Lipschitz function f , K consisting of an equilibrium guarantees invariance. 4125

For the f and K in Example 2.5, there is no continuous V that is positive definite126

with respect to K and nonincreasing along solutions. This suggests that increasing,127

but not too fast, Lyapunov functions need to be considered in necessary conditions.128

The right-hand side of the Lyapunov inequality (2.3) in Proposition 2.4 involves129

the function v 7→ λv. More general functions that guarantee the same outcome can be130

used; see, for example, the “minimal functions” in [28, Definition 1], the “uniqueness131
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functions” in [37, Definition 4], and the earlier references therein. Note that the132

condition in [37, Theorem 1] is the special case of (2.3) with λ equal to zero.133

Let O ⊂ Rn be a nonempty and open set. A function V : O → R is a barrier for134

O if limi→∞ V (xi) =∞ for every sequence of points xi ∈ Rn such that limi→∞ xi 6∈ O135

or limi→∞ ‖xi‖ =∞. Here and in what follows, ‖ · ‖ is the Euclidean norm.136

Proposition 2.6. (sufficient condition for an open set) Let O ⊂ Rn be nonempty137

and open. Suppose that there exist a continuously differentiable function V : O → R,138

which is a barrier for O, and λ ∈ R so that139

(2.4) ∇V (x) · f ≤ λV (x) ∀x ∈ O, ∀f ∈ F (x).140

Then O is strongly forward invariant.141

Proof. Suppose, for the sake of contradiction, that O isn’t strongly forward invariant.142

Then there exists a solution φ : [0, T ] → Rn to (2.1) such that φ(t) ∈ O for all143

t ∈ [0, T ) and φ(T ) 6∈ O. Then V (φ(ti)) ≤ eλtiV (φ(0)) for any sequence ti ↗ T ,144

while limi→∞ V (φ(ti)) = ∞ because V is a barrier for O and φ(T ) 6∈ O. This is a145

contradiction.146

The sufficient condition in Proposition 2.6 is not necessary. Indeed, condition (2.4)147

does not allow for a finite-time blow-up of a solution, i.e., for the existence of a solution148

φ : [0, T ) → Rn such that limt↗T ‖φ(t)‖ = ∞. Thus, no continuously differentiable149

barrier V satisfying (2.4) exists for, for example, the differential equation ẋ = x2 and150

the obviously forward invariant set O = R: every forward maximal solution with a151

positive initial condition blows up in finite time.152

Example 2.7. For the differential equation ẋ = f(x) := −x, on R, the open set
O := (0,∞) is forward invariant. The function V : O → R given by V (x) := x+ 1/x
is a barrier for O. For every x ∈ O,

V ′(x) · f(x) = −x+
1

x
≤ x+

1

x
= V (x).

Similarly, this V confirms that O is forward invariant for ẋ = x. 4153

2.2. Basic Assumptions and consequences. The differential inclusion (2.1)154

or just the mapping F satisfies the Basic Assumptions if F (x) is nonempty and convex155

for every x ∈ Rn, and F is outer semicontinuous (equivalently, it has a closed graph)156

and locally bounded. Equivalently, one may say that F (x) is nonempty, convex, and157

compact for every x ∈ Rn and F is upper semicontinuous. Another assumption used158

in what follows is of local Lipschitz continuity. The mapping F is locally Lipschitz159

continuous on Rn if for every bounded set S ⊂ Rn there exists kS > 0 such that160

(2.5) F (x′) ⊂ F (x) + kS‖x′ − x‖B ∀x, x′ ∈ S.161

The mapping F is Lipschitz continuous if there exists kS > 0 for S = Rn. When the162

values of F are closed, local Lipschitz continuity implies outer semicontinuity. The163

terminology and notation, used above and below, follows [49]; see also [19].164

Under the Basic Assumptions, for every x0 ∈ Rn there exists T > 0 and a solution165

φ : [0, T ] → Rn to (2.1) with φ(0) = x0, and every such solution can be extended166

to a forward maximal solution ψ on [0, τ), either with τ = ∞, which means that ψ167

is forward complete, or with ψ blowing up in finite time τ . Furthermore, under the168

Basic Assumptions, and subject to excluding finite-time blow-up, the sets of solutions169

on [0, T ] from x0 depend outer semicontinuously on x0. If, additionally, F is locally170

Lipschitz continuous, the sets of solutions depend continuously on x0. See [4] or [19].171
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Example 2.8. (asymptotic stability and invariance) Suppose F satisfies the172

Basic Assumptions and that a nonempty and compact set A ⊂ Rn is asymptotically173

stable for (2.1). Then, the basin of attraction O of A is open, and there exists a174

continuously differentiable V : O → [0,∞), positive definite with respect to A and175

a barrier for O, such that (2.4) holds with λ = −1. See [57], or the earlier [13] for176

the case of A = {0} and O = Rn. The open and closed sublevel sets of any such V177

are strongly forward invariant, as suggested in Example 2.2. The basin O is strongly178

forward invariant itself, essentially by its definition or by Proposition 2.6. 4179

The differential inclusion (2.1) is forward complete on a set S if S is strongly for-180

ward invariant and every forward maximal solution from x0 ∈ S is forward complete.181

For example, both simple differential equations in Example 2.7 are forward complete182

on the set O from that example. (This is clear from inspection, but can also be de-183

duced using the barrier function in Example 2.7 which ensures forward invariance and184

no finite-time blow-up which, in turn, ensures forward completeness.185

Forward completeness facilitates a kind of a converse result to Proposition 2.6.186

Theorem 2.9. (Lyapunov characterization of forward completeness) Let F sat-187

isfy the Basic Assumptions and O ⊂ Rn be open. Then, the following are equivalent:188

(a) (2.1) is forward complete on O;189

(b) For every barrier function ω : O → (0,∞) for O, there exist class-K∞ func-190

tions α1, α2 and a smooth function V : O → (0,∞) such that, for all x ∈ O,191

(2.6) α1(ω(x)) ≤ V (x) ≤ α2(ω(x)),192

∇V (x) · f ≤ V (x) ∀f ∈ F (x).

The equivalence follows from a generalization [7, Theorem 8.1] to hybrid dynamics
of the result [2, Theorem 2] given for differential equations with perturbations and so,
essentially, for a Lipschitz continuous differential inclusion. A direct approach can be
outlined for the setting of this paper. Basic Assumptions and forward completeness
ensure that finite-horizon reachable sets on [0, T ] from every initial condition are
compact subsets of O. Then, given a barrier ω, one can find a function β : [0,∞)2 →
[0,∞) that is nondecreasing in each of its arguments, such that

ω(φ(t)) ≤ β(ω(φ(0)), t) ∀t ∈ I,

and then, two class-K∞ functions κi so that

κ1(φ(t)) ≤ κ2(φ(0))et/2 ∀t ∈ I,

for every solution φ : I → Rn to (2.1). From here, the construction of the desired V is193

similar to what is done to construct, from a similar bound that involves exponential194

decay, a smooth Lyapunov function in [57].195

2.3. (Sub)tangential conditions. Necessary and sufficient conditions for via-196

bility and invariance date back to Nagumo [44], were revisited, among others, by [59],197

and have been reformulated in terms of tangent cones to a set.198

Let S ⊂ Rn be nonempty and closed, and suppose that F satisfies the Basic199

Assumptions. Let TS(x) be the tangent cone (also called the Bouligand tangent cone,200

or the contingent cone) to S at x. Then, the following equivalences hold:201

(i) for every x0 ∈ S there exists T > 0 and a solution φ : [0, T ]→ S of (2.1)202

if and only if203

6
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(ii) F (x) ∩ TS(x) for every x ∈ ∂S.204

If, furthermore, F is locally Lipschitz continuous on a neighborhood of S, then205

(iii) S is strongly forward invariant206

if and only if207

(iv) F (x) ⊂ TS(x) for every x ∈ ∂S.208

For formal statements and proofs, see [4, Chapter 4, Section 2, Theorem 1 and The-209

orem 3] or [3, Theorem 3.3.2 and Theorem 5.3.4]. Conditions (ii) and (iv) can be210

equivalently posed for every x ∈ S, because they trivially hold at points x ∈ intS211

at which TS(x) = Rn. Note that, while the condition (iv) is posed on S only, local212

Lipschitz continuity of F is assumed on a neighborhood of S. Also note that (i) does213

not ensure the existence of a forward complete solution from x0. 4214

Example 2.10. Let h : Rn → R be continuously differentiable and set S = h≤0.215

For any x such that h(x) = 0 and ∇h(x) 6= 0, which ensures that x ∈ ∂S, one has216

(2.7) TS(x) = {v ∈ Rn | ∇h(x) · v ≤ 0}.217

Suppose that ∇h(x) 6= 0 for every x ∈ ∂S = {y ∈ Rn |h(y) = 0}. If F satisfies218

the Basic Assumptions and is locally Lipschitz continuous, then S is strongly forward219

invariant if and only if220

(2.8) ∇h(x) · f ≤ 0 ∀x ∈ ∂S, ∀f ∈ F (x).221

If F is, in fact, given by locally Lipschitz continuous function f , then S is strongly222

forward invariant if and only if223

(2.9) ∇h(x) · f(x) ≤ 0 ∀x ∈ ∂S.224

4225

In the setting of the example above, when ∇h(x) = 0 occurs at a boundary226

point of S, (2.7) may fail and conditions (2.8) or (2.9) need not ensure invariance, if227

assumed only for x ∈ ∂S. When assumed on a neighborhood of S and not just on228

∂S, the necessity and sufficiency of conditions similar to (2.9), under some further229

assumptions on f and h, is treated in [28].230

The result below translates some of the implications above to the setting of dif-231

ferential equations232

(2.10) ẋ = f(x)233

with a potentially discontinuous f . Such f can arise when applying a discontinuous234

feedback k to a control system ẋ = fc(x, u) with a continuous fc, i.e., when considering235

ẋ = f(x) := fc(x, k(x)). Given f : Rn → Rn, a Krasovskii solution to (2.10) is a236

solution to (2.1), where F : Rn ⇒ Rn is the Krasovskii regularization of f , i.e.,237

(2.11) F (x) :=
⋂
δ>0

con f(x+ δB).238

In casual words, F is the “smallest” mapping that satisfies the Basic Assumptions239

and has f(x) ∈ F (x) for all x ∈ Rn.240

4In the control literature, weak invariance of a set S sometimes requests that there exist a forward
complete solution φ : [0,∞) → S from every initial condition in S. This is in fact expected, under
Basic Assumptions, from the ω-limits of solutions and used in the applications of the Invariance
Principle. See, for example, [32].
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Proposition 2.11. (tangent cone condition for discontinuous f) Let f : Rn →241

Rn be a locally bounded function and S ⊂ Rn be a nonempty and closed set. If242

f(x) ∈ TS(x) for all x ∈ ∂S and forward maximal Krasovskii solutions to (2.10) are243

unique, then S is strongly forward invariant for Krasovskii solutions to (2.10).244

Proof. For every x ∈ Rn, one has f(x) ∈ F (x) for F given by (2.11). Thus f(x) ∈245

TS(x) implies F (x)∩TS(x) 6= ∅, and the stated assumptions imply (ii). If S failed to be246

strongly forward invariant for Krasovskii solutions, then for some Krasovskii solution247

φ : [0, T ] → Rn one has φ(0) ∈ S and φ(t) 6∈ S for all t ∈ (0, T ]. But (ii) implies the248

existence of τ > 0 and a Krasovskii solution ψ : [0, τ ] → S with ψ(0) = φ(0). This249

violates the uniqueness of Krasovskii solutions.250

Example 2.3 confirms that the conclusion of the proposition fails without unique-251

ness, even if f is continuous. The example below confirms that f(x) ∈ TS(x) is not252

necessary for strong forward invariance, even if Krasovskii solutions are unique. (Ob-253

viously, strong forward invariance does not imply uniqueness of Krasovskii solutions.)254

Example 2.12. Let f : R→ R and its Krasovskii regularization F : R ⇒ R be

f(x) =

{
1 if x < 0,
−1 if x ≥ 0;

F (x) =

 1 if x < 0,
[−1, 1] if x = 0,
−1 if x > 0.

Krasovskii solutions to ẋ = f(x), i.e., solutions to ẋ ∈ F (x), are unique. The set
S := {0} is strongly forward invariant. But f(0) = −1 6∈ {0} = TS(0). A slightly
more interesting variant of this example, where invariance of S is verified by non-
constant solutions, comes from f : R2 → R2 given by

f(x, y) =

{
(1, v) if x < 0,

(−1, v) if x ≥ 0,

with any chosen v 6= 0. For the strongly forward invariant set S being the y-axis,255

f(0, y) ∈ TS(0, y) fails. 4256

If the word “Krasovskii” in Proposition 2.11 is replaced, both times, by “piecewise257

smooth”, or “Caratheodory”, or “Filippov”, then the result becomes false. Indeed:258

Example 2.13. Let f : R → R be given by f(x) = 1 if x 6= 0 and f(0) = −7.259

Then, piecewise smooth, or Caratheodory, or Filippov solutions to (2.10) are just260

classical solutions to ẋ = 1. (For the case of Filipov, the construction of the set-261

valued map defining Filippov solutions ignores values of the dynamics on sets of 0262

measure, and so f(0) is irrelevant.) The set S := (−∞, 0] is not forward invariant,263

while f(0) = −7 ∈ (−∞, 0] = TS(0). 4264

The (sub)tangential property and invariance have been characterized in terms of265

other, related, notions of nonsmooth analysis. For example, [14, Theorem 3.8] says266

that for a locally Lipschitz F , S is strongly forward invariant if and only if267

(2.12) H(x,NP
S (x)) ≤ 0 ∀ x ∈ S.268

Here, NP
S (x) is the proximal normal cone to S at x,

H(x, p) = sup{p · v | v ∈ F (x)}

is the upper Hamiltonian associated to F , and (2.12) is understood to say that269

H(x, p) ≤ 0 for all p ∈ NP
S (x). The connection to (iv) above is that, for a con-270

vex set S, NP
S (x) equals the normal cone in the sense of convex analysis, and then271

(2.12) is equivalent to (iv).272
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3. Converse results under Basic Assumptions. Throughout this section, it273

is assumed that274

• F satisfies the Basic Assumptions.275

3.1. Time-varying Lyapunov-like function. The result below first gives a276

sufficient condition for strong forward invariance of a closed set K in terms of a smooth277

time-varying Lyapunov-like function that does not increase faster than exponentially.278

The condition turns out necessary for a compact K and then, an exponentially de-279

creasing Lyapunov-like function exists. The conditions are inspired by the use of280

time-varying barrier functions in the context of safety, for example [38, Theorem 2].281

Theorem 3.1. (time-varying certificate of invariance) Let K ⊂ Rn be closed. If282

(a) there exists an open neighborhood N ⊂ Rn+1 of K × [0, 1], λ ∈ R, and a283

continuous function V : N → R that is continuously differentiable on N \284

(K × [0, 1]) such that285

(i) V (x, τ) = 0 for all (x, τ) ∈ ∂K × [0, 1],286

(ii) V (x, τ) > 0 for all (x, τ) ∈ N \ (K × [0, 1]),287

(iii) ∇V (x, τ) · (f, 1) ≤ λV (x, τ) for all (x, τ) ∈ N \ (K × [0, 1]) and all288

f ∈ F (x);289

then290

(b) K is strongly forward invariant for (2.1).291

If K is nonempty and compact, and (b) holds, then there exist an open neighborhood292

N ⊂ Rn+1 of K × [0, 1] and a smooth function V : N → [0,∞) such that V (x, τ) = 0293

for all (x, τ) ∈ K × [0, 1], (ii) above holds, and294

(iv) ∇V (x, τ) · (f, 1) ≤ −V (x, τ) for all (x, τ) ∈ N and all f ∈ F (x).295

If, additonally, (2.1) has no finite-time blow-up, one can take N = Rn+1.296

The proof of (a) implying (b) is essentially identical to that of Proposition 2.4,297

and is not provided. The proof that (b) implies (a) relies on augmenting the differ-298

ential inclusion (2.1) to a hybrid inclusion, in the framework of [18]. Consult that299

reference, or [19], for the definition of a solution, asymptotic stability, etc. A symbolic300

representation of a hybrid inclusion is301

(3.1)
ẋ ∈ F (x) x ∈ C
x+ ∈ G(x) x ∈ D

302

The result that facilitates the proof of Theorem 3.1 is the converse Lyapunov result303

for a hybrid inclusion recalled below; see [8, Theorem 3.13] or [18, Corollary 7.32].304

Theorem 3.2. (hybrid converse Lyapunov) Suppose that the data (F,C,G,D)
of (3.1) satisfies the Hybrid Basic Assumptions. Let A ⊂ Rn be a nonempty compact
set that is pre-asymptotically stable for (3.1). Then, its basin of attraction O ⊂ Rn
is an open neighborhood of A, and for every ω : O → [0,∞) that is a barrier for O
and positive definite with respect to A, there exist class-K∞ functions α1, α2 and a
smooth function V : Rn → [0,∞) such that the bounds (2.6) hold for all x ∈ O, and

∇V (x) · f ≤ −V (x) ∀x ∈ C, ∀f ∈ F (x);

V (g) ≤ 1

e
V (x) ∀x ∈ D, ∀g ∈ G(x).

Proof of (b) implying (a) in Theorem 3.1. Suppose that K is nonempty, com-305

9

This manuscript is for review purposes only.



pact, and strongly forward invariant for (2.1). Consider the hybrid inclusion306

(3.2)

(x, τ) ∈ Rn × [0, 1]

[
ẋ
τ̇

]
∈
[
F (x)

1

]
,

(x, τ) ∈ Rn × [0, 1]

[
x+

τ+

]
∈
[
K
0

]
.

307

It satisfies the hybrid basic assumptions. The compact set

A := K × [0, 1]

is strongly forward invariant for (3.2). Also, A is uniformly pre-attractive from a308

neighborhood of itself; in particular, if (t, j) belongs to the domain of a solution and309

t + j > 1 then (x(t, j), τ(t, j)) ∈ K × [0, 1]. Thus, according to [18, Proposition 7.5],310

the set A is locally pre-asymptotically stable for (3.2). Then, Theorem 3.2 implies311

that there exist a smooth Lyapunov function V : N → [0,∞) verifying this pre-312

asymptotic stability, where N ⊂ Rn+1 is the open basin of attraction. In particular,313

this Lyapunov function satisfies (i), (ii), and (iv). If, furthermore, (2.1) has no finite-314

time blow-up the every maximal solution to (3.2) flows until τ = 1 and then jumps315

to K. Then, the basin of attraction of A is Rn+1 and a V : Rn+1 → [0,∞) with the316

described properties exist.317

Pre-asymptotic stability of a compact set, under hybrid basic assumptions, is318

robust, in the sense that it is preserved under small-enough perturbations to F outside319

of the compact set. See [18, Theorem 7.21]. Such understanding of robustness, in the320

setting of differential inclusions, goes back to [13]. A stronger concept of robustness321

is discussed in Section 3.3. From the proof of Theorem 3.1, one can then deduce:322

Corollary 3.3. (robustness of invariance) Let K ⊂ Rn be a nonempty, compact323

set that is strongly forward invariant for (2.1). Then, the strong forward invariance of324

K for (2.1) is robust, in the following sense: there exists a continuous ρ : Rn → [0,∞)325

such that ρ(x) > 0 if x 6∈ K such that K is strongly forward invariant for326

(3.3) ẋ ∈ Fρ(x),327

where the inflation Fρ : Rn ⇒ Rn of F is the mapping given at each x ∈ Rn by328

(3.4) Fρ(x) := conF (x+ ρ(x)B) + ρ(x)B.329

Example 3.4. Consider the differential equation ẋ = f(x) for the continuous,
but not Lipschitz continuous, function f : R→ R given by

f(x) =

{ √
x sin (π/x) if x > 0,

0 if x ≤ 0.

Strong forward invariance of the set K := (−∞, 0] can be verified directly, or from the330

existence of a continuously differentiable function V : R→ [0,∞) that is 0 on (−∞, 0],331

bounded below and above on (0,∞) by, respectively, x 7→ x2 and x 7→ 2x2, and is332

increasing on the intervals where f is negative and nonincreasing on the intervals333

where f is positive. Such a V satisfies V ′(x) ·f(x) ≤ 0 ≤ V (x) for all x, which ensures334

that K is stable and strongly forward invariant. To observe that the invariance of335

K is not robust to perturbations of a size proportional to the distance to K, take336

ρ(x) := max{0, ax} with an arbitrary a > 0 and consider the inflation (3.4) with337

F (x) = f(x). It is an exercise to verify that
√
x ∈ Fρ(x) for all x ∈ [0, a/(2(a + 1))]338

and thus for all positive x close enough to 0. Consequently, K is not strongly forward339

invariant for (3.3). Corollary 3.3 ensures robustness to smaller perturbations. 4340
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3.2. Autonomous Lyapunov-like function. The next result is a necessary341

and sufficient condition for strong forward invariance of a set, in terms of a continuous342

Lyapunov-like function that is smooth outside the set and does not increase faster than343

exponentially along solutions. It features an assumption on the reversed dynamics344

(3.5) ẋ ∈ −F (x).345

Observe that, for any set K ⊂ Rn, K is strongly forward invariant for (2.1) if and346

only if Rn \K is strongly forward invariant for (3.5).347

Theorem 3.5. (autonomous certificate of invariance) Suppose that (3.5) has no348

finite-time blow-up and K ⊂ Rn is nonempty and closed. The following are equivalent:349

(a) K is strongly forward invariant for (2.1).350

(b) There exists a continuous function V : Rn → [0,∞) which is smooth on
Rn \K such that V (x) = 0 if and only if x ∈ K and

∇V (x) · f ≤ V (x) ∀x ∈ Rn \K, ∀f ∈ F (x).

For (2.1), one condition that excludes finite-time blow up is the existence of
a globally asymptotically stable compact set. Another is linear growth of F : the
existence of c, d > 0 such that

‖v‖ ≤ c‖x‖+ d ∀x ∈ Rn, ∀v ∈ F (x).

If F has linear growth then so does −F , and thus linear growth of F excludes finite-351

time blow-up for (3.5). (Mappings that satisfy the Basic Assumptions and have linear352

growth are sometimes called Marchaud maps [3, Definition 2.2.4].)353

The implication (b) =⇒ (a) in Theorem 3.5 is a special case of Proposition354

2.4. A key step in the proof of the other implication is noting that invariance of K is355

equivalent to invariance of its open complement for (3.5), which, when combined with356

no finite-time blow up, admits a Lyapunov-like characterization by Theorem 5.4.357

Proof of (a) implies (b) in Theorem 3.5. Suppose (a). Then, the open set

O := Rn \K

is strongly forward invariant for (3.5). Because (3.5) has no finite-time blow-up, O is
forward complete for (3.5). Theorem 2.9 provides a smooth function W : O → (0,∞)
that is a barrier for O and such that

∇W (x) · (−f) ≤W (x) ∀x ∈ O, ∀f ∈ F (x).

For x ∈ O, define

V (x) :=
1

W (x)

and for x ∈ K, set V (x) := 0. Because W is a barrier for O, V : Rn → [0,∞) is358

continuous, and 0 only on K. At x ∈ O, for every f ∈ F (x),359

∇V (x) · f = − 1

W 2(x)
∇W (x) · f =

1

W 2(x)
∇W (x) · (−f)360

≤ 1

W 2(x)
W (x) =

1

W (x)
= V (x).361

This verifies (b).362
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Example 3.6. For the differential equation ẋ = x, the set K := (−∞, 0] is
strongly forward invariant. Example 2.7 suggested that W (x) = x + 1/x confirms
invariance of O := R \ K = (0,∞) for the reverse dynamics ẋ = −x. The function
V : R→ [0,∞), constructed from W following the proof of Theorem 3.5, is

V (x) = max

{
0,

x

1 + x2

}
.

It is a simple exercise to verify that V ′(x)x ≤ V (x) for all x > 0. 4363

Example 3.7. It is a pleasant but pointless calculus exercise to verify directly
that a function V as in (b) of Theorem 3.5 does not exist for the differential equation
in Example 2.3 and the not strongly forward invariant set K = (−∞, 0]. Suppose that
there exists a continuous V : [0, c) → [0,∞), continuously differentiable and positive
on (0, c), with V (0) = 0, and such that

V ′(x)
√
x ≤ V (x) ∀x ∈ (0, c).

Then, for every 0 < a < b < c,

lnV (b)− lnV (a) =

∫ b

a

V ′(x)

V (x)
dx ≤

∫ b

a

dx√
x

= 2
√
b− 2

√
a.

Letting a↘ 0, so that V (a)↘ 0, produces a contradiction. 4364

For a compact invariant set K, one can dispose of the extra assumption of no365

blow-up, with the price to pay being that the Lyapunov-like function is constructed366

not on Rn but on a neighborhood of K. This is done next.367

Corollary 3.8. (local autonomous certificate of invariance) Let K ⊂ Rn be a368

nonempty compact set. The following are equivalent:369

(a) K is strongly forward invariant for (2.1).370

(b) For any bounded and open neighborhood U ⊂ Rn of K there exists a contin-
uous function V : U → [0,∞) that is smooth on U \K such that V (x) = 0 if
and only if x ∈ K and

∇V (x) · f ≤ V (x) ∀x ∈ U \K, ∀f ∈ F (x).

Proof. The implication from (b) to (a) is proved almost identically to what occurred371

in Proposition 2.4; given a solution φ that leaves K one just needs to pick U large372

enough to contain the range of φ.373

For the opposite implication, pick any bounded and open neighborhood U of K.
Let h : Rn → [0, 1] be any continuous function such that h(x) = 1 for x ∈ U and
h(x) = 0 for x 6∈ U + B. For example, let h(x) = max{1, dRn\(U+B)(x)}. 5 Define
Fh : Rn ⇒ Rn by

Fh(x) := h(x)F (x).

Then Fh(x) = {0} for all x 6∈ U + B, so that the augmented differential inclusion374

ẋ ∈ Fh(x) has no finite-time blow-up to ∞, and Fh(x) = F (x) for all x ∈ U , so that375

K is strongly forward invariant for this augmented inclusion. Because Fh satisfies the376

Basic Asssumptions, Theorem 3.5 yields a function W on Rn with the listed properties377

for Fh. When restricted to U , because Fh(x) = F (x) for all x ∈ U , this function is378

what is described in (b).379

5Here, and in what follows, dS : Rn → [0,∞) is the distance to a nonempty set S ⊂ Rn, i.e.,
dS(x) := inf{‖y − x‖ | y ∈ S}.
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Remark 3.9. If a smooth, where needed, function V : U → R satisfies

∇V (x) · f ≤ λV (x) ∀x ∈ U \K, ∀f ∈ F (x),

then the function W : U × R→ R given by W (x, t) = e−λ
′tV (x) with λ′ > λ satisfies380

∇W (x, t) · (f, 1) = e−λ
′t∇V (x) · f − λ′e−λ

′tV (x)381

≤ e−λ
′tλV (x)− λ′W (x, t) = (λ− λ′)W (x, t).382

Thus, the autonomous Lyapunov-like functions from Theorem 3.5 and Corollary 3.8,383

which don’t increase faster than exponentially along solutions, can be used to pro-384

duce time-varying functions that satisfy the Lyapunov inequality of Theorem 3.1, and385

decrease exponentially.386

3.3. Strongly robust invariance. Corollary 3.3 noted that strong forward in-387

variance of a compact set is robust, i.e., it persists for the inflated dynamics (3.3)388

given by the inflation (3.4), where the inflation size ρ vanishes on the compact set.389

This subsection addresses strong robustness, where ρ is positive everywhere.390

Theorem 3.10. (necessary condition for strongly robust invariance) Let K ⊂ Rn391

be a nonempty and compact set. If392

(a) K is strongly robustly strongly forward invariant, i.e., there exists a continu-393

ous ρ : Rn → (0,∞) such that K is strongly forward invariant for (3.3),394

then395

(b) there exists a smooth function V : Rn → [0,∞), positive definite with respect
to K and proper, and a neighborhood U ⊂ Rn of K, such that

∇V (x) · f ≤ −V (x) ∀x ∈ U, ∀f ∈ F (x).

What facilitates this result is the nice observation in [33, Theorem 19], simplified396

and generalized to hybrid dynamics by [42, Proposition 3.8], and summarized in the397

theorem below, that strong robustness of invariance relates to asymptotic stability.398

The result below deals with the differential inclusions399

ẋ ∈ L(x) + ρ1(x)B,(3.6)400

ẋ ∈ L(x) + ρ2(x)B.(3.7)401402

Theorem 3.11. (from invariance to stability) Let L : Rn ⇒ Rn satisfy the Basic403

Assumptions and be locally Lipschitz continuous. Let ρ1 : Rn → (0,∞) be continuous404

and ρ2 : Rn → (0,∞) be locally Lipschitz continuous and such that ρ2(x) < ρ1(x) for405

all x ∈ Rn. If406

• the set X ⊂ Rn is strongly forward invariant for (3.6)407

then408

• its closure X is (locally) asymptotically stable for (3.7).409

Another ingredient in the proof of Theorem 3.10 is the approximation of F and its410

inflations with a locally Lipschitz set-valued mapping. The next result can be deduced411

from [57, Lemma 8], which extracted the essential conclusions from [13, Proposition412

3.5], and from [18, Lemma 7.36].413

Lemma 3.12. (Lipschitz inflation) For any continuous function ρ : Rn → (0,∞)414

there exist415

(i) a set-valued mapping L : Rn ⇒ Rn that satisfies the Basic Assumptions and416

is locally Lipschitz continuous;417

13

This manuscript is for review purposes only.



(ii) continuous functions ρ0, ρ1 : Rn → (0,∞)418

such that, for every x ∈ Rn,419

(3.8) F (x) ⊂ Fρ0(x) ⊂ L(x) ⊂ L(x) + ρ1(x)B ⊂ Fρ(x).420

Proof of Theorem 3.10. Suppose that K is robustly strongly invariant, and let L421

and ρ1 come from Lemma 3.12. Let ρ2 : Rn → (0,∞) be as described Theorem 3.11.422

Then K is (locally) asymptotically stable for (3.7), with an open basin of attraction.423

Then, there exists a compact neighborhood U of K, with U being a subset of the424

mentioned basin of attraction, such that the constrained differential inclusion given425

by (3.7) and x ∈ N is (globally) pre-asymptotically stable, in the terminology of [18],426

[8]. Then, through Theorem 3.2 one obtains a smooth, positive definite with respect427

to K, and proper V : Rn → [0,∞) such that428

(3.9) ∇V (x) · (L(x) + ρ2(x)B) ≤ −V (x)429

for all x ∈ U . Because F (x) ⊂ L(x), the inequality in (b) follows.430

The necessary condition in Theorem 3.10 can be altered to a necessary and suf-431

ficient, and slightly more technical, condition. The implication from (a) to (b) in the432

result below follows from (3.8) and (3.9). For the opposite implication, one can use433

ρ′ in the definition of strong robustness of invariance.434

Corollary 3.13. (certificate of strongly robust invariance) Let K ⊂ Rn be a435

nonempty and compact set. The following are equivalent:436

(a) K is strongly robustly strongly forward invariant.437

(b) There exist a continuous function ρ′ : Rn → (0,∞) and a smooth function
V : Rn → [0,∞), positive definite with respect to K and proper, and a neigh-
borhood N ⊂ Rn of K, such that

∇V (x) · f ≤ −V (x) ∀x ∈ N, ∀f ∈ Fρ′(x).

Remark 3.14. If F , besides satisfying the Basic Assumptions, is continuous,
then the robustness of invariance, as described in (a) of Theorem 3.10, is equivalent
to the existence of a continuous function ρ′ : Rn → (0,∞) such that K is strongly
forward invariant for ẋ ∈ F (x) + ρ′(x)B. Indeed, for any continuous ρ : Rn → (0,∞)
there exists a continuous ρ′ : Rn → (0,∞) such that

F (x+ ρ′(x)B) + ρ′(x)B ⊂ F (x) + ρ(x)B ∀x ∈ Rn.

Remark 3.15. If a nonempty and compact set K ⊂ Rn is strongly robustly
strongly forward invariant, then there exists a smooth function V : O → [0,∞),
where O is an open neighborhood of K, and ε > 0 such that

∇V (x) · f ≤ −ε ∀x ∈ ∂K, ∀f ∈ F (x).

Indeed, the ω-limit from K for (2.1), A := Ω(K), is contained in the interior of K,438

and thus is asymptotically stable and its basin of attraction contains K. To see that439

A ⊂ intK, note that A ⊂ K thanks to strong forward invariance, and suppose that440

a ∈ A ∩ ∂K. Because A is backward invariant, there exists a solution φ : [0, T ]→ Rn441

to (2.1) with φ(0) =: x0 for some x0 ∈ A ⊂ K, and with φ(T ) = a. Then, there exists442

δ > 0 such that, for every a′ ∈ a+ δB, there exists a solution ψ : [0, T ]→ Rn to (3.3),443

where ρ comes from the definition of strong robustness of strong forward invariance of444
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K for (2.1), such that ψ(0) = x0 and ψ(T ) = a′. This contradicts the strong forward445

invariance of K for (3.3), and thus A ⊂ intK. The V claimed at the beginning in446

the remark is any smooth Lyapunov function, defined on the basin of attraction of A,447

confirming asymptotic stability of A for (2.1).448

The necessary condition stated and justified above is, unfortunately, not a suffi-449

cient condition for strong forward invariance of K. Indeed, K is not guaranteed to be450

a sublevel set of V , and thus the strict decrease of V at the boundary of K does not451

ensure invariance.452

3.4. Sets with regular boundary. In this subsection, M ⊂ Rn is a compact
Ck submanifold of dimension n−1 which is a boundary of a bounded open set O ⊂ Rn.
Here, k ∈ {1, 2, . . . }. Let DM : Rn → R be the signed distance from M :

DM (x) :=

{
dM (x) if x 6∈ O
−dM (x) if x ∈ O

(In [29], the sign choice was opposite.) Also, let PM : Rn ⇒ M be the projection453

onto M , or set of closest points in M to x, i.e., PM (x) := {y ∈M | ‖x− y‖ = dM (x)}.454

Then, following [29],455

(i) If k = 1 and PM : Rn ⇒M is single-valued on some open neighborhood U of456

M then DM is continuously differentiable on U .457

(ii) If k ≥ 2 then DM is Ck on some open neighborhood U of M .458

Theorem 3.16. Let K := O ∪M , which is a compact set in Rn. Suppose that459

k ≥ 2, or k = 1 and PM is single-valued on some open neighborhood U of M . The460

following are equivalent:461

(a) K is strongly robustly strongly forward invariant for (2.1).462

(b) There exists ε > 0 such that ∇DM (x) · f ≤ −ε for all x ∈M , f ∈ F (x).463

(c) There exist an open neighborhood U of M , a continuously differentiable func-464

tion V : U → R such that V (x) = 0 if x ∈ M and V (x) > 0 if x 6∈ K, and465

ε > 0 such that ∇V (x) · f ≤ −ε for all x ∈ U , f ∈ F (x). One such V is DM .466

Proof. The implications from (b) to (c) and from (c) to (a) are straightforward. To
prove that (a) implies (b), assume (a) and suppose that (b) fails. Then, thanks to the
continuity of ∇DM and to outer semicontinuity and local boundedness of F , there
exists x ∈ M and f ∈ F (x) such that ∇DM (x) · f ≥ 0. Let ρ : R → (0,∞) come
from the definition of strong robustness, so that K is strongly forward invariant for
ẋ ∈ Fρ(x). Because ρ is positive and continuous, there exists a neighborhood N of x
such that f ∈ F (x′ + ρ(x′)B) for all x′ ∈ N . Furthermore, there exists a > 0 and a
neighborhood N ′ ⊂ N of x such that

v := f + a∇DM (x) ∈ F (x′ + ρ(x′)B) + ρ(x′)B = Fρ(x
′)

for all x′ ∈ N ′. Then, φ(t) := x + tv defines a solution to ẋ ∈ Fρ(x) on [0, T ] with467

small enough T > 0. For this solution468

d

dt
DM (φ(t)) = ∇DM (φ(t)) · (f + a∇DM (x))469

= ∇DM (x+ tv) · f + a∇DM (x+ tv) · ∇DM (x)470

≥ 1

2
a‖∇DM (x)‖2 > 0471

for all small enough t ≥ 0, because ∇DM (x) · f ≥ 0, ∇DM is continuous, and472

∇DM (x) 6= 0. Then, for small enough t > 0, DM (φ(t)) > 0, because DM (φ(0)) = 0.473

This contradicts strong forward invariance.474
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Note that the set K := O ∪M can be represented as {x ∈ Rn |h(x) ≤ 0}, where475

h = DM . This relates the developments above to Example 2.10, where sets defined476

by more general functions h were considered.477

Not the signed distance, but the distance to the invariant set is used in the next478

section as a natural candidate for a Lyapunov-like function verifying invariance.479

4. Converse results under Lipschitz continuity. Throughout this section,480

it is assumed that481

• F is outer semicontinuous, locally bounded and F (x) 6= ∅ for every x ∈ Rn.482

In contrast to Basic Assumptions, convexity of F (x) is not assumed. Further, Lip-483

schitz continuity assumptions on F are stated as needed. The main result is as follows:484

Theorem 4.1. (autonomous certificate of invariance) Suppose that F is Lip-485

schitz continuous on Rn, with a Lipschitz constant L. Let K ⊂ Rn be a nonempty486

compact set. The following are equivalent:487

(a) K is strongly forward invariant for (2.1).488

(b) For every 0 < a1 < 1 < a2, λ > 2L, and ζ > 2 there exists a continuously489

differentiable function V : Rn → [0,∞), smooth on Rn \ K, such that, for490

every x ∈ Rn, one has491

a1d
2
K(x) ≤ V (x) ≤ a2d2K(x),(4.1)492

∇V (x) · f ≤ λV (x) ∀f ∈ F (x),(4.2)493

‖∇V (x)‖ ≤ ζdK(x).(4.3)494495

Previous converse results, Theorem 3.1 and Theorem 3.5, rely on known results496

guaranteeing the existence of smooth Lyapunov or Lyapunov-like functions certifying497

certain properties. In the proof of Theorem 4.1, a natural candidate for a Lyapunov-498

like function, namely the distance from the invariant set K, requires a smoothing499

procedure. The following technical preliminary result [57, Lemma 16] is inspired by500

an earlier result by [13] and has roots dating back to [31].501

Lemma 4.2. (smoothing tool) Let O ⊂ Rn be open and the three functions α :
O → R and µ, ν : O → (0,∞) be continuous. Suppose V0 : O → R is locally Lipschitz
on O, F is convex-valued and locally Lipschitz on O, and for almost all x ∈ O and
all f ∈ F (x),

∇V0(x) · f ≤ α(x).

Then, there exists a smooth function V : O → R such that, for all x ∈ O,

|V (x)− V0(x)| ≤ µ(x),

and, for all x ∈ O and all f ∈ F (x),

∇V (x) · f ≤ α(x) + ν(x).

Proof of Theorem 4.1. Only the implication from (a) to (b) deserves a proof. The
function dK : Rn → [0,∞), where dK(x) := miny∈K ‖x− y‖ is the distance from x to
K, is Lipschitz continuous with constant 1. Let L > 0 be a Lipschitz constant for F .
It is claimed that, for every x ∈ Rn and f ∈ F (x),

DdK(x; f) := lim inf
v→f
t↘0

dK(x+ tv)− dK(x)

t
≤ LdK(x).
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The subderivative DdK(x; f) of dK at x for f , as called in [49], and also referred to502

as the contingent derivative [3], [4], [5], reduces to what is often called the lower Dini503

derivative because dK is Lipschitz continuous, and to ∇dK(x) · f at each x at which504

dK is differentiable [49, Theorem 9.18]. The complement of the set of all such points505

x is of measure 0, by the Rademacher’s theorem [49, Theorem 9.60]. Thus, for almost506

all x ∈ Rn and all f ∈ F (x), one has507

(4.4) ∇dK(x) · f ≤ LdK(x).508

To see that the claim is true, pick x ∈ Rn and f ∈ F (x). By [4, Theorem 2, Section
3, Chapter 2] there exists T > 0 and a continuously differentiable φ : [0, T ] → Rn
solving (2.1) and such that φ(0) = x and φ̇(0) = f . Let y ∈ K be such that ‖x−y‖ =
dK(x). By [4, Theorem 1, Section 4, Chapter 2] there exists ψ : [0, T ] → Rn solving
(2.1) such that ψ(0) = y and, for all t ∈ [0, T ],

‖φ(t)− ψ(t)‖ ≤ eLt‖x− y‖.

Since K is strongly forward invariant, ψ(t) ∈ K for all t ∈ [0, T ], and then

dK(φ(t)) ≤ ‖φ(t)− ψ(t)‖ ≤ eLt‖x− y‖ = eLtdK(x).

Because φ(t) = x+ tφ(t)−xt and φ(t)−x
t = φ(t)−φ(0)

t → φ̇(0) = f when t↘ 0, one has509

DdK(x; f) ≤ lim inf
t↘0

dK(φ(t))− dK(x)

t
≤ dK(x) lim inf

t↘0

eLt − 1

t
= LdK(x).510

This establishes the claim.511

It is clear that (4.4) holds at almost all x ∈ Rn, not just for all f ∈ F (x) but for
all f ∈ conF (x). Let O := Rn \K and define µ, ν : O → (0,∞) by

µ(x) = ν(x) := κdK(x)

for small κ > 0. Lemma 4.2, applied with O, µ, ν as above and with V0 = dK and512

α = LdK , yields a smooth function V1 : O → R such that, for all x ∈ O,513

(4.5) (1− κ)dK(x) ≤ V1(x) ≤ (1 + κ)dK(x),514

and, for all x ∈ O and f ∈ conF (x),

∇V1(x) · f ≤ LdK(x) + κdK(x) ≤
(

L

1− κ
+ κ

)
V1(x).

Extend V1 from O to Rn by setting V1(x) = 0 if x ∈ K, and define V : Rn → [0,∞)

by V (x) := (V1(x))
2
. It is straightforward to check that this V satisfies (4.1) with

α1 = (1− κ)2 < 1, α2 = (1 + κ)2 > 1, thanks to (4.5), and (4.2) with

λ = 2

(
L

1− κ
+ κ

)2

> 2L.

To verify (4.3), recall that dK is Lipschitz continuous with constant 1, so ∇dK(x),515

wherever it exists, satisfies ‖∇dK(x)‖ ≤ 1. Then, the function Vσ defined in the proof516
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of Lemma 16 in [57], recalled here as Lemma 4.2, satisfies, thanks to (366) in [57], the517

following bound:518

|∇Vσ(x) · v| =
∣∣∣∣∫ ∇dK(x+ σξ) · v ψ(ξ) dξ

∣∣∣∣519

≤
∫
‖∇dK(x+ σξ)‖ ‖v‖ψ(ξ) dξ ≤ ‖v‖

∫
ψ(ξ) dξ = ‖v‖520

for every x, v ∈ R. From this, ‖∇Vσ(x)‖ ≤ 1. Then, the definition given in [57]521

under (372), when applied to V1 here, ensures that ‖∇V1(x)‖ ≤ 1. Then, ∇V (x) =522

2V1(x)∇V1(x) and the bound (4.3), with ζ = 2(1 + κ), follows. Now, κ > 0 can be523

chosen so that α1, α2 are arbitrarily close to 1, λ is arbitrarily close to 2L, and ζ is524

arbitrarily close to 2.525

In the proof of Theorem 4.1, one passed from (4.4) holding for all f ∈ F (x) to (2.1)526

holding for all f ∈ conF (x), where conF (x), the convex hull of F (x), is the smallest527

convex set containing F (x). A different approach to handling the lack of convexity of528

F , so that Lemma 4.2 can be invoked, is the following simple observation:529

Proposition 4.3. Suppose that F is Lipschitz continuous and K ⊂ Rn is a530

nonempty closed set. The following are equivalent:531

(a) K is strongly forward invariant for (2.1).532

(b) K is strongly forward invariant for533

(4.6) ẋ ∈ conF (x).534

Proof. Because F (x) ⊂ conF (x), (b) implies (a). Now suppose that (b) fails, so that535

there exists a solution φ : [0, T ] → Rn to (4.6) with φ(0) ∈ K and φ(T ) 6∈ K. By536

the Filippov-Ważewski relaxation theorem and its immediate consequences (see, for537

example, [5, Theorem 10.4.4, Corollary 10.4.5]) solutions to (4.6) can be approximated538

by solutions to (2.1) with the same initial condition, and in particular there exists a539

solution ψ : [0, T ]→ Rn to (2.1) with ψ(0) = φ(0) ∈ K and ψ(T ) 6∈ K. This violates540

strong forward invariance of K for (2.1).541

The application of invariance-based arguments in Subsection 5.2 requires a local542

version of Theorem 4.1. Such a version is obtained in the corollary below.543

Lemma 4.4. Let G : Rn ⇒ Rn be a set-valued mapping K ⊂ Rn be a nonempty544

compact set, and δ > 0 be such that domG = Rn and G is Lipschitz continuous545

on Kδ := K + δB. Then, for every δ′ ∈ (0, δ) there exists a set-valued mapping546

G′ : Rn ⇒ Rn such that G′(x) = G(x) for all x ∈ Kδ′ := K + δ′B and G′ is Lipschitz547

continuous on Rn.548

Proof. Pick δ′ ∈ (0, δ) and a smooth function α : Rn → [0, 1] such that α(x) = 1 for
all x ∈ Kδ′ and α(x) = 0 for all x 6∈ Kδ. Let L > 0 be a Lipschitz constant for G
on Kδ, M > 0 be a Lipschitz constant for α, and N := sup{|y| | y ∈ F (x), x ∈ Kδ}.
Define G′ : Rn ⇒ Rn by

G′(x) := α(x)G(x) ∀x ∈ Rn.

Then, for any x, y ∈ Rn,549

dH(G′(x), G′(y)) = dH(α(x)G(x), α(y)G(y))550

≤ dH(α(x)G(x), α(x)G(y)) + dH(α(x)G(y), α(y)G(y))551

≤ dH(G(x), G(y)) + |α(x)− α(y)|N552

≤ L‖x− y‖+M‖x− y‖N = (L+MN)‖x− y‖.553
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554

In the setting of Lemma 4.4, if K is strongly forward invariant for ẋ ∈ G(x), then555

it is strongly forward invariant for ẋ ∈ G′(x), because G and G′ are the same on a556

neighborhood of K. Also, if G is outer semicontinuous and locally bounded, then so557

is G′. Thus, the next result can be deduced from Theorem 4.1 and Lemma 4.4. An558

application of it, to invariance in interconnections, is in Subsection 5.2.559

Corollary 4.5. (local autonomous certificate of invariance) Suppose that F is560

Lipschitz continuous on a neighborhood of a nonempty compact set K ⊂ Rn. The561

following are equivalent:562

(a) K is strongly forward invariant for (2.1).563

(b) For every 0 < a1 < 1 < a2, λ > 2L, and ζ > 2 there exists a continuously564

differentiable function V : Rn → [0,∞), smooth on Rn \ K, such that, for565

every x ∈ Rn, (4.1) and (4.3) hold, and for every x in a neighborhood of K,566

(4.2) holds.567

5. Connections and applications. The last section underlines connections568

and highlights potential applications of the Lyapunov-like characterizations of strong569

forward invariance to two topics: barrier functions for safety, and invariance in inter-570

connections.571

5.1. Barriers and safety. Throughout this section572

• Xg, Xb ⊂ Rn are nonempty sets with Xg ∩Xb = ∅.573

The differential inclusion (2.1) is safe with respect to (Xg, Xb) if there exists no solution574

from Xg that reaches Xb. Some immediate connections of the concept of safety to the575

concept of strong forward invariance are as follows: Obviously, for any set K ⊂ RN ,576

(2.1) is safe with respect to (K,Rn \K) if and only if K is strongly forward invariant577

for (2.1). More broadly, this is known:578

Proposition 5.1. The following are equivalent:579

(a) The differential inclusion (2.1) is safe with respect to (Xg, Xb).580

(b) There exists a strongly forward invariant for (2.1) set K ⊂ Rn such that581

(5.1) Xg ⊂ K ⊂ Rn \Xb.582

Indeed, if (2.1) is safe with respect to (Xg, Xb), then the strongly forward invariant583

infinite horizon reachable set (recall Example 2.1) from Xg plays the role of a set K584

such that (5.1) holds. This reachable set need not, in general, be closed or open even585

if Xg is. The implication from (b) to (a) is obvious.586

A natural sufficient condition for safety, dating back to [45] and given originally587

for a differential equation, involves a continuously differentiable barrier function B :588

Rn → R such that B(x) ≤ 0 for x ∈ Xg, B(x) > 0 for x ∈ Xb, and589

(5.2) ∇B(x) · f ≤ 0 ∀x ∈ Rn,∀f ∈ F (x).590

Naturally, (5.2) renders the set591

(5.3) K := {x ∈ Rn : B(x) ≤ 0}592

strongly forward invariant. This, and thus also safety, remains true if (5.2) is altered593

to hold as a strict inequality but only at x ∈ ∂K.594
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Already in [45], (5.2) was shown to be necessary, for a differential equation, and595

subject to compactness of Xg, Xb and of the whole state space, and a further some-596

what restrictive assumption. Versions and extensions of this sufficient condition, and597

converse statements, appear in [47], [58], [1], [48], [38] [33], and [41]. For example, in598

the current setting of a differential inclusion subject to the Basic Assumptions, [38]599

provides a necessary and sufficient condition for safety with time varying, lower semi-600

continuous, and nonincreasing barrier function. Characterizations of strongly robust601

safety are discussed below, after Proposition 5.3.602

The converse results producing barrier functions yield functions that are not in-603

creasing. Most of these results can’t be immediately applied to a strongly forward604

invariant closed set K =: Xg and its complement Xb := Rn \K, because such Xb is605

not closed and because often, for example in [47], the state space itself is compact606

and not Rn, and further assumptions are made. In fact, by the simple Example 2.5,607

there may be no positive definite function that is nonincreasing along all solutions.608

Accordingly, the converse results in Section 3 allow for a not-too-fast increase.609

One path to applying the converse results in Section 3 in the context of safety is610

as follows. Following [3], given a set S ⊂ Rn, the (strong forward) invariance kernel611

of S is the largest closed subset of S that is strongly forward invariant for (2.1). From612

[3, Theorem 5.4.2], it follows that:613

Theorem 5.2. (invariance kernel) Let F : Rn ⇒ Rn be Lipschitz continuous.614

Then for any closed S ⊂ Rn there exists the (possibly empty) invariance kernel. It615

consists of all initial conditions in S from which all solutions stay in S.616

With this terminology and result, if Xb is open and if the invariance kernel of617

Rn \Xb contains Xg, then (2.1) is safe with respect to (Xg, Xb).618

Proposition 5.3. (invariance kernel for safety) Let F : Rn ⇒ Rn be Lipschitz619

continuous. Suppose that (2.1) is safe with respect to (Xg, X̃b), where X̃b is an open620

set containing Xb. Then, K ⊂ Rn defined as the invariance kernel of Rn \ X̃b is621

nonempty and a strongly forward invariant for (2.1) closed set such that (5.1) holds.622

Now, one can apply the results in Section 3 and Section 4 to K. The additional623

margin of safety assumed in Proposition 5.3, through the open set X̃b, resembles624

what is sometimes done in the barrier/safety literature and what can be deduced625

from robustness assumptions, like in [33].626

In the context of strongly robust safety for (2.1), made precise in the result below,627

[36] states a converse result that yields a continuously differentiable barrier B that628

is nonpositive on Xg, positive on Xb, and ∇B(x) · f < 0 for all x in the boundary629

of K in (5.3). This generalizes earlier results, [48, Theorem 1] and [33, Theorem630

16], from differential equations or Lipschitz differential inclusions, to more general631

dynamics. A different generalization, to hybrid dynamics with Lipschitz maps, is in632

[42]. The proof of [36, Theorem 2] relies on a converse result [35] with a technical633

proof. Under stronger assumptions, a version of [36, Theorem 2] and a generalization634

of [33, Theorem 16] can be deduced from Theorem 3.10. This is done below, where635

the construction of V from [33] is applied to a Lipschitz inflation of F . Note that636

strict decrease of a barrier, represented by ∇B(x) · f < 0 above or (ii) below, cannot637

be guaranteed without robustness, as assumed in Theorem 5.4, or some other extra638

assumptions beyond safety. Indeed, the trivial dynamics ẋ = 0 is safe with respect to639

any two disjoint sets.640

Theorem 5.4. (certificate of safety) Suppose that F satisfies the Basic Assump-641
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tions and that (2.1) is strongly robustly safe with respect to (Xg, Xb), in the sense that642

there exists a continuous function ρ : Rn → (0,∞) such that (3.3) is safe with respect643

to (Xg, Xb). Suppose that RρXq
is bounded and such that RρXq

∩Xb = ∅, where RρXq
644

is the (infinite horizon) reachable set from Xg for (3.3). Then, there exists a smooth645

function B : Rn → [0,∞) and c > 0 such that646

(i) B(x) < 0 for all x ∈ Xg, and B(x) > 0 for all x ∈ Xb.647

(ii) ∇B(x) · f ≤ −c for all f ∈ F (x) and x such that B(x) = 0.648

Proof. Let L and ρ0 come from Lemma 3.12, so that (3.8) holds for all x ∈ Rn.649

Let RLXg
be the (infinite horizon) reachable set from Xg for ẋ ∈ L(x). Because L is650

locally Lipschitz continuous, K := RLXg
is strongly forward invariant. By (3.8), K is651

strongly robustly strongly forward invariant for (2.1), in the sense of Theorem 3.10.652

Let the function V and the neighborhood N of K come from Theorem 3.10. Because653

K ∩Xb ⊂ RρXq
∩Xb = ∅, there exists an arbitrarily small c > 0 such that V (x) ≤ c654

implies that x ∈ N and x 6∈ Xb. One can then consider B(x) := V (x)− c.655

5.2. Interconnections. The literature contains a rich history of stability analy-656

sis tools for the interconnection of nonlinear systems. Contributions include the ideas657

of loop gain, conicity, and positivity in [60], stability for large-scale systems [43], and658

nonlinear small-gain theorems [40], [24], [23]. Less attention has been given to condi-659

tions that guarantee strong forward invariance of a compact set for an interconnection660

of nonlinear systems. A notable exception is [53].661

This section considers strong forward invariance of a compact set for an inter-662

connection of differential inclusions. The compact set is the Cartesian product of663

compact sets, one for each subsystem in the interconnection. This problem has been664

studied in [53, §6] in the context of assume-guarantee contracts. Theorem 5.8 be-665

low, which pertains to Lipschitz differential inclusions, is similar to [53, Theorem 3].666

However, the proof technique used here is different. Rather than invoking tangent667

cone conditions for strong forward invariance of Lipschitz differential inclusions, the668

local version of the converse theorem for strong forward invariance, given in Corollary669

4.5, is used. Its consequences for the task at hand are summarized in the “Property670

P.”. Theorem 5.11 below extends the conclusion of Theorem 5.8 to not necessarily671

Lipschitz differential inclusions.672

Let N ≥ 2 and consider the interconnection of N continuous-time systems, where673

the state of the i-th system is xi ∈ Rni , its input is wi ∈ Rmi , and, for each i ∈674

{1, . . . , N}, the state and input satisfy675

(5.4) ẋi ∈ Fi(xi, wi)676

Let n :=
∑N
i=1 ni, m :=

∑M
i=1mi, x := (x1, . . . , xN ) ∈ Rn, w := (w1, . . . , wN ) ∈ Rm,

and

F̂ (x,w) := F1(x1, w1)× F2(x2, w2)× · · · × FN (xN , wN )

for all (x,w) ∈ Rn+m, so that the state/input pair (x,w) satisfies677

(5.5) ẋ ∈ F̂ (x,w).678

The systems are interconnected through the constraint679

(5.6) (x,w) ∈ H ⊂ Rn+m.680
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The question addressed below is that of strong forward invariance, for (5.5), of a681

set K ⊂ Rn of the form682

(5.7) K = K1 × · · · ×KN ,683

where, for i = 1, . . . , N , the set Ki ⊂ Rni is compact The following is assumed.684

Assumption 5.5. There exist compact sets Wi ⊂ Rmi , i = 1, . . . , N , and con-685

stants δ > 0 and µ > 0 such that, with the definition W := W1 × · · · ×WN ,686

1. the following implication holds:

x ∈ K + δB
(x,w) ∈ H

}
=⇒ dW (w) ≤ µdK(x),

2. for i = 1, . . . , N ,687

(a) the mapping Fi : Rni+mi ⇒ Rni is Lipschitz on (Ki ×Wi) + δB and688

(b) Ki is strongly forward invariant for ẋi ∈ Fi(xi,Wi).689

Remark 5.6. Note that the first item of Assumption 5.5 implies that if x ∈ K690

and (x,w) ∈ H then w ∈W .691

The following is a consequence of Corollary 4.5.692

Corollary 5.7. Conditions (a) and (b) in the second item of Assumption 5.5693

imply the following property:694

(P) For each i = 1, . . . , N there exist a continuously differentiable function Vi :695

Rni → [0,∞) and positive real numbers αi, αi, ci, λi, and εi such that, for696

all xi ∈ Ki + εiB and all fi,◦ ∈ Fi(xi,Wi),697

αid
2
Ki

(xi) ≤ Vi(xi) ≤ αid2Ki
(xi)698

|∇Vi(xi)| ≤ ci|xi|Ki
699

〈∇Vi(xi), fi,◦〉 ≤ λiVi(xi).700701

Theorem 5.8. If Assumption 5.5 holds then the set K defined in (5.7) is strongly702

forward invariant for the system (5.4)-(5.6).703

Proof. Let Vi, i = 1, . . . , N , satisfying the property (P) come from Corollary 5.7.
Consider the function

V (x) :=

N∑
i=1

Vi(xi).

One can verify that there exist strictly positive real numbers α, α, and ε such that704

αd2K(x) ≤ V (x) ≤ αd2K(x) ∀x ∈ K + εB.(5.8)705706

Fix (x,w) ∈ H such that x ∈ K + δmin
{

1, µ−1
}
B, where δ > 0 and µ > 0 come707

from Assumption 5.5, and such that xi ∈ Ki + εiB, where εi > 0 comes from (P).708

It follows from the first item of Assumption 5.5 that dW (w) ≤ µdK(x) ≤ δ. Let Li709

denote the Lipschitz constant of Fi on (Ki ×Wi) + δB, which exists due item 2b) of710

Assumption 5.5. Let fi ∈ Fi(xi, wi). Let vi ∈ Wi satisfy |vi − wi| = dWi
(wi) and,711

using the Lipschitz property of Fi in Assumption 5.5, let fi,◦ ∈ Fi(xi, vi) be such that712

|fi − fi,◦| ≤ Li|wi − vi|. Then713

〈∇Vi(xi), fi〉 = 〈∇Vi(xi), fi,◦ + fi − fi,◦〉 ≤ λiVi(x) + |∇Vi(xi)|LidWi
(wi)714

≤ λiVi(x) + |∇Vi(xi)|LiµdK(x) ≤ λiVi(x) + ci|xi|Ki
LiµdK(x)715

≤ λiVi(x) +Mid
2
K(x)716717
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where Mi := ciLiµ. Define

λ := max
i∈{1,...,N}

λi, M̃ :=

N∑
i=1

Mi.

Then, for f̂ = (fT1 , . . . , f
T
N )T ,718

(5.9) 〈∇V (x), f̂〉 ≤
N∑
i=1

λiVi(x) +

N∑
i=1

Mid
2
K(x) ≤

(
λ+ M̃α−1

)
V (x).719

The result now follows from (5.8) and (5.9).720

The proof technique for Theorem 5.8 indicates that the local Lipschitz assumption721

can be relaxed as long as Property P in Corollary 5.7 holds. Thus, one can consider722

the following relaxed assumption:723

Assumption 5.9. There exist compact sets Wi ⊂ Rmi , i ∈ {1, . . . , N}, δ > 0,724

and µ > 0 such that, with the definition W := W1 × · · · ×WN ,725

1. item 1) of Assumption 5.5 holds and726

2. (a) for each i ∈ {1, . . . , N}, there exists Li > 0 such that, for each (xi, wi) ∈727

(Ki×Wi)+δB, fi ∈ Fi(xi, wi) and vi ∈Wi such that |vi−wi| = dWi
(wi),728

there exists fi,◦ ∈ Fi(xi, vi) such that |fi − fi,◦| ≤ Li|wi − vi|.729

(b) Property P in Corollary 5.7 holds.730

Remark 5.10. A sufficient condition for item 2a) is that Fi is locally Lipschitz731

in its second argument uniformly in its first argument. However, it is emphasized here732

that Fi does not need to be Lipschitz in xi.733

The proof of the following extension of Theorem 5.8 follows the same lines as the734

proof of Theorem 5.8 and thus is omitted.735

Theorem 5.11. If Assumptions 5.9 holds then the set K defined in (5.7) is736

strongly forward invariant for the system (5.4)-(5.6).737

The following example generalizes [53, Example 11].738

Example 5.12. Let δ > 0 and b ≥ 0. For i ∈ {1, 2}, defineKi := [0, b], let λi ≥ 0,
and let Γi,Ψi : R ⇒ R be nonempty on Ki + δB and such that, for α ∈ Ki + δB with
α > β = b or α < β = 0, γi ∈ Γi(α) and ψi ∈ Ψi([0, b]), we have

2(α− β)(γi − ψi) ≥ −λi(α− β)2.

When, for each i ∈ {1, 2}, Γi(s) = Λi(s) = ais for some ai ≥ 0, as in [53, Example739

11], the bound above holds with λi = 0.740

It is supposed that there exists δ > 0 and, for each i ∈ {1, 2} there exists Li > 0741

such that, for each wi ∈ [0, b] + δB, ψi ∈ Ψi(wi), and vi ∈ [0, b] such that |vi − wi| =742

d[0,b](wi) there exists ψi,◦ ∈ Ψi(vi) such that |ψi−ψi,◦| ≤ Li|wi−vi|. This amounts to743

a growth condition on Ψi as its argument moves away from the set [0, b]. A sufficient744

condition for this property is that Ψi is locally Lipschitz.745

To study forward invariance of K := K1 × K2 for the interconnection of the
systems

ẋi ∈ −Γi(xi) + Ψi(wi) =: Fi(xi, wi) i ∈ {1, 2}
with the constraint

(x,w) ∈ H := {(x,w) : w1 = x2, w2 = x1} ,
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define Wi := [0, b] for i ∈ {1, 2} and W := W1 × W2. It is then immediate from746

the definitions of H, W and K that (x,w) ∈ H implies that |w|W = |x|K so that747

the first item of Assumption 5.9 holds with µ = 1. Item 2a) of Assumption 5.9 also748

holds, due to the growth assumption on Ψi imposed above. It remains to establish749

Property P. Consider Vi(xi) := d2Ki
(xi). It is then easy to see that Property P holds750

with αi = αi = 1, ci = 2, λi given above, and εi = δ. This follows from the fact that751

dKi
(xi) = xi − β when xi > β = b or when xi < β = 0. Thus, the set K is strongly752

forward invariant due to Theorem 5.11. 4753
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