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Abstract

This paper provides a framework for analyzing numerical simulations of a
hybrid system when the system’s flow map is approximated stochastically.
In this way, the paper makes one of the first substantive connections between
hybrid systems theory and the vast literature on stochastic approximations
of non-stochastic dynamical systems. The results include conditions for al-
most sure boundedness and a characterization of the asymptotic behavior
of solutions to the stochastic approximation. Namely, under certain condi-
tions on the expected value and variance of the noisy flow map, and with
appropriate step sizes, the sample paths of the solutions of the stochastic
approximation are shown to have desired boundedness properties and con-
verge to the chain-recurrent part of the global attractor, when one exists,
of the underlying hybrid system. The results are established using mar-
tingale methods, Morse decompositions of attractors, and Morse-Lyapunov
functions. Since the hybrid system’s flow map and its approximation may be
set-valued, stochastic approximations of differential inclusions are covered
as a special case. Several examples and simulations are provided to illus-
trate hybrid systems, their stochastic approximations, and their convergence
properties.

Keywords: hybrid systems, stochastic approximation, Lyapunov
techniques, martingale methods, Morse decomposition, global attractors.

1. Introduction

In this paper, we build on stochastic approximation theory for differ-
ential equations and inclusions to develop stochastic approximation results
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for hybrid systems. Stochastic approximation of differential equations has
a long and significant history. It was initiated with the stochastic root-
finding algorithm of [1], followed by the idea of finding the maximum of a
univariate function using noisy finite differences [2], with multi-dimensional
versions offered shortly thereafter [3]. A particularly concise explanation for
the efficacy of the root-finding algorithm of [1] can be found in [4], whose
methods anticipated the main theorem of [5] on the behavior of almost su-
permartingales. The so-called ODE method for the analysis of stochastic
algorithms with vanishing step sizes was established in [6], with notewor-
thy further developments presented in [7] and [8]. Important extensions of
stochastic approximation theory to general differential inclusions appeared in
[9], including a tight characterization of the convergence properties of the so-
lutions of the stochastic approximation to a chain-recurrent set determined
by the underlying differential inclusion. Additional stochastic approxima-
tion results for differential inclusions appear in [10]. A recent summary of
stochastic approximation results can be found in the book [11], which in-
cludes results for stochastic approximation of both differential equations and
differential inclusions. Especially noteworthy in [11] is a thorough discussion
of the condition provided in [12] for almost sure boundedness of the solutions
of a stochastic approximation and a comparison of this condition to other
conditions for boundedness that have appeared in the literature.

Beyond the academic interest in extending stochastic approximation the-
ory to a much broader class of systems than has been considered previously,
the extension to hybrid systems allows rigorous statements to be made for
the first time about, for example, the use of stochastic gradient descent in hy-
brid optimization algorithms that employ both continuous-time gradient flow
and resets. Broadly speaking, hybrid dynamical systems combine features
typically attributed to continuous-time dynamics with features typically at-
tributed to discrete-time dynamics. Hybrid inclusions model such systems by
combining a differential inclusion that models the flow, a difference inclusion
that models the discrete dynamics (jumps, switches, resets, and more), and
constraints on the resulting motions. This class of systems has been studied
extensively over the last two decades; see [13], [14] for example, and [15] for
a hybrid control framework built with a hybrid inclusion as a foundation.

A symbolic representation of a hybrid inclusion is

x ∈ C ẋ ∈ F (x) (1a)

x ∈ D x+ ∈ G(x). (1b)
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Here, ẋ suggests the usual time derivative of a finite-dimensional state x
while x+ suggests the state after an iteration of discrete dynamics, in short,
after a jump. Thanks to the adopted notion of a solution to (1), presented
in detail in Section 2, (1) includes, as special cases, a differential inclusion
ẋ ∈ F (x) or just a differential equation ẋ = F (x) if F is a function and not
a set-valued mapping, a difference inclusion x+ ∈ G(x) or just a difference
equation x+ = G(x), and many dynamical systems (switched, impulsive,
reset, etc.) where these two kinds of dynamics interact.

A stochastic approximation, or simulator, of (1) considered in this pa-
per replaces the differential inclusion ẋ ∈ F (x) with discrete and stochastic
dynamics, resulting in the symbolic representation

x ∈ C x+ − x ∈ h+F̂ (x, y+, h+) (2a)

x ∈ D x+ ∈ G(x). (2b)

Above, h+ is a placeholder for a sequence of positive real numbers {hk}∞k=1,
called the “step sizes”, and y+ is a placeholder for a sequence of random vari-
ables {yk}∞k=1 called the “noise”. Solutions to (2) are rigorously introduced
in Section 4.

Roughly speaking, the connection between (2) and (1) comes through an

assumption that the expected value of F̂ (x,yk+1, hk+1) is approximately con-

tained in F (x) for all x ∈ C and all k ∈ Z≥0. If F̂ (x, y+, h+) in (2) is formally
replaced by F (x), a non-stochastic simulator of (1) results, as studied in [16].
In that work, it is shown that the behavior of (non-stochastic) simulators can
be related to the behavior of (1). Namely, under the assumption of small
step sizes, the solutions of non-stochastic simulators are shown to be close to
the solutions of (1) when considering bounded time domains.

As far as the authors are aware, stochastic approximation of hybrid sys-
tems that employ a stochastic approximation of the flow map has been stud-
ied only in [17] and [18]. In those papers, the focus was also on establishing
conditions under which the sample paths of the solutions of stochastic ap-
proximation (2) are close to the solutions of the system (1) on bounded time
domains when the step sizes are sufficiently small.

In contrast, the aim of this paper is to give conditions for almost sure
boundedness and show that, when almost sure boundedness is assured, the
asymptotic behavior of the sample paths of the solutions to the stochastic
approximation (2) mimics the asymptotic behavior of the solutions of (1).
An additional goal is to establish these results while being tutorial in na-
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ture, regarding hybrid systems and their convergence properties, for those
not familiar with hybrid systems and/or Morse decompositions and chain-
recurrent sets, and also to be tutorial about the most relevant concepts from
probability theory for those familiar with hybrid systems but not stochastic
systems.

The main results do not require the step sizes to be uniformly small.
Rather, for the boundedness results, the sequence of step sizes is assumed
to be square summable; for the convergence results, the sequence of step
sizes is assumed to be nonsummable. These assumptions are common in the
stochastic approximation literature and they also match those made in [19]
to establish asymptotic convergence properties for non-stochastic simulators
of hybrid systems.

The techniques used and the results obtained in this paper can be thought
of as an extension to the hybrid setting of those in [20], developed there for
a stochastic approximation of a differential inclusion. The contributions in
[20] were inspired by the recent results on boundedness and convergence for
a stochastic approximation of a differential equation given in [21] as well as
other results on stochastic approximation of differential inclusions, as sum-
marized in [11, Chapter 5] as well as in [10]. In order to generalize the results
in [20] to hybrid systems and their stochastic approximation, two results from
the discrete-time and continuous-time literature, respectively, are extended
to the hybrid setting:

(i) [5, Theorem 1], on the behavior of a class of almost supermartingales,
and

(ii) [22, Theorem 1], which gives a converse Lyapunov-like result for a Morse
decomposition of an attractor for a differential inclusion.

The paper is organized as follows: In Section 2 the solution concept for
the hybrid system (1) is defined and illustrated with examples. In Section
3, a review of relevant probability concepts is provided. In Section 4, the
solution concept for the stochastic approximation (2) is given. Section 5
establishes the first of the two needed result hinted at above, Theorem 5.3.
The theorem is then used to establish conditions for almost sure boundedness
of the solutions to the stochastic approximation (2) in Section 6. The main
result there is Theorem 6.9. Section 7 presents Morse decompositions and
states the second result hinted at above, Theorem 7.3. The proof of it is in
Section 10. Theorem 5.3 and the Lyapunov-like function from Theorem 7.3
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are used to show convergence of the sample paths of the stochastic solutions
to Morse sets, in Section 8. The main result there is Theorem 8.8. The Morse
sets are then related to chain-recurrent parts of the attractor via the results
in [23] to obtain the final convergence result, Corollary 8.9. This result can
be viewed as an extension of the stochastic approximation for differential
inclusion results in [9] to hybrid systems though the proof technique, which
uses the two items listed above, is quite different. Simulation-based examples
are in Section 9.

Notation: In what follows, Z≥j := {j, j + 1, j + 2, . . . }, N := Z≥1,
R≥0 := [0,∞), and other similar notation is self-explanatory. Further,
B := {x ∈ Rn : |x| ≤ 1} is the closed unit ball in Rn with the Euclidean
norm | · |, centered at 0, so that rB is the ball of radius r. Sometimes the
notation (x1, x2), where x1 ∈ Rn1 and x2 ∈ Rn2 , is used to denote the vector
(xT1 xT2 )T . Set-valued analysis concepts used below follow [24]; see also [25]
for an introduction.

2. Solutions to hybrid inclusions, and more

This section reviews the solution concept and some consequences of the
hybrid basic conditions, in Assumption 2.1 given below, for the hybrid inclu-
sion (1). For a more complete exposition of (1) that includes a discussion of
other modeling approaches to hybrid dynamics, see the tutorial article [13].
For technical details behind this tutorial, see the book [14]. Throughout
this section, the hybrid system (1) is subject to the following hybrid basic
conditions:

Assumption 2.1. The data (C,F,D,G) of the system (1) satisfies the hy-
brid basic conditions, i.e.:

1. C,D ⊂ Rn are closed;

2. F,G : Rn ⇒ Rn are set-valued mappings that are outer semicontinuous
and locally bounded;

3. the values F (x) are nonempty and convex for all x ∈ C, while the
values of G(x) are nonempty for all x ∈ D.

The double-arrow notation in M : Rn ⇒ Rn means that for every x ∈
Rn, M(x) is a subset of Rn. A set-valued map M : Rn ⇒ Rn is outer
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semicontinuous if, for every convergent sequence {(xi, yi)}∞i=1 such that yi ∈
M(xi) for each i ∈ N, one has

lim
i→∞

yi ∈M
(

lim
i→∞

xi

)
.

It is immediate that this property is equivalent to the graph of M , namely the
set graph(M) := {(x, y) ∈ Rn×Rn : y ∈M(x)}, being closed. The map M is
locally bounded if for every bounded set S ⊂ Rn, the set M(S) :=

⋃
x∈SM(x)

is bounded. The combination of items 2 and 3 in Assumption 2.1 ensures that
the values of F and G are compact. If compactness of the values is assured a
priori, then the combination of outer semicontinuity and local boundedness
is equivalent to “upper semicontinuity,” which is another notion of continuity
of a set-valued mapping.

The hybrid basic conditions in Assumption 2.1

(a) reduce, when C and D are closed, to F , or G, being continuous if F ,
or G, is a function;

(b) arise naturally when the effect of vanishing perturbations on a less-
regular hybrid inclusion is accounted for [26], for reasons similar to
those that led to Filippov [27] and Krasovskii [28] solutions to an ir-
regular differential equation;

(c) have facilitated the development of robust asymptotic stability the-
ory for hybrid inclusions [14], including necessary and sufficient Lya-
punov conditions, invariance techniques, robustness to perturbations,
and more, which turns out to be the foundation for the stochastic ap-
proximation results given herein. Indeed, the stochastic approximation
(2) can be thought of as a perturbation of the hybrid inclusion (1), and
thus results that address how perturbed solutions to (1) behave have a
bearing on how the solutions to the approximation (2) behave.

Solutions to (1) are parameterized by pairs (t, j) belonging to particular
subsets of R2. Parameterization by t only, usually done when treating hybrid
systems as impulsive differential equations [29] and when studying switching
systems [30], does not allow for satisfactory modeling of discrete dynamics.
The use of pairs (t, j) also facilitates favorable structural properties of the
sets of solutions to (1) when the hybrid inclusion is subject to Assumption
2.1.
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A set E ⊂ R2 is a compact hybrid time domain if

E = ([t0, t1], 0) ∪ ([t1, t2], 1) ∪ . . . ∪ ([tJ−1, tJ ], J − 1) (3)

where J ∈ N and 0 = t0 ≤ t1 ≤ t2 ≤ · · · ≤ tJ form a finite sequence of
real numbers. A set E ⊂ R2 is a hybrid time domain if it is the union of
a nondecreasing sequence E1 ⊂ E2 ⊂ E3 ⊂ . . . of compact hybrid time
domains. Thus, a hybrid time domain differs from (3) by allowing for an
infinite number of intervals or, if the number is finite, by allowing for the last
interval to be open, and possibly unbounded, to the right.

A function φ : dom φ→ Rn is a solution to (1) if dom φ is a hybrid time
domain, φ(0, 0) ∈ C ∪D, and

Flows: for every ([t, t′], j) ⊂ dom φ with t < t′, t 7→ φ(t, j) is absolutely
continuous on [t, t′], φ(t, j) ∈ C for all t ∈ [t, t′], and φ̇(t, j) ∈ F (φ(t, j))
for almost all t ∈ [t, t′];

Jumps: for every (t, j), (t, j + 1) ∈ dom φ, φ(t, j) ∈ D and φ(t, j + 1) ∈
G(φ(t, j)).

A solution φ is maximal if it cannot be extended and complete if dom φ is
unbounded. As in [14], in this work hybrid time domains begin at (0, 0), so
maximality and completeness is in the forward-in-hybrid-time sense. Gener-
alizing to “negative” hybrid times is not necessary here, nor is defining some
notion of backward-in-hybrid-time completeness.

In classical differential equations, many results are facilitated by contin-
uous dependence of solutions on initial conditions or the fact that the limit
of a uniformly convergent sequence of solutions is a solution. Here, different
solutions to (1) may be defined on different hybrid time domains, and the
appropriate versions of the mentioned desired properties cannot rely on uni-
form distance or uniform convergence. Graphical convergence and graphical
distance have been successfully used for this purpose [14]. Roughly, a key
result that facilitates what was outlined in item (c) above states that, un-
der the hybrid basic conditions in Assumption 2.1, the (graphical) limit of a
(graphically) convergent sequence of solutions to (1) is a solution to (1).

For a solution φ to (1), its omega-limit omega(φ) is the set defined by

omega(φ) := {x ∈ Rn : ∃(ti, ji) ∈ dom φ s.t. ti + ji →∞, φ(ti, ji)→ x} .
(4)
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These omega-limit sets will be used in Section 7 to define Morse decomposi-
tions for global attractors of hybrid systems (1). If the solution φ is complete
and bounded, then omega(φ) is nonempty, compact, weakly forward invari-
ant (i.e., for every x ∈ omega(φ) there exists a complete solution to (1) from
x that remains in omega(φ)) and weakly backward invariant, in an appro-
priate sense. These properties lead to extensions of the LaSalle’s Invariance
Principle to hybrid inclusions [31, 14].

Occasionally, H may be used to represent the hybrid system (1). The
notation SH represents the set of all maximal solutions to (1), SH(x) is
the set of those φ ∈ SH for which φ(0, 0) = x, and for a set K ⊂ Rn,
SH(K) :=

⋃
x∈K SH(x). Then, for a set K ⊂ Rn, the Omega-limit from K

for H is the set defined by

Omega(K) :=

{
x ∈ Rn :

∃φi ∈ SH(K), (ti, ji) ∈ dom φi
s.t. ti + ji →∞, φi(ti, ji)→ x

}
. (5)

This set can be, and often is, different from
⋃
φ∈SH(K) omega(φ), but also has

favorable invariance properties. In particular, if Omega(K) is a nonempty
subset of the interior of K, it is a strongly forward —in the sense that all
solutions from it remain in it—and weakly backward invariant attractor, in
the sense to be specified and used in Section 7. These Omega-limit sets will
be used in Section 7 to define a global attractor for a hybrid system (1).

The following assumption is needed to ensure that the discussion of
asymptotic properties of solutions to (1) is not vacuous and that the ex-
istence of attractors, as presented in Section 7, can be ensured.

Assumption 2.2. There exists at least one complete solution to the hybrid
system (1) and every maximal solution to (1) is complete.

While Assumption 2.2 implies that C ∪ D 6= ∅, it does not imply that
C ∪D = Rn. This flexibility, among other things, facilitates modeling in the
format (1) of hybrid automata and other hybrid systems with logical modes;
see, for example, [14, Section 1.4], or Example 2.5 below.

Under the basic conditions in Assumption 2.1, sufficient conditions for
the existence of solutions from every x ∈ C ∪D and for the completeness of
every maximal solution to (1) are:

(i) G(x) ⊂ C ∪D for every x ∈ D;
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(ii) for every x ∈ C \D, there exist T > 0 and a solution to the continuous-
time component (1a) of (1) on [0, T ], which is implied by the following
condition: there exists a neighborhood U of x such that, for every
x′ ∈ U ∩ C,

F (x′) ∩ TC(x′) 6= ∅,

where TC(x′) is the tangent cone to C at x′, see [24, Definition 6.1] or
[14, Definition 5.12];

(iii) solutions to the continuous-time component (1a) of (1) do not blow up
in finite time, i.e., there is no φ : [0, T ) → Rn such that φ(t) ∈ C for
all t ∈ [0, T ), φ̇(t) ∈ F (φ(t)) for almost all t ∈ [0, T ), and such that
‖φ(t)‖ → ∞ as t↗ T .

This result and a proof can be found in [14, Proposition 6.10].
The section concludes with examples of hybrid systems modeled as (1).

Each example satisfies Assumption 2.1, and each example is revisited later
in the paper, for the purpose of stochastic approximation.

Example 2.3 (Academic example). Consider the hybrid system on R,
given by

C = (−∞, 5] F (x) = x(x− 1)(x− 2)(x− 4)

D = [1.5, 2.5] ∪ [5,∞) G([1.5, 2.5]) = {3}, G([5,∞)) = {0} (6)

and represented in Figure 1. The directions of flow are represented by the
solid arrows and the jumps are represented by the dotted arrows. The flow
outside of C is indicated but it is not relevant. Note that F and G are
functions, but solutions from some initial conditions are not unique anyway,
thanks to the overlap of the sets C and D. For example, one solution φ from
1.1 has dom φ = ([0,∞), 0) and flows asymptotically to 2. Another solution
ψ from 1.1 has dom ψ = ([0, T ], 0) ∪ ([T,∞), 1) and flows from 1.1 to 1.7,
jumps to 3, and then flows asymptotically to 2. From any initial condition
x0 in (2, 2.5] there exists a periodic, in the hybrid sense, solution that jumps
to 3, flows to x0, jumps back to 3, etc. For such a solution, its omega-limit
is [x0, 3]. Note also that Omega([1, 3]) = [1, 3] while

⋃
φ∈SH([1,3]) omega(φ) =

{1}∪[2, 3], and that for any arbitrarily large but bounded set K, Omega(K) =
[0, 5].
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Figure 1: A graphical representation of the hybrid dynamics in (6).

The Bouncing Ball dynamical system has been motivational and illustra-
tive for some developments in the dynamical and control systems literature.
In its usual formulation, it features Zeno behavior: the occurrence of in-
finitely many jumps in finite (Zeno) time. In the control literature, in the
early [32], it illustrated how solutions to hybrid systems can be simulated
past their Zeno times; in [33], it was cast and studied in the hybrid inclusion
(1) format; it illustrated hybrid dynamics with multiple Zeno times [34]; etc.
The Bouncing Ball remains a curiosity when simulated, as the recent [35]
shows and analyzes. For many further, related works, see the references in
these few cited papers.

Example 2.4 (Bouncing Ball). A hybrid model of a bouncing ball has
state x = (h, ḣ) ∈ R2 where h is the height of the ball above the floor and ḣ
is its velocity, and the following data:

C := R≥0 × R (7a)

F (x) := (x2,−γ) ∀x ∈ C (7b)

D := {0} × R≤0 (7c)

G(x) := (0,−δx2) ∀x ∈ D (7d)

where γ > 0 and δ ∈ (0, 1).

The hybrid basic conditions in Assumption 2.1 impose that the flow set C
and jump set D for the Bouncing Ball model are closed. The jump set D
being closed induces a solution at the origin that jumps endlessly without
ever flowing. This solution is the graphical limit of any sequence of solutions
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starting closer and closer to the origin in C ∪D; these latter solutions expe-
rience some small amount of flow between jumps. As mentioned earlier, that
the limit of a graphically convergent sequence of solutions is another solu-
tion is an important, useful feature of the hybrid basic conditions imposed
in Assumption 2.1.

Example 2.5 (Combinatorial optimization). Consider the optimization
problem:

min
z∈Rm,q∈Q

fq(z), (8)

where Q ⊂ Z is a finite index set and, for each q ∈ Q, fq : Rm → R
is differentiable. Consider a hybrid optimization algorithm that alternates
between continuous-time gradient flow to minimize z 7→ fq(z) for fixed q ∈ Q
and discrete updates to minimize q 7→ fq(z) for fixed z ∈ Rm. To make
sure that the number of discrete updates is finite in every finite time window,
suppose the algorithm limits the frequency of the updates of q by an average
dwell-time constraint

N([s, t]) ≤ δ(t− s) +N0 (9)

where δ > 0, N0 ∈ N and N([s, t]) denotes the number of updates of q in the
time interval [s, t] with t ≥ s ≥ 0. In light of [36, Proposition 1.1], such a
class of algorithms is covered by a hybrid system with state x := (z, q, τ) ∈
Rm+2 and data

C := Rm ×Q× [0, N0] (10a)

F (x) :=

 −∇fq(z)
0

[ε, δ]

 (10b)

D := Rm ×Q× [1, N0] (10c)

G(x) :=

 z
{q ∈ Q : fq(z) ≤ fp(z) ∀p ∈ Q}
τ − 1

 (10d)

where ε ∈ (0, δ) appears in (10b) to guarantee that at least one jump occurs
every N0/ε time units. It is not difficult to verify that Assumption 2.2 holds
for the system with this data.
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The average dwell-time mechanism in Example 2.5 allows up to N0 jumps
over arbitrarily small time intervals. This is seen by considering the situation
where τ is initialized to the value N0 and then the jump map is applied N0

times in the arbitrarily small time interval until τ exits the interval [1, N0].
The data satisfies the hybrid basic conditions in Assumption 2.1. Therefore,
in the absence of finite escape times, the graphical limit of every graphically
convergent sequence of solutions is the graph of a solution (see [14, Chapter
6]). This means that the average dwell-time mechanism also allows for up to
N0 jumps over an interval of zero length. This is also seen by initializing τ at
N0 and taking N0 jumps without any flow time in between. Such behavior
is one possible motivation for the use of hybrid time domains, which keep
track of both the amount of flow time t and the number of jumps j that have
occurred while reaching the current state.

Example 2.6 (Combinatorial optimization on a torus). Consider the
optimization problem in Example 2.5, where z is the state of a control system
that evolves on the torus S1×S1 ⊂ R4, where S1 ⊂ R2 denotes the unit circle,
with input u ∈ R2, i.e.,

z ∈ S1 × S1 ż = R(u)z, R(u) := diag(u1R0, u2R0), R0 :=

[
0 1
−1 0

]
(11)

so that the z variable has inertia and the optimization problem adds the con-
straint z ∈ S1 × S1. Consider the class of optimization algorithms modeled
by the hybrid system with state x = (z, u, q, τ) ∈ R8 and data

C := S1 × S1 × R2 ×Q× [0, N0] (12a)

F (x) :=


R(u)z

−u−

[
∂fq(z)

∂z1
R0z1

∂fq(z)

∂z2
R0z2

]
0

[ε, δ]

 (12b)

D := S1 × S1 × R2 ×Q× [1, N0] (12c)

G(x) :=


z
u

{q ∈ Q : fq(z) ≤ fp(z) ∀p ∈ Q}
τ − 1

 . (12d)
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The z dynamics render the torus forward invariant. The (z, u) dynamics are
similar to gradient flow of Example 2.5 but with inertia; namely, that part of
the flow dynamics works to minimize the function (z, u) 7→ 0.5uTu + fq(z)
rather than the function z 7→ fq(z). The rest of the dynamics implements the
average dwell-time constraint on jumps that update q to minimize s 7→ fs(z),
like in Example 2.5.

3. A short review of relevant probability concepts

Relevant concepts from probability theory and stochastic processes are
reviewed here. For more details, see [37] and [24, Chapter 14], for example.

The triple (Ω,F ,P) is used to denote a probability space, where Ω is a
sample space, F is a σ-field of subsets of Ω, and P is a probability measure
on (Ω,F). A property depending on ω ∈ Ω is said to hold almost surely, or

for almost all ω ∈ Ω, if there exists a set Ω̂ ⊂ Ω satisfying P(Ω̂) = 1 such

that the property holds for all ω ∈ Ω̂.
A sequence {Fk}∞k=0 of sub-σ-fields of F is a filtration of (Ω,F) if

Fk ⊂ Fk+1 ∀k ∈ Z≥0.

Let {yk}∞k=1 be a sequence of random variables taking values in Rm. That
is, for each k ∈ Z≥1, yk : Ω → Rm is measurable, i.e., for each set B in the
Borel σ-field on Rm,

y−1k (B) := {ω ∈ Ω : yk(ω) ∈ B} ∈ F .

The sequence of random variables {yk}∞k=1 is said to be adapted to the fil-
tration {Fk}∞k=0 if, for each k ∈ Z≥1, yk is Fk-measurable, i.e., y−1k (B) ∈ Fk
for each set B in the Borel σ-field on Rm.

The natural filtration of the sequence of random variables {yk}∞k=1 is

the sequence {Fk}∞k=0 where Fk is the σ-field generated by {yi}ki=1, i.e., the
smallest σ-field that makes all yi, i ∈ {1, . . . , k}, measurable, and F0 :=
{∅,Ω}. A sequence of random variables is adapted to its natural filtration.

A conditional expectation of a random variable y : Ω → Rm with fi-
nite expectation given a sub-σ-field H is any H-measurable function denoted
E [ y |H ] : Ω→ Rm satisfying∫

H

E [ y |H ] dP =

∫
H

ydP ∀H ∈ H.
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When y, z : Ω → R are random variables such that y is measurable with
respect to the sub-σ-field H of F then, almost surely,

E [ yz |H ] = yE [ z |H ] .

Note that here, and in many other instances in the paper, the explicit de-
pendence of random variables on ω is suppressed for notational convenience.

A set-valued mapping M : Ω ⇒ Rm is said to be F -measurable (or simply
measurable when the σ-field F is clear) if, for each open set O ⊂ Rm,

M−1(O) := {ω ∈ Ω : M(ω) ∩ O 6= ∅} ∈ F .

4. Solutions to stochastic approximation

For the stochastic approximation (2), a solution concept is used that
is similar to those used in [17] and [18]. Several examples of stochastic
approximations appear later in Section 6.

A solution of the stochastic approximation (2) comprises sample paths,
each of which has a domain that is discrete. A set E ⊂ R2 is a compact
hybrid discrete time domain if

E =
(
{k0, . . . , k1}, 0

)
∪
(
{k1, . . . , k2}, 1

)
∪ · · · ∪

(
{kJ−1, . . . , kJ}, J − 1

)
where J ∈ N and 0 = k0 ≤ k1 ≤ · · · ≤ kJ form a finite sequence of integers. It
is a hybrid discrete time domain if it is the union of a nondecreasing sequence
of compact discrete time domains. It is a hybrid discrete time domain that
is unbounded in the t direction if the set of all k’s defining it is unbounded.
Since k’s play a role that is similar to the role of t in a hybrid time domain,
the use of the “t direction” is justified.

Let {hk}∞i=1 be a sequence of positive numbers. As discussed in Section
3, let (Ω,F ,P) be a probability space, let {yk}∞k=1 be a sequence of random
variables defined on that probability space and let {Fk}∞k=0 be the natural
filtration of {yk}∞k=1. Let X denote the set of set-valued mappings from R2

to Rn with a closed and nonempty graph.
A mapping x : Ω→ X is said to be a candidate solution of (2) if, for each

ω ∈ Ω, the domain of x(ω) is a hybrid discrete time domain and, for each
k ∈ Z≥0, the set-valued mapping

ω 7→ graph (x(ω)) ∩ ({k} × Z≥0 × Rn) (13)
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is Fk-measurable.
To save on notation, we suppress the dependence of x on ω when referring

to the value of x at a particular time; that is, we avoid writing x(ω)(t, j).
A candidate solution of (2) is a solution of (2) if, for almost all ω ∈ Ω,

1. (k, j), (k + 1, j) ∈ dom x(ω) implies:

x(k, j) ∈ C and x(k + 1, j)− x(k, j) ∈ hk+1F̂ (x(k, j),yk+1, hk+1)

2. (k, j), (k, j + 1) ∈ dom x(ω) implies:
x(k, j) ∈ D and x(k, j + 1) ∈ G(x(k, j)).

A solution is complete if, for almost all ω ∈ Ω, the domain of x(ω) is un-
bounded. A solution is complete in the t direction if, for almost all ω ∈ Ω,
the domain of x(ω) is unbounded in the t direction. Conditions that guar-
antee the existence of complete, and complete in the t direction, solutions to
(2) are given next. The key condition of the following proposition is moti-
vated by [24, Corollary 14.14], which says that if x : Ω → Rn is measurable
and the mapping ω 7→ graph(M(·, ω)) ⊂ Rm ×Rn is measurable with closed
values then the (set-valued) mapping ω 7→ M(x(ω), ω) is measurable with
closed values. This measurability, in turn, permits a measurable selection
[24, Corollary 14.6] that can be used to construct solutions.

Proposition 4.1. Suppose the data (C, F̂ ,D,G), the step sizes {hk}∞k=1, and
noise {yk}∞k=1 satisfy the following conditions:

1. x 7→ G(x)∩ (C ∪D) is outer semicontinuous with nonempty values on
D.

2. for almost all ω ∈ Ω, all k ∈ Z≥0, and all x ∈ C,(
{x}+ hk+1F̂ (x,yk+1(ω), hk+1)

)
∩ (C ∪D) is nonempty, and

3. for each k ∈ Z≥0, the mapping

ω 7→
{

(x, z) ∈ Rn × Rn : z ∈
(
x+ hk+1F̂ (x,yk+1(ω), hk+1)

)
∩ (C ∪D)

}
is Fk+1-measurable with closed values.

Then, for any initial condition in C ∪ D, there exists a complete solution
to (2). If, in addition, there are no complete solutions to (2b), equivalently
(1b), then each complete solution is complete in the t direction.
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Proof. It is enough to prove that, for each Fk-measurable mapping zc : Ω→
C, the mapping

ω 7→
(
zc(ω) + hk+1F̂ (zc(ω),yk+1(ω), hk+1)

)
∩ (C ∪D) (14)

admits an Fk+1-measurable selection defined for almost all ω ∈ Ω and, for
each Fk-measurable mapping zd : Ω→ D, the mapping

ω 7→ G(zd(ω)) ∩ (C ∪D) (15)

admits an Fk-measurable selection defined for almost all ω ∈ Ω. By assump-
tion, both mappings are nonempty for almost all ω ∈ Ω. Thus, according
to [24, Corollary 14.6], it is enough to verify that the mapping in (14) is
Fk+1-measurable and that the mapping in (15) is Fk-measurable, each with
closed values. Both of these properties follow from the assumptions of the
proposition together with [24, Corollary 14.14].

We now consider stochastic approximations of some of the examples in-
troduced earlier.

Example 4.2 (Bouncing Ball, stochastically approximated).
Consider a stochastic approximation of the Bouncing Ball hybrid system from
Example 2.4, with

F̂ (x, y+, h+) := F (x)− (0, y+) (16)

and exponentially distributed noise {yk}∞k=1. To guarantee the existence of

complete solutions we are compelled to inflate the set D to the set D̂ given
as

D̂ := R≤0 × R≤0. (17)

This choice is made because the jumps from the flow set have the form

x+1 − x1 = hk+1x2 (18a)

x+2 − x2 = hk+1

(
−γ − y+

)
(18b)

with y+ ≥ 0, resulting in (x+1 , x
+
2 ) ∈ C ∪ D̂. Note that this inflation of the

jump set does not change the solutions of the underlying hybrid system, other
than for initial conditions x(0, 0) ∈ D̂\D, which can jump to g(x(0, 0)) and
thereafter remain in C ∪D.
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Example 4.3 (Combinatorial optim. with stochastic gradients).
Consider the optimization problem from Example 2.5 where, for each q ∈ Q,
fq : Rm → R is given by

fq(z) :=
1

Nq

Nq∑
i=1

fi,q(z) (19)

where Nq is a positive integer and, for each q ∈ Q, and i ∈ {1, . . . , Nq}, fi,q
is differentiable. For the sake of the stochastic approximation of (C,F,D,G)
in (10), to anticipate simulated flows that leave the interval [0, N0], the jump
set component corresponding to τ can be inflated from [1, N0] to [1, N0 + δh],
where h is an upper bound on the step sizes, and the jump map for τ+ from
τ − 1 to min {τ,N0} − 1, without changing the nature of the solutions. Let
the stochastic approximation of F be given as

F̂ (x, y+) :=

 −∇f(y+modNq
), q(z)

0
[ε, δ]

 (20)

where the noise sequence {yk}∞k=1 is iid and uniformly distributed on {1, . . . , N}
where N is the least common multiple of {Nq}q∈Q; that is, F̂ implements a
stochastic gradient algorithm where, at each step and for each q ∈ Q, the
probability of implementing a gradient step in the direction −∇fi,q(z) for
i ∈ {1, . . . , Nq} is 1/Nq.

Example 4.4 (CO on a torus with stochastic finite differences).
Consider a stochastic approximation of the combinatorial optimization (ab-
breviated to CO in the title of this example) dynamics on a torus given in
Example 2.6. The jump set and jump dynamics can be inflated as in Example
4.3. Let the stochastic approximation of F be given as

F̂ (x, y+, h+) := (21)
1

h+

(
exp

(
R(u)h+

)
− I
)
z

−u− y+

h+

(
fq

(
exp

(
R(y+h+

)
z
)
− fq

(
exp

(
−R(y+h+)

)
z
))

0
[ε, δ]


17



where the noise sequence {yk}∞k=1 is iid and uniformly distributed on the 2-

point set {(1, 0)} ∪ {(0, 1)} ⊂ R2. The mapping F̂ exactly simulates the z
component of the solutions of the hybrid system (12) during flows, thereby
keeping the state on the torus. On the other hand, it provides a “noisy” Euler
approximation for the flows of u, approximating a gradient through stochastic
finite differences. In this way, the mapping F̂ can be interpreted as providing
a model of a sample-and-hold, stochastic, hybrid extremum-seeking control
on the torus. For other results on (non-stochastic) hybrid extremum seeking,
see [38] for example.

5. A hybrid version of [5, Theorem 1]

In [5], the authors provide a now widely-cited result on convergence prop-
erties for what they call “almost” supermartingales. Their result generalizes
Doob’s classical convergence results for supermartingales [39, Chapter VII];
see also [40, Chapter XI] for a more recent treatment. Doob’s result cor-
responds, in the lemma below, to the special case where wi, vi and ui are
identically zero. That case generalizes to the stochastic setting the classi-
cal monotone convergence theorem. The generalization provided in [5] has
been used extensively in the analysis of stochastic gradient descent and other
aspects of optimization-based, large-scale machine learning; for context, see
the review [41, Inset 4.1]. The main result of [5], which must be extended to
adapted mappings defined on hybrid discrete time domains that are complete
in the t direction, is the following:

Lemma 5.1. Let {Fi}∞i=0 be a filtration of the probability space (Ω,F ,P).
For each i ∈ Z≥0, let the random variables zi,wi,vi and ui be non-negative,
Fi-measurable, and such that, for almost all ω ∈ Ω,

E [zi+1 | Fi] ≤ zi (1 + wi) + vi − ui. (22)

Then, for almost all ω ∈ Ωs, where

Ωs :=

{
ω ∈ Ω :

∞∑
i=0

wi <∞,
∞∑
i=0

vi <∞

}
, (23)

we have that limi→∞ zi exists and is finite and
∑∞

i=0 ui <∞.
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This result is now extended to the hybrid setting. Following the notation
introduced earlier, let X denote the set of set-valued mappings from R2 to
R with a closed and nonempty graph. Also, let T be the set of all mappings
z : Ω → X such that, for almost all ω ∈ Ω, dom z(ω) is a hybrid discrete
time domain that is unbounded in the t direction, rge z(ω) ⊂ R≥0, and for
each k ∈ Z≥0, the set-valued mapping

ω 7→ graph(z(ω)) ∩
(
{k} × Z≥0 × R

)
(24)

is Fk-measurable. Given z ∈ T , for each k ∈ Z≥0, define


k
(ω) := min

(k,j)∈dom z(ω)
j, k(ω) := max

(k,j)∈dom z(ω)
j. (25)

The maximum used to specify k(ω) is well defined since dom z(ω) is un-
bounded in the t direction and thus, due to the nature of a hybrid discrete
time domain, for a given k the set {j ∈ Z≥0 : (k, j) ∈ dom z(ω)} is finite.
Also note that, due to the definition of a hybrid discrete time domain, for
each k ∈ Z≥0 and all ω ∈ Ω, 

k+1
(ω) = k(ω). The next lemma asserts that,

for a hybrid signal z ∈ T , if for each k ∈ Z≥0 we focus on the values of z(k, ·)
at either k or 

k
, we get adapted sequences.

Lemma 5.2. Let z ∈ T and let k and 
k

be generated from z as in (25).

Then k 7→ z(k, k) and k 7→ z(k, 
k
) are adapted to the filtration {Fk}∞k=0.

Proof. First, it follows from [24, Exercise 14.18] with m = 0, d = 1, n = 2,
T := Ω, S the mapping in (24), x playing the role of (k, j), and w playing
the role of z that the mapping

ω 7→ (dom z(ω)) ∩ ({k} × Z≥0) =: Ψk(ω) (26)

is Fk-measurable. Then Fk-measurability of 
k

in (25) follows from [24, Theo-
rem 14.3(j)] with x = (k, 0). Fk-measurability of k in (25) follows like in [42,
Ch. 1, Example 1.3(i)] by noting that k(ω) = sup {|ψ − (k, 0)| : ψ ∈ Ψk(ω)}
is measurable since {ω ∈ Ω : k(ω) > α} equals the set of ω ∈ Ω such that
Ψk(ω) intersects an open set being the complement of the closed ball of ra-
dius α centered at (k, 0). Finally, the result of the lemma follows from the
assumption that the mapping in (24) is measurable together with [24, Corol-
lary 14.14] with M(ω, ·) := z(k, ·)(ω).
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Here is the needed generalization of Lemma 5.1. It closely resembles that
lemma but must account both for jumps that arise from approximating the
flows (like those considered in Lemma 5.1) and jumps that are an inherent
part of the hybrid system, while being cognizant of the nature of the time
domains on which sample paths are defined. In the theorem statement,
multiple mappings, each belonging to T , are said to be compatible if their
time domains agree almost surely.

Theorem 5.3. Let {Fi}∞i=0 be a filtration of the probability space (Ω,F ,P).
Let z,w,v, uc and ud each belong to T and be compatible, and let k and 

k
be generated from z as in (25). Suppose that, for each k ∈ Z≥0 and almost
all ω ∈ Ω,

E
[

z
(
k + 1, 

k+1

)
| Fk

]
≤ z(k, k)

(
1 + w(k, k)

)
+ v(k, k)− uc(k, k)

(27)

and

z(k, j + 1) ≤ z(k, j)− ud(k, j) ∀j ∈
{

k
, . . . , k − 1

}
. (28)

Then, for almost all ω ∈ Ωs, where

Ωs :=

{
ω ∈ Ω :

∞∑
k=0

w(k, k) <∞,
∞∑
k=0

v(k, k) <∞

}
, (29)

we have that limk+j→∞,(k,j)∈dom z z(k, j) exists and is finite, and

∞∑
k=0

uc(k, k) +

k−1∑
j=

k

ud(k, j)

 <∞. (30)

Proof. For each k ∈ Z≥0, define

sd(k) :=

k−1∑
j=

k

ud(k, j), (31)

with the convention that sd(k) = 0 when 
k

= k. Like in the proof of Lemma

5.2, the sequence {sd(k)}∞k=1 is adapted to the filtration {Fk}∞k=0.
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For each i ∈ Z≥0, define

k(i) := b i
2
c (32a)

zi :=

{
z(k(i), 

k(i)
) i even

z(k(i), k(i)) i odd.
(32b)

wi :=

{
0 i even

w(k(i), k(i)) i odd.
(32c)

vi :=

{
0 i even

v(k(i), k(i)) i odd.
(32d)

ui :=

{
sd(k(i)) i even

uc(k(i), k(i)) i odd.
(32e)

Fi := Fk(i). (32f)

It follows from Lemma 5.2 that the sequence {zi}∞i=0 is adapted to the filtra-
tion {Fi}∞i=0. Moreover, it is not difficult to see that, for each i ∈ Z≥0 and
almost all ω ∈ Ω,

E [zi+1 | Fi] ≤ zi (1 + wi) + vi − ui. (33)

Next, note that the set Ωs defined in (29) satisfies

Ωs =

{
ω ∈ Ω :

∞∑
i=0

wi <∞,
∞∑
i=0

vi <∞

}
(34)

and the condition (30) is equivalent to the condition
∑∞

i=0 ui < ∞. Thus,
Lemma 5.1 gives the condition (30) and that limi→∞ zi exists and is finite
for almost all ω ∈ Ωs. For such ω ∈ Ωs, define

c := lim
i→∞

zi. (35)

Then inequality (28) and the definition of zi in (32b) gives that

c = lim
k→∞

z2k+1 ≤ lim inf
k→∞

(
min

j∈{k,...,k}
z(k, j)

)

≤ lim sup
k→∞

(
max

j∈{k,...,k}
z(k, j)

)
≤ lim

k→∞
z2k = c (36)
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which establishes that limk+j→∞,(k,j)∈dom z z(k, j) exists and is finite for al-
most all ω ∈ Ωs.

6. Almost sure boundedness of solutions to (2)

In this section, conditions are pursued to guarantee that the solutions of
the stochastic approximation (2) are almost surely bounded. The mean and

variance of selections from F̂ are assumed to be bounded in a manner that
resembles the bounds in [20, Assumption 1]. In contrast to [20, Assumption
1], there is no need for the bounding function V that appears in the assump-
tion to be defined and have a Lipschitz gradient on all of Rn. Instead, we
ask for this latter property on line segments connecting x(k, j) to x(k+ 1, j)
when (k, j), (k + 1, j) ∈ dom x(ω), which is captured by the following set:

C [0,1] := {z ∈ Rn : z = x+ tη, x ∈ C, k ∈ Z≥0, ω ∈ Ω, t ∈ [0, 1],

x+ η ∈
(
x+ hk+1F̂ (x,yk+1(ω), hk+1)

)
∩ (C ∪D)

}
. (37)

Assumption 6.1. There exists a continuous function V : dom V → R, with
C [0,1] ∪D ⊂ dom V that is continuously differentiable on an open neighbor-
hood of C [0,1] with a Lipschitz gradient on C [0,1] such that:

1. the set {x ∈ C ∪D : V (x) ≤ c} is bounded for each c > 0,

2. there exist nonnegative real numbers ∆ and λ such that, for every so-
lution x of (2) that is complete in the t direction, k ∈ Z≥0, and f̂ ∈
F̂ (x(k, k),yk+1, hk+1) that is Fk+1-measurable and such that x(k, k)+

hk+1f̂ ∈ C ∪D almost surely, and almost all ω ∈ Ω (with the ensuing
dependence on ω suppressed):

(a) V (x(k, k))) ≥ ∆ implies

i. if x(k, k) ∈ C then:

∇V (x(k, k)) · E
[
f̂ | Fk

]
≤ hk+1λV (x(k, k)), (38a)

E
[
|̂f |2 | Fk

]
≤ V (x(k, k)) (38b)

ii. if x(k, k) ∈ D then:

V (g) ≤ V (x(k, k)) ∀g ∈ G(x(k, k)); (39)
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(b) V (x(k, k)) < ∆ implies

i. if x(k, k) ∈ C then:

E
[
|̂f |2 | Fk

]
≤ λ (40)

ii. if x(k, k) ∈ D then:

V (g) ≤ λ ∀g ∈ G(x(k, k)). (41)

Remark 6.2. Observe that if ∇V (x) · f ≤ 0 for all f ∈ F (x) then (38a)
holds when

E
[

f̂ | Fk
]
⊂ [ε,∆]F (x(k, k)) + hk+1β(x(k, k))B (42)

(compare with (71a) in the next section) for some ε > 0 and some continuous
function β : Rn → R≥0 such that, for some λ ≥ 0,

V (x) ≥ ∆, x ∈ C =⇒ |∇V (x)|β(x) ≤ λV (x). (43)

We now illustrate Assumption 6.1 using several examples, including the
examples considered earlier, such as the Bouncing Ball and the combinatorial
optimization problem.

Example 6.3 (Resetting to a compact set). Consider Assumption 6.1
in the special case where

C is compact, G(D) ⊂ C. (44)

This case occurs in resetting algorithms that ensure almost sure bounded-
ness for stochastic approximation of differential equations or inclusions, as
discussed in [11, §4.5 and 5.5], or [43, §IV] for example. Indeed, suppose
Omega(iB) for ẋ ∈ F (x) is known to belong to some compact set C1 ⊂ Rn

for all large i and the solutions of ẋ ∈ F (x) starting in C1 do not reach the
boundary of a larger compact set C2 ⊂ Rn. In this situation, for the data
of the stochastic approximation (2) of the differential inclusion ẋ ∈ F (x), it
is reasonable to take C = C2, D = Rn\C2, G(x) ⊂ C1 for all x ∈ D, and

F̂ to have finite conditional variance on the compact set C, at least if the
goal is to achieve almost sure boundedness. The explanation for this minimal
requirement on F̂ is given next.
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When (44) holds, to satisfy Assumption 6.1 we can take V (x) := xTx for
example, which is smooth and has a Lipschitz gradient, and then take ∆ > 0
sufficiently large so that the set C∩{x ∈ dom V : V (x) ≥ ∆} is empty. When
this condition holds, in Assumption 6.1 there is nothing to check for condition
2(a)i and condition 2(a)ii holds since G(D) ⊂ C implies that g ∈ G(x) gives
V (g) ≤ ∆ ≤ V (x). Moreover, condition 2(b)ii holds since G(D) ⊂ C, C is
compact, and V is continuous. Thus, the only condition that must be checked
is condition 2(b)i, i.e., that F̂ has finite conditional variance on the compact
set C.

In order to relate the asymptotic properties of the stochastic approxima-
tion to the asymptotic properties of the differential inclusion ẋ ∈ F (x), which

is discussed in Section 8, F̂ should satisfy a condition like (42). However, as
emphasized above, this condition is not needed for almost sure boundedness.

Example 6.4 (Bouncing Ball, stochastically approximated).
Consider the stochastic approximation of the Bouncing Ball hybrid system
from Examples 2.4 and 4.2, with F̂ as in (16) and where the noise {yk}∞k=1 is
iid with an exponential distribution having variance σ. It is a straightforward
exercise to verify that the conditions of Assumption 6.1 hold with ∆ = 0,
λ = 0, and

V (x) := x22 + 2γx1 + σ + γ2 (45)

when D = {0} × R≥0. However, with D replaced by

D̂ := R≤0 × R≤0, (46)

as considered in Example 4.2, V is modified to be

Ṽ (x) := x22 + 2γρ(x1) + σ + γ2 (47)

where ρ : R → [−ε,∞) is a C2, nondecreasing function with ρ(s) = s for

s ≥ 0. Note that V (x) = Ṽ (x) for all x ∈ C ∪ D. Next, we pick ∆ > 0

sufficiently large so that Ṽ (x) ≥ ∆ and x ∈ D̂\D implies that

(1− δ2)x22 ≥ 2γε. (48)

24



Then, for x ∈ D̂\D, and Ṽ (x) ≥ ∆,

Ṽ (g(x)) = δ2x22 + σ + γ2

≤ (δ2 − 1)x22 + 2γε+ x22 − 2γε+ σ + γ2

≤ (δ2 − 1)x22 + 2γε+ Ṽ (x)

≤ Ṽ (x).

It follows that Assumption 6.1 also holds with D̂ in place of D by using Ṽ
and the chosen ∆.

Example 6.5 (Combinatorial optim. with stochastic gradients).
Consider the optimization problem from Example 2.5 and its stochastic ap-
proximation from Example 4.3 where, for each q ∈ Q, fq : Rm → R is given
by (19) and is radially unbounded with a globally Lipschitz continuous gradi-
ent. We also assume that, in (19), for each q ∈ Q, and i ∈ {1, . . . , Nq}, fi,q
is continuously differentiable and that there exist κ > 0 and θ > 0 such that

|∇fi,q(z)|2 ≤ κfq(z) + θ ∀(z, q, i) ∈ Rm ×Q ∈ {1, . . . , Nq} . (49)

Observe, using the distribution for yk+1 and (49), that for all x ∈ C and all
k ∈ Z≥0 we have

E
[∣∣∣∇f(yk+1modNq),q(z)

∣∣∣2 | Fk ] =
1

Nq

Nq∑
i=1

|∇fi,q(z)|2

≤ 1

Nq

Nq∑
i=1

(κfq(z) + θ) = κfq(z) + θ. (50)

Now take

V (x) := κfq(z) + θ ∀(z, q) ∈ Rm ×Q (51)

and, for the sake of Assumption 6.1, extend the definition of V to Rm × U
where U is an open neighborhood of Q small enough so that the projection p(·)
from each point in U to Q is unique, so that the extended function is given
by V (z, p(q), τ). Due to the assumptions on z 7→ fq(z) for each q ∈ Q, the

fact that Q is finite, and the structure of F̂ , it follows that V is continuous
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on its domain, C [0,1] ∪D ⊂ dom V , and V is continuously differentiable on
an open neighborhood of C [0,1] with a globally Lipschitz gradient on C [0,1]. In
addition, the first item of Assumption 6.1 holds.

Take ∆ = λ = 0. It follows from (50) and the definition of V that (38b)
holds. Also, using Remark 6.2 and the fact that

E
[
−∇f(yk+1modNq), q(z) | Fk

]
= −∇fq(z), (52)

which follows from the distribution of yk+1, we have that (38a) holds. Finally,
from the definition of G, it follows that (39) holds.

Example 6.6 (CO on a torus with stochastic finite differences).
Consider the stochastic approximation model in Example 4.4 for the combi-
natorial optimization on a torus model in Example 2.6.

Note that, from the mean-value theorem, there exists ϑ > 0 such that

fq

(
exp

(
R(y+h+

)
z
)
− fq

(
exp

(
−R(y+h+)

)
z
)
∈

∇fq(z + h+ϑB) ·
(

exp
(
R
(
y+h+

)
z
)
− exp

(
−R

(
y+h+

)
z
))

(53)

and

exp
(
R
(
y+h+

)
z
)
− exp

(
−R

(
y+h+

)
z
)

= 2R
(
y+h+

)
z +O((h+)2) (54)

so that

fq

(
exp

(
R(y+h+

)
z
)
− fq

(
exp

(
−R(y+h+)

)
z
)

=

∇fq(z) · 2R(y+h+)z +O((h+)2). (55)

It then follows that there exists β > 0 such that, for every solution x of (2)

that is complete in the t direction, k ∈ Z≥0, and f̂ ∈ F̂ (x(k, k),yk+1, hk+1)
that is Fk+1-measurable, and almost all ω ∈ Ω (with the ensuing dependence
on ω suppressed):

E
[

f̂ | Fk
]
⊂ F (x(k, k)) + hk+1βB, (56a)

E
[
|̂f |2 | Fk

]
≤ 2uT (k, k)u(k, k) + β. (56b)
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At this point, using the ideas in Remark 6.2, it is not difficult to establish
that Assumption 6.1 holds with ∆ = λ = 0 by taking V of the form

V (x) := κ

(
1

2
uTu+ fq(z)

)
+ ϑ (57)

with κ > 0 and ϑ > 0 sufficiently large.

In Assumption 6.1, which the previous examples have been shown to sat-
isfy, the bound in (38a) is a relaxation of the bound in [20, (4a)] to account for

the fact that F̂ is allowed to depend on h here. Nevertheless, the observation
in [20, Lemma 2] still applies. Namely,

Lemma 6.7. If Assumption 6.1 holds with ∆ > 0 then it holds with ∆̂ = 0 in
place of ∆ and V̂ := ρ(V ) in place of V , where ρ : R→ R≥0 is any C2 function
that is constant on (−∞,∆], satisfies ρ′(s) ∈ [0, 1] and ρ(s) ≥ max {λ, s} for
all s ≥ 0, and satisfies ρ(s) = s for all large s.

Proof. The function V̂ is C1 because V is C1 and ρ is C2. Because ρ′′ is
nonzero only on a bounded set, it is bounded. This, and a version of the
Mean Value Theorem, implies that ∇V̂ is Lipschitz continuous. Because
V̂ (x) ≥ max {λ, V (x)} for all x ∈ dom V = dom V̂ , item 1 of Assumption

6.1 for V implies item 1 of Assumption 6.1 for V̂ .
Since ρ is C2, ρ′(s) ∈ [0, 1] for all s ≥ 0, ρ constant on [0,∆] and (38a)

holds for V (x) ≥ ∆ and x ∈ C, it follows that (38a) holds for all x ∈ C with

V̂ in place of V on both the left-hand side and right-hand side of (38a).

Finally, because V̂ (x) ≥ max {λ, V (x)} for all x ∈ dom V , the combina-
tion of (38b) and (40) together with the combination of (39) and (41) give

that (38b) holds for all x ∈ C and (39) holds for all x ∈ D, with V̂ in place
of V .

The last assumption imposed before stating the result on almost sure
boundedness is the following:

Assumption 6.8. The step sizes {hk}∞k=1 are square summable:
∞∑
k=1

h2k <∞.

With Assumptions 6.1 and 6.8 in hand, we have our main theorem of
this section, which extends [20, Theorem 1] from the setting of stochastic
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difference inclusions to the setting of stochastic hybrid simulators. It applies
to Example 6.3 (Projections to compact sets), Example 6.4 (Bouncing Ball,
stochastically approximated), Example 6.5 (Combinatorial optimization with
stochastic gradients), and Example 6.6 (Combinatorial optimization on a
torus with stochastic finite differences), since Assumption 6.1 was shown to
hold for each of these examples. The proof is analogous to the proof of [20,
Theorem 1].

Theorem 6.9. If Assumptions 6.1 and 6.8 hold, then each solution to (2)
that is complete in the t direction is bounded almost surely.

Proof. According to Lemma 6.7, we can assume that Assumption 6.1 holds
with ∆ = 0. Letting L be a Lipschitz constant for ∇V on C [0,1], which was
defined in (37), for all (x, η) such that x + tη ∈ C [0,1] for all t ∈ [0, 1], we
have that

V (x+ η) = V (x) +

∫ 1

0

∇V (x+ tη) · η dt

≤ V (x) +∇V (x) · η +
1

2
L|η|2. (58)

Recall the notation k, k introduced by (25). Let x := x(k, k) and let η be
Fk+1-measurable and such that

x+ η = x(k + 1, 
k+1

) ∈
(
x+ hk+1F̂ (x(k, k),yk+1, hk+1)

)
∩ (C ∪D). (59)

As mentioned above the statement of Assumption 6.1, this implies that x+
tη ∈ C [0,1] for all t ∈ [0, 1]. Taking conditional expectations and using
Assumption 6.1, we get

E
[
V
(
x(k + 1, 

k+1
)
)
| Fk

]
≤ V (x(k, k)) + h2k+1λV (x(k, k)) + h2k+1

L

2
V (x(k, k)). (60)

Moreover, it follows from (39) in Assumption 6.1 that

V (x(k, j + 1)) ≤ V (x(k, j)) ∀j ∈
{

k
, . . . , k − 1

}
(61)
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Then, we apply Theorem 5.3 with, for each k ∈ Z≥0 and j ∈
{

k
, . . . , k

}
,

the definitions

z(k, j) := V (x(k, j)), (62a)

w(k, j) := h2k+1

(
λ+

L

2

)
, (62b)

v(k, j) = uc(k, j) = ud(k, j) := 0, (62c)

and use Assumption 6.8 to get that, for almost all ω ∈ Ω,

lim
k+j→∞,(k,j)∈dom x

V (x(k, j))

exists and is finite. Almost sure boundedness of x now follows from item 1
of Assumption 6.1.

7. Morse decompositions and Lyapunov functions

This section, after some background material, presents the Morse and
Conley decompositions of an attractor for (1), and gives a Lyapunov-like
characterization for the Morse decomposition. The main definitions, given
there for single-valued flows, go back to the seminal work by Conley [44].
For an overview, see the survey [45]. They were generalized to a variety
of settings without uniqueness of solutions, from multi-valued discrete-time
dynamics [46], differential inclusions [47], [22], and, more recently, hybrid
inclusions like (1) in [23]. The main point behind the decompositions is that
they identify in the finest detail where the transient behavior and where the
asymptotic behavior occur.

Throughout this section, suppose that:

(i) The hybrid system (1) satisfies Assumption 2.1 and Assumption 2.2.

(ii) A ⊂ Rn is a nonempty, compact global attractor for (1), in the sense
that for all large enough i ∈ N, A = Omega(iB).

Here, and below, Omega(K) is the Omega-limit from the set K ⊂ Rn as
defined earlier in (5). By [14, Proposition 6.26, Proposition 7.5], A is asymp-
totically stable for (1), that is: a) it is Lyapunov stable: for every ε > 0 there
exists δ > 0 such that every φ ∈ SH(A + δB) satisfies φ(t, j) ∈ A + εB for
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all (t, j) ∈ dom φ; and b) it is attractive: there exists δ > 0 such that every
φ ∈ SH(A+δB) converges to A. The basin of attraction of the asymptotically
stable A, denoted B(A), is the set of all x ∈ Rn for which every φ ∈ SH(x)
converges to A. By definition, B(A) contains Rn \ (C ∪D) and equals Rn —
so that A is globally asymptotically stable — by b) above. The set A, or any
other asymptotically stable compact set A ⊂ Rn, admits a characterization
through a smooth Lyapunov function as indicated in the following, which is
(a part of) [36, Theorem 3.13].

Lemma 7.1. Let A be a nonempty compact asymptotically stable set. Then
its basin of attraction B is open, contains A, and there exists a C∞ function
V : B → R≥0 such that V (x) = 0 if and only if x ∈ A and V (xi) → ∞ if
|xi| → ∞ or xi converge to a boundary point of B, and

∇V (x) · f ≤ −V (x) ∀x ∈ C ∩ B, f ∈ F (x),

V (g) ≤ 1
e
V (x) ∀x ∈ D ∩ B, g ∈ G(x).

(63)

Above, the second inequality can be replaced by V (g) ≤ γV (x) for any
γ ∈ (0, 1), but γ = 1/e, with e being the Euler’s constant, is used to match
the exponential decay rate of V during flow.

Besides asymptotic stability, and the implied strong forward invariance,
A enjoys the property of weak backward invariance, also by [48, Proposition
6.26]. This, and Assumption 2.2, ensure that A ⊂ C ∪ D, and thus from
every x ∈ A there exist solutions to (1) and the maximal ones are complete.
Additionally, weak backward invariance ensures that Omega(A) = A.

Let H|A := (C ∩ A, F,D ∩ A, G′), where for every x ∈ Rn, G′(x) :=
G(x) ∩ A. Because A is strongly forward invariant, G(x) ⊂ A for every
x ∈ D ∩ A, so that G′(x) 6= ∅ if x ∈ D ∩ A. It is then straightforward
that H|A satisfies Assumption 2.1. The mentioned invariance properties of
A ensure that H|A satisfies Assumption 2.2.

A compact set A ⊂ A is an attractor in A if there exists a neighborhood
U of A such that Omega(U) = A for the dynamics given byH|A. The repeller
associated to an attractor A is the set

A∗ :=
{
x ∈ A : ∃φ ∈ SH|A(x) s.t. omega(φ) 6⊂ A

}
,

where SH|A(x) is the set of maximal, hence complete, solutions to H|A from
x, and omega(φ) is the omega-limit of φ, as defined earlier in (4). Because
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A is bounded and strongly forward invariant, and because each bounded
solution φ converges to omega(φ), which is commonly used in invariance-
based arguments, omega(φ) 6⊂ A above is equivalent to saying that φ does
not converge to A. Like in the original idea of [44, Chapter II, Section 6.4,
A], with details for the case of hybrid inclusions in [23, Lemma 9], there
exists at most countably many attractors in A.

By [14, Proposition 6.26, Proposition 7.5], a nonempty attractor A in A
is asymptotically stable for H|A. Furthermore, similarly to the original idea
in [44, Chapter II, Section 5.3, D], by [19, Proposition 2.4] and because A
is an attractor, A is an attractor for H itself. For the dynamics given by
H|A, A∗ = Rn \ B(A), in part because Rn \ A ⊂ B(A). For the dynamics H,
A∗ = A\B(A). The set A∩B(A) is the same, whether the basin is for H or
H|A.

A Morse decomposition of A is an ordered collection

D = {M1,M2, . . . ,ML}

of compact subsets of A such that there exists an increasing sequence of
attractors

∅ = A0 ⊂ A1 ⊂ · · · ⊂ AL = A (64)

in A, such that, for each l = 1, 2, . . . , L,

Ml = Al ∩ A∗l−1. (65)

Note that, by forward completeness and strong forward invariance of A for
H, A∗0 = A and A∗L = ∅. Since the number of attractors in A is either finite
or infinite and countable, the number of different Morse decompositions of
A is either finite or infinite and countable.

Each set in a Morse decomposition D is a Morse set. For any Morse
decomposition D of A, let

M(D) := M1 ∪M2 ∪ · · · ∪ML.

It is elementary, as suggested in the original [44], that

M(D) =
L⋂
l=0

Al ∪ A∗l . (66)

Indeed, the verification involves only (64), (65), elementary set operations,
and no dynamics.

31



Example 7.2 (Academic example and Morse decomposition).
Recall the hybrid system on R from Example 2.3, illustrated in Figure 1. The
global attractor A is [0, 5]. One Morse decomposition and the resulting Morse
sets are:

A0 = ∅ A∗0 = A

A1 = {0} A∗1 = [1, 4] M1 = A1 ∩ A∗0 = {0}
A2 = {0} ∪ [2, 3] A∗2 = {1, 4} M2 = A2 ∩ A∗1 = [2, 3]

A3 = {0} ∪ [2, 5] A∗3 = {1} M3 = A3 ∩ A∗2 = {4}
A4 = A A∗4 = ∅ M4 = A4 ∩ A∗3 = {1}

One can verify that (66) holds. Not all attractors in A appear above, for
example [2, 3] is an attractor.

Just as an asymptotically stable set admits a (smooth) Lyapunov func-
tion, a Morse decomposition admits a (smooth) “Morse-Lyapunov function,”
as described in the main result of this section:

Theorem 7.3. Let M be a Morse decomposition of A. Then, there exists a
smooth and radially unbounded function V : Rn → R≥0 that is constant on
each Morse set and

V (M1) < V (M2) < · · · < V (ML),

and a continuous function w : Rn → R≥0 that is positive definite with respect
to M(D), such that

∇V (x) · f ≤ −w(x) ∀x ∈ C, f ∈ F (x),

V (g) ≤ V (x)− w(x) ∀x ∈ D, g ∈ G(x).

The function V from Theorem 7.3 is used in the next section to establish
the convergence properties not of solutions to (1), but of the solutions to
the stochastic approximation (2). The proof of Theorem 7.3 is postponed
to Section 10. A result similar to Theorem 7.3 appeared in the context of
“multi-stability” — a concept very similar to the Morse decomposition, but
not related to it by the authors — in a hybrid system in [49]. The proof in
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[49] relies on earlier work, including results for continuous-time systems, and
is not easy to track.

The set

R(A) :=
⋂
{M(D) : D is a Morse decomposition of A} (67)

is the so-called chain-recurrent part of A, consisting of points that are chain
recurrent. The decomposition of A into R(A) and its complement, on which
the dynamics is “gradient-like”, is known as Conley’s decomposition and has
been referred to as “the fundamental theorem of dynamical systems”; see
the expository [50]. “Gradient-like” means that there exists a continuous
function that decreases along every solution in A \ R(A). The main mes-
sage behind the decomposition is that transient behaviors occur where the
dynamics is gradient-like, i.e., on A \R(A), while asymptotic behaviors are
represented by different components of R(A), which can be equilibria, pe-
riodic orbits, continua of equilibria, and more. The decomposition is often
established by showing the existence of a Lyapunov-like function, usually
called a total or a complete Lyapunov function. For (1), the appropriate
result is [23, Theorem 2], which shows the existence of a continuous function
V : A → [0, 1] such that V (φ(t, j)) < V (φ(0, 0)) for every φ ∈ SH(A\R(A))
and every (t, j) ∈ dom φ with t + j > 0, that is constant on each (appro-
priately defined) component of R(A), and has some further properties. See
also the main result of [19]. That (67) is a valid description of R(A) fol-
lows from (66) and from [23, Proposition 11(a)], which says that R(A) is the
intersection of A ∪ A∗ over all attractors A in A.

x0 1 2 3 4 5

A

Figure 2: A Morse-Lyapunov function for (6), as described in Theorem 7.3, which, in this
case, is also a total Lyapunov function.

For the example hybrid system (6), the chain-recurrent part turns out to
be the union of the exhibited Morse sets:

R(A) = {0} ∪ [2, 3] ∪ {4} ∪ {1}.
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Each of the three singletons, {0}, {4}, and {1} is a chain-recurrent point
because it is an equilibrium, while [2, 3] is a component of the chain-recurrent
set R(A) because it is the image of a periodic (in the hybrid sense) solution.
For this example, there is a finite number of components and, consequently, a
smooth total Lyapunov function can be fairly easily built directly, see Figure
2. In general, there is at most countably many attractors possibly leading to
infinitely many components of R(A). An example of this is provided by the
differential equation

ẋ = f(x) := −x2 sin(1/x)

on R, with the understanding that f(0) = 0, for which [−1/π, 1/π] is the
global attractor and in it, there are infinitely many equilibria, and — among
them — infinitely many attractors in A. For an academic example of this in
a hybrid setting, see [23, equations (1), (2), and (3)].

For an example of the chain-recurrent set for a differential inclusion, con-
sider the (generalized) gradient flow

ẋ ∈ −∂f(x), (68)

where ∂f : Rn ⇒ Rn is Clarke subdifferential / generalized gradient of a lo-
cally Lipschitz continuous function f : Rn → R that is nonpathological. This
set-valued mapping has nonempty, compact, and convex values everywhere
and is outer semicontinuous and locally bounded. A convenient formula
(which is not its original definition) for the generalized gradient is

∂f(x) = con
{

lim
i→∞
∇f(xi) |xi ∈ O \ S, xi → x

}
,

where O ⊂ Rn is the set of all points at which f is differentiable (the comple-
ment of O has measure 0) and S ⊂ Rn is any set of measure 0, so that O \S
is dense in Rn. See [51, Theorem 2.5.1] or [24, Theorem 9.61]. The concept
of nonpathological functions goes back to [52] and was popularized for con-
trol purposes, including Lyapunov analysis, by [53]; see [54] for details and
further references. Nonpathological functions satisfy an appropriate chain
rule, when composed with an absolutely continuous solution to a differen-
tial equation or inclusion; see [54, Proposition 1]. This, and the recent [55,
Lemma 5.2] imply that any solution φ : [0, T ]→ Rn to (68) satisfies

f(φ(T ))− f(φ(0)) = −
∫ T

0

‖φ̇(s)‖2 ds = −
∫ T

0

dist2(0, ∂f(φ(s))) ds. (69)
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The example below generalizes a result of [56] that was given for a differ-
entiable f and the resulting gradient flow. The argument uses similar ideas,
but is in fact shorter here, because it is direct. Below, x is a critical point
of f if 0 ∈ ∂f(x) and r ∈ R is a regular value of f if there is no critical
point x such that r = f(x). The final ingredient needed for the example is
the original definition of the chain-recurrent set for a differential equation, or
inclusion, here stated for (68). Following [44], R(A) is defined as the set of
all points x such that, for every τ, ε > 0, there exists a (τ, ε)-chain from x to
x, i.e., there exist a finite sequence of points x = x0, x1, . . . , xk = x in A and
solutions φ0, φ1, . . . , φk−1 to (68) such that φi(0) = xi and xi+1 ∈ φi(Ti) + εB
for some Ti ≥ τ and for i = 0, 1, . . . , k − 1. An alternative characterization
of the chain recurrent set was already given in (67) in the setting of hybrid
inclusions. Of course, this characterization applies here too, but is not used.

Example 7.4 ((Generalized) gradient flow and chain recurrence).
Suppose that a locally Lipschitz f : Rn → R is nonpathological and the set of
regular values of f is dense in R. Suppose that a nonempty and compact set
A ⊂ Rn is an attractor for (68). Then:

x ∈ R(A) if and only if x is a critical point of f . 1

Clearly, if 0 ∈ ∂f(x) then a constant solution from x to x, on an arbitrarily
long time interval, yields the needed (τ, ε)-chain, and x ∈ R(A). Pick x ∈ A
such that 0 6∈ ∂f(x). Let S1(x) ⊂ A be the reachable set from x in time 1.
Then max f(S1) < f(x). Let r be a regular value of f such that max f(S1) <
r < f(x). Let K := {a ∈ A : f(a) ≤ r} and S[1,2](K) be the reachable set
from K in time between 1 and 2. It is claimed that there exists ε > 0 such that
S[1,2](K) + εB ⊂ K. If the claim is true, then there is no (2, ε)-chain from x
to x, because every solution on [0, T ] with T ≥ 2 can be concatenated from a
solution on [0, 1] and a solution, or solutions, on [1, 2]. Then x 6∈ R(A). To
see the claim, suppose, to the contrary, that there exist xi ∈ K and solutions
φi : [0, Ti]→ Rn, Ti ∈ [1, 2], such that f(yi)→ r, where yi = φi(Ti). Without
loss of generality, Ti converge to some T ∈ [1, 2], yi converge to some y ∈ K
with f(y) = r, and φi converge graphically to a solution φ : [0, T ] → R.

1In [20], we informally predicted this conclusion but didn’t include the assumption on
regular values.
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Because f(yi) < f(xi) ≤ r, f(xi) → r. Then, using the Cauchy-Schwartz
inequality,

0 ≤
∫ T

0

‖φ̇i(s)‖ ≤
√
T

√∫ T

0

‖φ̇i(s)‖2 ds =
√
T
√
f(xi)− f(yi)→ 0

so that the arc-lengths of φi converge to 0, so that xi → y. Then φ(T ) =
φ(0) = y, which is impossible in light of (69) because 0 6∈ ∂f(y). Indeed, 0 ∈
∂f(y) and outer semicontinuity of ∂f ensure that there exists δ > 0 such that
dist(0, ∂f(φ(s))) ≥ δ for all small enough s > 0, so that f(φ(T )) < f(φ(0)).
This ends the argument.

If f : Rn → R is Cn then, by the Sard’s Theorem, the set of regular values
of f is dense in R. This conclusion may fail if f is “only” Cn−1, and then, there
may exist chain-recurrent points y for ẋ = −∇f(x) for which ∇f(y) 6= 0.
See [56, Section 4], and note that every differentiable f is nonpathological, so
being nonpathological does not imply the extra assumption in Proposition
7.4. For examples of quite strange behavior of solutions to (68), see [57].
Among other things, (68) may have a periodic solution whose image does
not contain any critical points.

Arguments similar to those in Example 7.4, and a somewhat tedious case
by case analysis of different hybrid behaviors, let one justify the conclusions
in the following example:

Example 7.5 (Combinatorial optimization and chain recurrence).
Consider the combinatorial optimization model of Example 2.5 in the special
case where N0 = 1 and ε = δ > 0. Suppose that A ⊂ Rm+2 is a global
attractor. Let Z ⊂ Rm+2 be the set given by{

x = (z, q, τ) ∈ A×Q× [0, 1]

∣∣∣∣∣ ∃ p ∈ Q s.t. ∇fp(z) = 0 and

p, q ∈ arg mins∈Q s 7→ fs(z)

}
. (70)

Then Z ⊂ R(A). If, for each q ∈ Q, ∇fq is Lipschitz continuous, which
was an additional assumption made in Example 6.5, and for each q ∈ Q, the
set of critical values of fq is nowhere dense, then Z = R(A). The relevance
of Lipschitz continuity is that it implies that solutions to ż = −∇fq(z) are
unique. Both assumptions, on Lipschitz continuity and on critical values,
hold if each fq is Cn.
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8. Asymptotic behavior of the solutions to (2)

In this section, we assume almost sure boundedness of solutions to (2)

and weaken the condition on the variance of F̂ to arrive at conditions for and
characterizations of convergence of the solutions of the stochastic approxima-
tion (2). The characterization of convergence is in terms of the asymptotic
behavior of the solutions of the hybrid system (1). The following assumption,
which weakens the variance condition in Assumption 6.1, is analogous to [20,
Assumption 4]:

Assumption 8.1. The continuous, nondecreasing function γ : R≥0 → R≥0,
the set-valued mapping F : Rn → Rn in (1a), ε ∈ (0, 1], and ∆ ∈ [1,∞) are
such that, for each solution x of (2) that is complete in the t direction and

each k ∈ Z≥0, if f̂ ∈ F̂ (x(k, k),yk+1, hk+1) is Fk+1-measurable and such that

x(k, k) + hk+1f̂ ∈ C ∪D almost surely then, almost surely

E
[

f̂ | Fk
]
⊂ [ε,∆]F (x(k, k)) + hk+1γ(|x(k, k)|)B (71a)

E
[
| f̂ |2 | Fk

]
≤ γ(|x(k, k)|). (71b)

Remark 8.2. Note that when F̂ , the noise sequences {yk}∞k=1, and the step-
size sequence {hk}∞k=1 satisfy the variance conditions given in Assumption
6.1 then they also satisfy the variance condition given in (71b) of Assump-
tion 8.1. Hence, the data specified in Examples 6.3-6.6 discussed in Section
6 satisfy (71b). The containment (71a) supplies the condition required for
the stochastic approximation in Example 6.3 to inherit the asymptotic con-
vergence properties of the solutions to the differential inclusion. Moreover, it
is easy to see that the data in Examples 4.2-4.4 satisfy (71a).

A possible interest in the interval [ε,∆] that appears on the right-hand of

(71a) comes from recognizing that F̂ depends on hk+1 and this fact provides
the freedom to limit the effective size of the step sizes. For example, let ρ > 0
and consider

F̂ (x, y+, h+) =
ρ

max {ρ, h+}
F̃ (x, y+) (72)

where, for each solution x of (2) that is complete in the t direction, each

k ∈ Z≥0, if f̃ ∈ F̃ (x(k, k),yk+1) is Fk+1-measurable then

E
[

f̃ | Fk
]
∈ F (x(k, k)). (73)
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This choice for F̂ is such that, when it is multiplied by the step-size place-
holder h+, we get an effective step size of min {ρ, h+}. Moreover,

E
[

ρ

max {ρ, hk+1}
f̃

∣∣∣∣ Fk ] ⊂ [ε, 1]F (x(k, k)) (74)

where

ε :=
ρ

max
{
ρ, supk∈Z≥0

hk+1

} . (75)

An important consequence of the variance condition (71b) in Assumption
8.1 is contained in the following lemma, which resembles [20, Lemma 4]. It
uses the definitions

τn :=
n−1∑
k=0

hk+1, m(t) := sup {n ∈ Z≥0 : τn ≤ t} . (76)

Lemma 8.3. Suppose Assumptions 6.8 and 8.1 hold, and let x be a solution
of (2) that is complete in the t direction and bounded, almost surely. For
each k ∈ Z≥0, define (recall 

k+1
= k)

f̂k+1 :=
x(k + 1, 

k+1
)− x(k, k)

hk+1

∈ F̂ (x(k, k),yk+1, hk+1), (77a)

fk := E
[

f̂k+1 | Fk
]
. (77b)

For each T > 0, the following property holds almost surely:

lim
n→∞

sup
n+1≤k≤m(τn+T )

∣∣∣∣∣
k−1∑
i=n

hi+1(f̂i+1 − fi)

∣∣∣∣∣ = 0. (78)

Proof. The proof follows that of [20, Lemma 4] with appropriate modifica-
tions to account for hybrid time domains. Let si : Ω→ Z≥0∪{∞} be defined
as

si := inf {k ∈ Z≥0 : |x(k, k)| > i} .
Then, for each k ∈ Z≥0,

{si ≤ k} =
k⋃
`=0

{|x(`, `)| > i} ∈ Fk.
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A consequence is that, for each k ∈ Z≥0, the indicator function

1(k < si) :=

{
1 k < si

0 otherwise

is Fk-measurable. For each k ∈ Z≥0, let f̂k+1 come from (77a) and define

f̂ sik+1 := 1(k < si)f̂k+1

f sik := E
[

f̂ sik+1 | Fk
]

usi
k+1 := f̂ sik+1 − f sik .

Then

E
[
usi
k+1 | Fk

]
= E

[
f̂ sik+1 | Fk

]
− f sik = 0 (79a)

E
[
|usi
k+1|

2 | Fk
]
≤ E

[
|̂f sik+1|

2 | Fk
]

= 1(k < si)E
[
|̂fk+1|2 | Fk

]
≤ 1(k < si)γ(|xk|) ≤ γ(i) (79b)

where (71b) and the definition of si have been used, respectively, for the
last two inequalities in (79b). Using Assumption 6.8 and [9, Proposition 1.4]
with q = 2, which is based on [58, Theorem 9], it follows that (78) holds

with f̂ sik+1 and f sik in place of f̂k+1 and fk. Then, using that the solution x is
bounded almost surely, for almost every ω ∈ Ω, there exists i∗ ∈ Z≥0 such
that si(ω) =∞ for all i ≥ i∗. Therefore, (78) holds almost surely.

Our final assumption recasts [20, Assumption 3] in the setting of hybrid
systems. It asks that the asymptotic behavior of the hybrid system (1) be
contained in a compact set. The (infinite horizon) reachable set for (1), or
for H, from a set K ⊂ Rn is

ReachH(K) :=
{
φ(t, j) : φ ∈ SH(K), (t, j) ∈ dom φ

}
.

Assumption 8.4. For the system (1), for every i ∈ Z≥0 the infinite horizon
reachable set ReachH(iB) is bounded and the sequence {Omega(iB)}∞i=1 of
Omega-limit sets of (1) is bounded.
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Remark 8.5. The hybrid system involving resetting to a compact set, as
specified in Example 6.3, satisfies Assumption 8.4, by construction. That the
Bouncing Ball model in Example 2.4 satisfies Assumption 8.4 can be verified
using the Lyapunov function candidate V (x) := 0.5x22 + γx1 and the invari-
ance principle for hybrid system [31]. That the combinatorial optimization on
a torus model in Example 2.6 satisfies Assumption 8.4 can be verified using
the Lyapunov function candidate V (x) := 0.5uTu+ fq(z) and the invariance
principle for hybrid systems [31]. For the hybrid system in Example 2.5, As-
sumption 8.4 holds when, for each q ∈ Q, fq is radially unbounded and the
zeros of ∇fq belong to a compact set; under this condition, Assumption 8.4
can be verified using the Lyapunov function candidate V (x) := fq(z) and the
invariance principle for hybrid systems. Finally, note that any hybrid system
(1) that admits a globally asymptotically stable set satisfies Assumption 8.4.

The proof of the following proposition uses standard ideas. In the setting
of differential inclusions, such a result was given in [20, Proposition 1].

Proposition 8.6. Under Assumptions 2.1, 2.2, and 8.4, the set

A := lim
i→∞

Omega(iB) (80)

is nonempty, compact, weakly backward invariant, and globally asymptotically
stable.

Proof. The limit limi→∞Omega(iB) =: A exists, because the sequence
{iB}∞i=1 is increasing, and so the sequence {Omega(iB)}∞i=1 is nondecreasing.
Nonemptiness follows from the existence of at least one complete solution
that is bounded, which in turn follows from Assumption 2.2 and Assumption
8.4. In fact, A is a nonempty, globally asymptotically stable compact set for
(1). Indeed, since the sequence {Omega(iB)}∞i=1 is bounded, there exists a
compact set K ⊂ Rn such that Omega(iB) ⊂ intK for all i. Take any large
enough i so that K ⊂ iB. Then Omega(iB) ⊂ int iB, and thus Omega(iB) is
a nonempty, compact, weakly backward invariant, and asymptotically stable
set with its basin of attraction containing iB. These conclusions come from
[14, Proposition 6.26, Proposition 7.5]. BecauseK is a compact neighborhood
of Omega(iB) and is contained in the basin of attraction, there exists T >
0 such that the set of points reachable from iB at times greater than or
equal to T is contained in K. This ensures that Omega(iB) = Omega(K).
Thus, for all large enough i, the sequence {Omega(iB)}∞i=1 is constant, with
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Omega(iB) = Omega(K), and so A = Omega(K). The basin of attraction
of A contains iB for all large enough i, so that the basin equals Rn.

The following theorem, which can be viewed as the main technical contri-
bution of this paper, extends [20, Theorem 2] from differential inclusions to
hybrid inclusions. It provides mild conditions under which a solution that is
bounded and complete in the t direction converges to every Morse decompo-
sition of the global attractor. In addition to all of the previous assumptions
except Assumption 6.1, it imposes the following condition on the step sizes:

Assumption 8.7. The step sizes {hk}∞k=1 are not summable:
∞∑
k=1

hk =∞.

Theorem 8.8. Let Assumptions 2.1, 2.2, 6.8, 8.1, 8.4, and 8.7 hold, let
D = {M1, . . . ,M`} be a Morse decomposition of A := limi→∞Omega(iB),
and recall that M(D) = ∪`i=1Mi. If x is a solution to (2) that is complete in
the t direction and almost surely bounded then x(k, j) converges, as k+j →∞
with (k, j) ∈ dom x, to M(D) almost surely.

Proof. The proof follows the lines of the proof of [20, Theorem 2], with
modifications to account for two different types of jumps and hybrid time
domains. Because of Assumptions 2.1, 2.2, and 8.4, Proposition 8.6 holds.
In turn, Theorem 7.3 can be applied to give functions U,w : Rn → R≥0 that
parallel V and w of that theorem. Let κ : R≥0 → R≥0 be a smooth, concave
function such that

κ′(s) > 0 ∀s > 0, (81a)

|κ′(U(x))∇2U(x)| ≤ L ∀x ∈ C. (81b)

Next, for all x ∈ Rn, define

V (x) := κ(U(x)), (82a)

Yc(x) := κ′(U(x))w(x), (82b)

Yd(x) := κ(U(x))− κ(U(x)− w(x)), (82c)

Y (x) := min {Yc(x), Yd(x)} . (82d)

It follows from Theorem 7.3 and the properties of κ that V is constant with a
distinct value on each Morse set and smooth with a Lipschitz gradient having
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Lipschitz constant L, Y is continuous and positive definite with respect to
MD, and

∇V (x) · f ≤ −Y (x) ∀x ∈ C, f ∈ F (x) (83a)

V (g)− V (x) ≤ −Y (x) ∀x ∈ D, g ∈ G(x). (83b)

Like in the proof of Theorem 6.9, we use the inequality (58), we let
x := x(k, k) and we let η be Fk+1-measurable such that

x+ η = x(k + 1, 
k+1

) ∈
(
x(k, k) + hk+1F̂ (x(k, k),yk+1, hk+1)

)
∩ (C ∪D)

(84)

and then take conditional expectations, and use Assumption 8.1 to get, for
all k ∈ Z≥0,

E
[
V
(
x(k + 1, 

k+1
)
)
| Fk

]
≤ V (x(k, k))− hk+1εY (x(k, k)) + h2k+1

(
1 +

L

2

)
γ(|x(k, k)|) (85)

and

V (x(k, j + 1)) ≤ V (x(k, j))− Y (x(k, j)) ∀j ∈
{

k
, . . . , k − 1

}
. (86)

In preparation for applying Theorem 5.3, for each k ∈ Z≥0 and each j ∈{

k
, . . . , k

}
, define

z(k, j) := V (x(k, j)), (87a)

w(k, j) := 0, (87b)

v(k, j) := h2k+1

(
1 +

L

2

)
γ(|x(k, j)|), (87c)

uc(k, j) = hk+1εY (x(k, j)), (87d)

ud(k, j) := Y (x(k, j)). (87e)

For almost all ω ∈ Ω,

∞∑
k=0

v(k, k) ≤ γ

(
sup
k∈Z≥0

|x(k, k)|

)
∞∑
k=0

h2k+1

(
1 +

L

2

)
<∞, (88)
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where the finiteness uses the assumption that x is bounded almost surely
and Assumption 6.8, which says that the sequence of step sizes is square
summable. Due to Theorem 5.3 with the definitions in (87), for almost all
ω ∈ Ωi

lim
k+j→∞,(k,j)∈domx

V (x(k, j))

exists and is finite and∑
(k,j)∈domx

min(1, εhk+1)Y (x(k, j)) ≤
∞∑
k=0

uc(k, k) +

k−1∑
j=

k

ud(k, j)

 <∞.

(89)

Finally we establish that

lim
k+j→∞,(k,j)∈domx

Y (x(k, j)) = 0 (90)

for almost all ω ∈ Ω which gives the desired result since Y is continuous and
positive definite with respect to MD and x is bounded almost surely.

Take Ω̂ ⊂ Ω to satisfy P(Ω̂) = 1 and be such that, for all ω ∈ Ω̂, x(ω) is

bounded and (89) and (78) hold. Fix ω ∈ Ω̂.
Suppose lim sup(k,j)∈domx,k+j→∞ Y (x(k, j)) > 0. It follows that there is

an accumulation point x∗ ∈ Rn for the solution x satisfying ε := Y (x∗) >
0. In fact, x∗ must be an accumulation point of a sequence of the form{
x(k`, k`)

}∞
`=1

where k` → ∞ as ` → ∞ and k` = 
k`

for all ` ∈ Z≥1 due

to (89) and the definition of ud in (87e). Since Y is continuous, there exists
δ > 0 such that

Y (x) ≥ 0.5ε ∀x ∈ {x∗}+ δB. (91)

Since x is bounded and F is locally bounded, with the definition of fk in
(77b) and the condition (71a), there exists T > 0 sufficiently small so that

T |fk| ≤ δ/3 ∀k ∈ Z≥0. (92)

Using Lemma 8.3, in particular the definitions in (77) and the limit in (78),
let n∗ ∈ Z≥0 be large enough so that, for all n ∈ Z≥n∗ ,

sup
n+1≤k≤m(τn+T )

∣∣∣∣∣
k−1∑
i=n

hi+1

(
f̂i+1 − fi

)∣∣∣∣∣ ≤ δ/3. (93)
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Next, let {n`}∞`=1 be a sequence of positive integers that is unbounded and
satisfies, for all ` ∈ Z≥1,

n`+1 ≥ max {n∗,m(τn`
+ T )} (94a)

xn`
:= x(n`, n`

) ∈ {x∗}+ (δ/3)B. (94b)

Let `1 ∈ Z≥1 be sufficiently large such that if (k, j), (k, j + 1) ∈ dom x and
(k, j) � (n`1 , n`1

) then Y (x(k, j)) ≤ 0.25ε. Such an `1 exists due to (89) and

the definition of ud in (87e). Let `∗2 ∈ Z≥`∗1 be large enough so that

m(τn`
+T )−1∑

k=n`

hk+1 ∈ [0.5T, T ] ∀` ∈ Z≥`∗2 . (95)

Let s ∈ {n`, . . . ,m(τn`
+ T )} be such that

(k, n`
) ∈ dom x ∀k ∈ {n`, . . . , s} (96)

and define xk := x(k, n`
) for all k ∈ {n`, . . . , s}. Note that, for each such k,

xk − xn`
=

k−1∑
i=n`

hi+1f̂i+1. (97)

Then, using (92), (93), and (94b),

sup
n`≤k≤s

|xk − x∗|

= sup
n`≤k≤s

∣∣∣∣∣xk − xn`
−

k−1∑
i=n`

hi+1fi +
k−1∑
i=n`

hi+1fi + xn`
− x∗

∣∣∣∣∣ (98)

≤ sup
n`≤k≤m(τn`

+T )

∣∣∣∣∣
k−1∑
i=n`

hi+1(f̂i+1 − fi) +
k−1∑
i=n`

hi+1fi + xn`
− x∗

∣∣∣∣∣ ≤ δ.

This bound, (91), and the definition of `1, yield that we can take s = m(τn`
+

T ) in (96). Moreover, from the definition of `∗2, for ` ∈ Z≥`∗2 ,

m(τn`
+T )−1∑

k=n`

hk+1Y (x(k, n`
)) ≥ 0.5ε

m(τn`
+T )−1∑

k=n`

hk+1 ≥ 0.25εT. (99)
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When combined with (94a), summing this lower bound over ` contradicts
(89). Thus (90) holds, which implies that x converges to MD.

With Theorem 8.8 in hand, the fact that the chain recurrent part of A has
representation (67), and the fact that the number of Morse decompositions
is, at most, countable, we arrive at the following corollary that is related to
results in [9] and [10] that apply to differential inclusions.

Corollary 8.9. Under the assumptions of Theorem 8.8, every solution x to
(2) that is complete in the t direction converges almost surely to the chain-
recurrent part of A := limi→∞Omega(iB).

An alternative approach to establishing the above corollary is to invoke
the recent converse result in [19], which provides a total Lyapunov function,
called there a Conley-Lyapunov function, that characterizes the chain recur-
rent part of A (recall (67)). That function can then be used directly, as in
the proof of Theorem 8.8, in lieu of using the Morse-Lyapunov function from
Theorem 7.3.”

Example 8.10 (Academic example, simulated with noise). Consider
the academic system introduced in Example 2.3 with data (C,F,D,G), and
revisited in Example 7.2, and suppose that, for all x ∈ C,

F̂ (x, y+) := F (x) + y+ (100)

where y+ is a placeholder for a sequence of random variables {yk+1}∞k=0 each
with mean zero and the same compact support [−α, α] where α > 0. It is
not difficult to see that (71a) holds with ε = 1 and the function γ identically
equal to zero. In addition, (71b) holds with any continuous, nondecreasing
function γ : R≥0 → R≥0 satisfying

|F (x)|2 + α2 ≤ γ(|x|) ∀x ∈ C. (101)

It is not possible to satisfy the variance condition (38b) in Assumption 6.1

since the variance of F̂ (x, y+) is lower bounded by |F (x)|2 and V is required to
have a Lipschitz gradient, so the bound (38b) fails for x ∈ C with large enough
absolute value. Thus, it is impossible to verify the conditions of Assumption
6.1 for almost sure boundedness. However, Theorem 8.8 and Corollary 8.9
do not require Assumption 6.1. Instead, these results contain statements
about solutions that have been established to be almost surely bounded, by
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whatever means. We can establish the almost sure boundedness property for
any bounded sequence of step sizes {hk+1}∞k=0 as follows. Let β > 0 be such
that hk+1 ∈ [0, β] for all k ∈ Z≥0. Let ν > 0 be such that x ≤ −ν implies
F (x) ≥ α. Then, for each k ∈ Z≥0

x ≤ x+ hk+1 (F (x)− α) ≤ x+ hk+1 (F (x) + yk+1) ≤ x+ β (F (x) + α) .
(102)

These bounds imply that, after a jump due to x ∈ C ∩ (−∞,−ν], x lands in
the interval

I1(x) := [x, x+ β (F (x) + α)] . (103)

Let

µ1 := min
x∈[−ν,5]

(x− β (|F (x)|+ α)) < 0 (104a)

µ2 := max
x∈[−ν,5]

(x+ β (|F (x)|+ α)) > 0 (104b)

For jumps from x ∈ C ∩ [−ν,∞) = [−ν, 5], x lands in the interval

I2 := [µ1, µ2] ⊃ [x− β (|F (x)|+ α) , x+ β (|F (x)|+ α)] . (105)

Finally, for jumps from x ∈ D, x lands in

I3 := [0, 3] ⊃ G(D) = {0, 3} . (106)

Given that C = (−∞, 5], it follows each sample path evolves in the set

I1(x(0, 0)) ∪ I2 ∪ I3 ∪

( ⋃
x∈I2∪I3

I1(x)

)
. (107)

This fact implies that every solution is bounded almost surely.
Since C ∪ D = R, complete solutions exist. Since G(D) ∩ D is empty,

every complete solution is complete in the t direction. Hence, we conclude
from Corollary 8.9 that every complete solution of (2) converges to the chain
recurrent part of [0, 5] when the step sizes satisfy Assumptions 6.8 and 8.7.

9. Simulations and examples

This section provides simulations for two examples considered earlier: the
Bouncing Ball in Example 2.4 that is considered further in Example 6.4, and
the academic Example 2.3 that is considred further in Example 7.2.

46



9.1. Implementation of the Stochastic Hybrid System Simulator

We introduce an algorithm to compute solutions to the stochastic hybrid
simulator (2). The inputs to the algorithm are as follows:

• The flow set C, the jump set D, and the jump map G of the hybrid
system H in (1).

• The simulation horizon (N, J) ∈ Z2
≥0.

• The deterministic sequence {hk}Nk=1 of positive step sizes.

• The sequence of random variables {yk}Nk=1 defined on a probability
space (Ω,F ,P), where yk : Ω→ Y ⊂ Rm for each k ∈ {1, 2, . . . , N}.

• The map F̂ used to approximate the flows of H.

• The initial condition x0.

Roughly speaking, the algorithm uses this information to compute a sample
path of a solution to (2) by evaluating the flow condition x ∈ C and the
jump condition x ∈ D, and according to the result of this evaluation, by
appropriately generating the new value of the sample path via (2a) or (2b).
Details are provided next.

9.1.1. Algorithm

Our algorithm to generate sample paths of solutions to (2) is given in
Algorithm 1.

For the given inputs, the algorithm begins from the system’s initial state
with zero values for the counter k and the jump counter j. If the state
reaches the jump set D at a point not in C, a discrete update is applied
using the jump map G, and the jump count is incremented—steps 7-12.
This part of the algorithm implements (2b). The state is updated using the
approximation of the flows when it is C and not in D—steps 14-18–in this
way, implementing (2a). When the state is in both C and D, the algorithm
chooses between jumping and flowing in a way that ensures the solution is
adapted to the filtration {Fk}∞k=0; i.e., the mapping in (13) is Fk-measurable
for each k ∈ Z≥0. This can be achieved by, for example, always choosing
to jump when in the jump set or always choosing to flow when in the flow
set. The simulation continues until either N iterations in the k direction or
J jumps in the j direction occur, or the state does not belong to C ∪D.
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Algorithm 1 Algorithm for the computation of a sample path of (2).

1: Inputs: C, D, and G ofH; simulation horizon (N, J); step sizes {hk}Nk=1;

ω ∈ Ω and noise {yk = yk(ω)}Nk=1; F̂ ; initial condition x0.
2: Initialize Variables:
3: Set k = 0, j = 0, x = x0.
4: Create empty arrays to store the sample path.
5: Compute sample path:
6: while k ≤ N and j ≤ J do
7: if x 6∈ C and x ∈ D then . Trigger jumps
8: Update the new value of the state using (2b):
9: x← G(x) . Update using the jump map

10: k ← k . Keep step index constant
11: j ← j + 1 . Increment jump count
12: Store (k, j, x)
13: end if
14: if x ∈ C and x 6∈ D then . Approximate flows
15: Compute the new value of the state using (2a):

16: x← x+ hk+1F̂ (x, yk+1, hk+1)
17: Store (k, j, x)
18: end if
19: if x ∈ C and x ∈ D then . Jumps and flow possible
20: Pick between triggering jumps (steps 8-12) or allowing flow (steps

15-17), while ensuring that the solution is adapted.
21: end if
22: if x 6∈ C and x 6∈ D then . State left the flow and jump set
23: Break.
24: end if
25: end while
26: Return sample path (k, j, x(k, j)).
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9.1.2. Software Implementation

Similar to the Hybrid Equations Toolbox [59], we implement Algorithm 1

in Matlab for the case when F̂ and G are single-valued maps. Sample paths
are computed using four Matlab functions encoding the data of (2) and a
Matlab script that computes the sample path. The Matlab functions are
defined as follows:

i) The flow set C is implemented in the Matlab function C.m. The argu-
ment of this function is the state of the system. The function returns
1 if the state belongs to the set C, and 0 otherwise.

ii) The map F̂ is implemented by the Matlab function Fhat.m. This func-
tion takes as inputs the current value of the state, the noise yk, and the
sequence hk. The function returns the value of F̂ for the given inputs.

iii) The jump set D is encoded by the Matlab function D.m. As for the
flow set C, the argument of this function is the state of the system.
The function returns 1 if the state belongs to D, and 0 otherwise.

iv) The jump map is defined in the Matlab function G.m, which evaluates
G at the given state.

The Matlab script HySAsolver.m uses these functions to compute a sample
path. The syntax to perform a simulation using HySAsolver.m is as follows:

[t j x] = HySAsolver(@C,@Fhat,@D,@G,x0,N,J,rule,options);

The first four arguments of HySAsolver are the data of (2). The argument
x0 is the initial condition, which is a n × 1 vector. The parameters N and
J define the simulation horizon. The scalar parameter rule determines how
the simulator continues from a state that is in both C and D. If rule=1,
then jumps are always triggered from such points. If rule=2, then flows are
triggered from such points. When rule=3 is chosen, the simulator selects
flow or jump consistent with ensuring that the solution is adapted to the
filtration {Fk}∞k=0. The parameter options selects the sequence hk and the
noise signal yk to use in the simulation.

HySAsolver.m returns the computed sample path along with its discrete
hybrid time domain. The Matlab script run.m is provided to configure the
simulation parameters and run HySAsolver. This script is also used to plot
sample paths.2

2Code available at https://github.com/HybridSystemsLab/HySAsolver
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Figure 3: Position, velocity, and sequence hk for the Bouncing Ball system revisited in
Example 9.1. The values of hk are denoted by ∗ in the bottom plot.

9.2. Examples

Next, two of the examples introduced earlier are simulated by the pro-
posed algorithm.

Example 9.1 (Bouncing Ball revisited). We compute sample paths of
solutions to (2) associated with the Bouncing Ball system in Example 6.4.
To guarantee existence of complete solutions, the model with the jump set D̂
given therein is used. The gravity parameter is set to γ = 9.8m/s2 and the
restitution coefficient to δ = 0.8. The sequence of step sizes3 used is hk := a

kb

3The choice a > 0 and b ∈ (1/2, 1] assures that hk is square summable but not
summable, as required for convergence in Theorem 8.8. Picking a large leads to large
initial steps in the sequence hk. The value of b regulates the rate of decay to zero of hk

since hk can be written as ah−b. For instance, a choice of b ∈ (1/2, 1] closer to zero leads
to a slower rate than choosing b close to one. In practice, note that small step sizes would
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Figure 4: Position and velocity for the Bouncing Ball system revisited in Example 9.1
for a long simulation horizon. Each data point in the (discretized) solution component is
denoted by ∗.

with a = 100 and b = 0.98. The noise signal yk is generated using an expo-
nential distribution with variance equal to 1

2
. The map F̂ is given in (16) as

F̂ (x, y+, h+) = F (x) − (0, y+). Figure 3 shows a sample path to this system
from x(0, 0) = (1, 0), which is in the interior of the flow set, for a simula-
tion horizon given by N = 20000 and J = 5. The simulation stops after J
jumps are computed—the simulation performs 1208 iterations of (2a). The
position and velocity components of the sample path are shown with respect
to the partial sums of hk, which relate k to ordinary time t. After two itera-

lead to an effective simulation horizon that might be too small to be useful, due to hk

approaching a value close to zero after just a few steps.
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tions, these components of the computed sample path resemble trajectories of
the bouncing ball. The figure also shows the first 300 terms of the sequence
hk.

Figure 4 shows a sample path obtained for a longer simulation horizon
with N = 5 × 105 and J = 1000, now as a function of k. The zoomed plots
show that the state at the tail of the sample path. By performing simulations
with increasing N , it is confirmed that the supremum of the tail of each
component of the sample paths decreases as N increases. As guaranteed by
Theorem 8.8, the sample path converges to the system’s global attractor, which
is the origin.
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Figure 5: Two sample paths for the academic Example 7.2, revisited in Example 9.2,
converging to different components of the chain-recurrent set in A.

Example 9.2 (Academic example re-revisited). For the scalar hybrid
dynamics in the academic Example 2.3 and its stochastic simulator in Ex-
ample 8.10, we compute sample paths of solutions to (2). Similar to the
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previous example, the sequence of step sizes used is hk := a
kb

with a = 2 and

b = 0.6 and the map F̂ is given in (100) as F̂ (x, y+, h+) = F (x) + y+. The
noise signal yk is generated using a uniform distribution with compact sup-
port [−1, 1]. For the simulation horizon N = 100 and J = 50, Figure 5 shows
two sample paths from the same initial condition and parameters asymptoti-
cally converging to two different subsets of the global attractor A = [0, 5]. The
sample path in the top plot approaches the set M1 = {0}. On the other hand,
the bottom plot shows convergence to the interval M2 = [2, 3]. These sample
paths confirm the findings in Example 7.2, where a Morse decomposition of
the academic Example 2.3 was presented, and the results of Theorem 8.8 and
Corollary 8.9.

10. A proof of the Morse-Lyapunov function existence

Before proving Theorem 7.3, a preliminary result is needed, on a Lyapunov-
like characterization of each attractor in a Morse decomposition. The con-
clusions of item (b) of Proposition 10.1, in a narrower setting of differential
inclusions, were stated and proven in [22, Theorem 3.1]. The proof of item
(b) follows the ideas from the proof of [22, Theorem 3.1]. The proof here
is, however, simpler despite the more general setting of hybrid inclusions.
In [22], the authors approximated the differential inclusion using a Lipschitz
continuous one and had a sequence of approximations of the asymptotically
stable sets to deal with. Thanks to Lemma 7.1, such steps are not necessary
below.

Proposition 10.1. Let A ⊂ Rn be a nonempty asymptotically stable set and
B its basin of attraction.

(a) If B = Rn, then there exists a C∞ and radially unbounded function
W : Rn → R≥0 with W (x) = 0 if and only if x ∈ A such that

∇W (x) · f ≤ −W (x) ∀x ∈ C, f ∈ F (x),

W (g) ≤ W (x)−
(
1− 1

e

)
W (x) ∀x ∈ D, g ∈ G(x).

(108)

(b) If B 6= Rn, then there exists a C∞ function W : Rn → [0, 1] with
W (x) = 0 if and only if x ∈ A and with W (x) = 1 if and only if
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x 6∈ B(A), and a continuous function w : Rn → R≥0 with w(x) = 0 if
and only if x ∈ A or x 6∈ B(A), such that

∇W (x) · f ≤ −w(x) ∀x ∈ C, f ∈ F (x),

W (g) ≤ W (x)− w(x) ∀x ∈ D, g ∈ G(x).
(109)

Proof. Item (a) follows from taking the V from Lemma 7.1, noting that
B = Rn, and setting W = V . Item (b) requires some effort. Let a smooth
V : B → R≥0 come from Lemma 7.1. Extend V from B to Rn by setting
V (x) =∞ if x 6∈ B. For n ∈ N, let Vn : Rn → R≥0 be defined by

Vn(x) := min{V (x), n},

so that Vn(x) = V (x) on V≤n and Vn(x) = n on V≥n, including on Rn \ B.
Here, and below, V<n = {x ∈ Rn |V (x) < n}, V≤n, V≥n are the sublevel and
superlevel sets of (the extended) V . Let

L(s) = sign(s)e−1/s
2

,

with the convention that L(0) = 0. This function is C∞, with L(k)(0) = 0 for
every k ∈ N, and L′(s) > 0 for all s 6= 0. Let Wn : B → [0, L(n)] be

Wn(x) := L(Vn(x)− n) + L(n).

Then Wn(x) = 0 iff x ∈ A and Wn(x) = L(n) iff x ∈ V≥n.
For every x ∈ C ∩ V<n and f ∈ F (x), one has

∇Wn(x) · f = L′(Vn(x)− n)∇Vn(x) · f = L′(Vn(x)− n)∇V (x) · f
≤ −L′(Vn(x)− n)V (x) = −wcn(x),

where wcn : Rn → R≥0 is defined by wcn(x) = L′(Vn(x)− n)V (x) for x ∈ V<x
and wcn(x) = 0 for x ∈ V≥n. This wcn is continuous on Rn and the inequality
above holds for x ∈ C ∩V≥n too, because there, ∇Wn(x) = 0 and wcn(x) = 0.

For every x ∈ D ∩ V≤n and g ∈ G(x), one has

Wn(g)−Wn(x) = L(Vn(g)− n)− L(Vn(x)− n)

≤ L(e−1Vn(x)− n)− L(Vn(x)− n) ≤ −wdn(x),

where wdn : Rn → R≥0 is any continuous function such that 0 < wdn(x) ≤
L(Vn(x)− n)−L(e−1Vn(x)− n) for x ∈ V<n and wdn(x) = 0 for x ∈ V≥n. For
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such a function, the inequalities above hold for x ∈ D ∩ V≥n too, because
there, Wn(x) = L(n), Wn(g) ≤ L(n), and wdn(x) = 0.

Let wn : Rn → R≥0 be the continuous function given by wn(x) =
min{wcn(x), wdn(x)} at each x ∈ Rn. It is positive on V<n and 0 on V≥n,
and because V<n ⊂ V≤n and the latter is compact, wn is bounded. Let the
bound be bn > 0.

Because Wn(x) = L(n) on V≥n, and V≤n is compact, every partial deriva-
tive of Wn, of any order, is bounded on Rn. For n ∈ N, let an > 0 be such
that, for all x ∈ Rn,

‖∇Wn(x)‖ ≤ an, ‖∇2Wn(x)‖ ≤ an, . . . ‖∇(n)Wn(x)‖ ≤ an.

Let cn = an + bn + L(n) < an + bn + 1 and

γ :=

(
∞∑
n=1

1

2ncn
L(n)

)−1
.

Define W : Rn → [0, 1], w : Rn → R≥0 by setting, for each x ∈ Rn,

W (x) := γ
∞∑
n=1

1

2ncn
Wn(x), w(x) := γ

∞∑
n=1

1

2ncn
wn(x).

The choice of coefficients ensures that both series converge uniformly.
If x ∈ A then each Wn(x) = 0, so W (x) = 0. If x 6∈ B(A), then each

Wn(x) = L(n), so W (x) = 1. If x ∈ B(A) \ A, then x ∈ V<n for some n, so
Wn(x) ∈ (0, L(n)) and thus W (x) ∈ (0, 1). Similarly, w has the properties
requested in item (b), and, clearly, the inequalities (109) hold.

Finally, for each x ∈ Rn, and each k ∈ N,

∞∑
n=k

1

2ncn

∥∥∇(k)Wn(x)
∥∥ ≤ ∞∑

n=k

1

2ncn
an <

∞∑
n=k

1

2n
,

so the series
∞∑
n=1

1

2ncn
∇(k)Wn(x)

is uniformly convergent. Consequently, W is C∞.

With the building blocks prepared in Proposition 10.1, we build the
Morse-Lyapunov function promised in Theorem 7.3.
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Proof.(of Theorem 7.3) Let A = AL = A, let W be the function from
item (a) of Proposition 10.1, and set VL = W and wL := (1 − 1/e)W . For
l = 1, 2, . . . , L − 1, consider A = Al, let W and w come from item (b) of
Proposition 10.1, and and let Vl = W and wl = w . Let

V (x) :=
L∑
l=1

Vl(x), w(x) :=
L∑
l=1

wl(x).

The Lyapunov inequalities in Proposition 10.1 add up to the Lyapunov in-
equalities in the theorem.

Take x ∈ M(D). Then x ∈ Ml = Al ∩ A∗l−1 for some l ∈ {1, 2, . . . , L}.
Because x ∈ Al, one has x ∈ Ak for k ∈ {l, l + 1, . . . , L}, so that Vk(x) = 0
for these k. Because x ∈ A∗l−1, one has x ∈ A∗k for k ∈ {1, 2, . . . , l − 1}, so
that Vk(x) = 1 for these k. Then V (x) = l − 1.

If x ∈M(D) then, by (66), each wl(x) = 0, so w(x) = 0. Take x 6∈ M(D).
If x 6∈ A, then wL(x) > 0. If x ∈ A, then by (67), there exists l ∈ {1, 2, . . . , L}
with x 6∈ Al ∪ A∗l , so that wl(x) > 0. Either way, w(x) > 0, so that w is
positive away from M(D).
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