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Abstract

For a class of hybrid dynamical systems, we show that a re-
current neural network with hybrid dynamics, which we refer
to as a hybrid dynamic recurrent neural network (HyRNN),
can be constructed to approximate solutions to hybrid sys-
tems over bounded (hybrid) time horizons. Specifically, given
a desired precision level, we show that a hybrid system with
dynamics resembling those of recurrent neural networks for
continuous-time and discrete-time systems can be designed
so that, for each bounded hybrid time horizon, its solutions
are close to the solutions to the given hybrid system. Through
the use of universal approximation theorems, we show that
the approximation result holds for traditional smooth activa-
tion functions, such as sigmoid and arctan, and that exten-
sions to ReLU functions are possible, and characterize the
complexity of the proposed HyRNN.

1 Introduction
Neural networks are known to be universal approximators of
regular enough functions on compact sets. Approximation
results date back to the late 80s/early 90s, though one could
argue that the seminal result in (Kolmogorov 1957) estab-
lishing that a continuous multivariable function can be ap-
proximated by sums and compositions of univariate contin-
uous functions is a precursor to neural network approxima-
tion theory. The pioneering result in (Cybenko 1989) estab-
lishes that a neural network with a single hidden layer and a
sigmoid activation function can approximate any continuous
function on a compact set. Around the same time, (Hornik,
Stinchcombe, and White 1989) showed that multilayer net-
works using continuous activation functions are universal
approximators of regular enough functions. In (Mhaskar
1996), the complexity of the approximating network is char-
acterized mathematically, launching a quest for complexity
optimization to reduce the effect of the curse of dimension-
ality. These results have been the cornerstone of machine
learning, as they provide theoretical guarantees of the ap-
proximating capabilities of neural networks. Since then, the
focus has been on networks with more than one hidden layer,
namely, deep neural networks, with recent advances summa-
rized in (Poggio et al. 2017; Liang and Srikant 2017; Liao
2019; Poggio et al. 2020). Approximation using deep neural
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networks has led to important in training for reinforcement
learning; see, e.g., (Xu et al. 2020; Shen and Yang 2021).

Dynamic recurrent neural networks exploit neural net-
works to approximate the evolution of the state of a dy-
namical system. Initial results about the approximation of
continuous-time and discrete-time systems by such net-
works appeared in the literature in the early/mid 90s. For
the continuous-time case, (Funahashi and Nakamura 1993)
shows that a continuous-time recurrent neural network struc-
ture approximates solutions to a nonlinear differential equa-
tion using sigmoid functions. Inspired by its approximation
properties, (Beer 1995) studies the behavior that can emerge
from such networks, focusing on bifurcations, while (Del-
gado, Verdegay, and Vila 2005) shows that, under appropri-
ate assumptions, such a network is a universal approximator
of a nonlinear system. Results are available in the literature
for the approximation of the evolution of discrete-time sys-
tems. The result in (Jin, Nikiforuk, and Gupta 1995) uses
similar techniques as those in (Funahashi and Nakamura
1993) to establish an approximation result for sigmoidal ac-
tivation functions.

Motivated by the approximating capabilities of dynamic
recurrent networks, the goal of this paper is to contribute
to neural network approximation theory by introducing a re-
current neural network with hybrid dynamics for the approx-
imation of solutions to a class of hybrid dynamical systems.
In this paper, hybrid dynamical systems are modeled by hy-
brid equations, which are given by the combination of con-
tinuous and discrete dynamics (Goebel, Sanfelice, and Teel
2012; Sanfelice 2021), precisely, given by

H :

{
ẋ = f(x) x ∈ C

x+ = g(x) x ∈ D
(1)

where x ∈ Rn is the state of the system, C ⊂ Rn is the
flow set, which defines the set of points where the state x
can evolve continuously, f : C → Rn is the flow map, which
describes the continuous evolution (or flow) of x when it
belongs to C, D ⊂ Rn is the jump set, which is the set of
points where the state x can jump, and g : D → Rn is
the jump map, describing the discrete evolution (or jumps)
of x when it belongs to D. For this class of systems, which
is further described in Section 2, we introduce in Section 3
a hybrid dynamic recurrent neural network (HyRNN) that



flows and jumps in synchrony with H and generates solu-
tions that approximate the solutions to H over bounded hy-
brid time horizons with arbitrary precision. To establish this
result, we relate the solutions to two hybrid systems with
“approximate” flow and jump maps. We use this relation-
ship in the proof of the approximation result for HyRNNs,
which exploits universal approximation theorems for shal-
low networks to jointly approximate both maps, rather than
approximating them separately. The universal approxima-
tion theorems lead to shallow or deep networks, depending
on the regularity of the given flow and jump map of H and
the activation functions. Basic properties of HyRNN are also
presented in Section 3, along with the approximation results.
Due to space restrictions, proofs are not included but will be
published elsewhere.
Notation: The real, nonnegative, and natural numbers are
denoted as R, R≥0, and N, respectively. The matrix In×n
denotes the n × n identity matrix and On×n denotes the
n × n zero matrix. The Euclidean norm of vectors and the
induced matrix norm are denoted by |·|. Given vectors x and
y, we write [x>y>] equivalently as (x, y). Given a set S, ∂S
denotes its boundary and S its closure. Given a function f ,
the domain of f , dom f , is the set where f is defined, and
rge f is the set of values it attains.

2 Preliminaries
Universal Approximation of Functions
The problem of approximating a given function ` : Rn →
Rm over a compact setK ⊂ Rn has been thoroughly studied
in the machine learning literature; see, e.g., (Cybenko 1989;
Hornik, Stinchcombe, and White 1989; Mhaskar 1996; Pog-
gio et al. 2017; Liao 2019; Poggio et al. 2020; Kidger and
Lyons 2020). To approximate `, functions of the form

ˆ̀(x) := Γσ (Wx+ θ) ∀x ∈ Rn (2)

where Γ ∈ Rm×N , W ∈ RN×n, and θ ∈ RN are the
parameters to be trained for ˆ̀ to approximate ` on K, and
σ : RN → RN is a given function, called the activation
function. Precisely, given a desired precision ε > 0, param-
eters should be tuned so that the error between ` and ˆ̀ is no
larger than ε. A function ˆ̀with the structure above has only
one hidden layer and is known as a shallow neural network
with N units.

The following fundamental approximation theorem us-
ing a continuous nonpolynomial activation functions σ
(e.g., sigmoids, tanh, and ReLUs) is well known (Pinkus
1999) (cf. (Funahashi and Nakamura 1993; Cybenko 1989;
Hornik, Stinchcombe, and White 1989)).

Theorem 2.1 (universal approximation theorem with con-
tinuous activation functions) Given a compact set K ⊂ Rn

and a continuous function ` : Rn → Rm, for each ε > 0
there exist N ∈ N, Γ ∈ Rm×N , W ∈ RN×n, and θ ∈ RN

such that ˆ̀ defined in (2) with σ : RN → RN continuous
and nonpolynomial satisfies

|`(x)− ˆ̀(x)| ≤ ε ∀x ∈ K (3)

Among the many variations and extensions available
in the literature of this approximation result, the one in
(Mhaskar 1996, Theorem 2.1) is particularly useful as it al-
lows for any activation function that is smooth, in the sense
that it can be differentiated infinitely many times, and, fur-
thermore, also characterizes the complexity of the neural
network. Networks that have more than one hidden layer,
known as deep neural networks, have the potential of re-
ducing the order of the network approximating a given func-
tion. The result in (Poggio et al. 2017, Theorem 2)—see also
the references therein—formally characterizes the improve-
ment in complexity provided by deep neural networks, at
the price of additional structure on the function to approxi-
mate. Specifically, the result is for compositional functions
` : Rn → Rm with a binary tree architecture and constituent
functions h that are functions of two variables with r contin-
uous derivatives. Alternatively, the universal approximation
result in (Kidger and Lyons 2020), which requires weaker
assumptions compared to those mentioned above.

Dynamic Recurrent Neural Networks
Dynamic recurrent neural networks are capable of approxi-
mating the solutions to dynamical systems by including in-
ternal loops in the paths from inputs to outputs among the
units. The literature is rich on the type of such networks,
including analysis of their features and shortcomings (Han
et al. 2021). A basic model of a dynamic neural network
with M units for the approximation of the solutions to a
continuous-time system is given by

µ̇i = −τiµi +

M∑
k=1

wikσ(µk)

for all i ∈ {1, 2, . . . ,M}, where, for the i-th unit, µi is its
internal state, τi the time constant, wik are the weights, and
σ(µi) is the output of the i-th unit defined by the activation
function σ; see, e.g., (Funahashi and Nakamura 1993; Beer
1995). Using the same time constant τ for each unit, the
model of the network is given by the nonlinear system

µ̇ = −τµ+Wσ(µ) (4)

A similar model is typically used in the literature for the ap-
proximation of solutions to discrete-time systems; see (Jin,
Nikiforuk, and Gupta 1995).

In recent years, new dynamic recurrent neural network
structures have been proposed in the literature, primar-
ily motivated by the need for improvement in training
performance and complexity. The Neural Nonlinear ARX
(NNARX) structure (Bonassi, Farina, and Scattolini 2021)
is suitable for training that aims at minimizing simulation
error. The Echo State Networks (ESN) (Jaeger 2001) can
be trained by solving a least squares problem, opening the
opportunity to use powerful least square methods already
available in the literature. Recently, gated dynamic recur-
rent neural networks (Hochreiter and Schmidhuber 1997),
such as Long Short Term Memory (LSTM) and Gated Re-
current Units (GRUs), have been found to be efficient for
learning in dynamical systems. However, to the best of the
author’s knowledge, these emerging dynamic networks have



not been formally shown to approximate solutions to a given
system with arbitrary precision. On the other hand, the ba-
sic structure in (4) provides such useful approximation; see
(Funahashi and Nakamura 1993, Theorem 1).

Hybrid Dynamical Systems
In this paper, we consider hybrid dynamical systems given
by as in (1). The data of H is explicitly denoted as H =
(C, f,D, g). Solutions to H are defined on hybrid time do-
mains. We introduce these notions in detail.

Definition 2.2 (hybrid time domain) A compact hybrid
time domain is a subset of R≥0 × N of the form

J−1⋃
j=0

([tj , tj+1], j)

for a sequence

0 = t0 ≤ t1 ≤ t2 ≤ · · · ≤ tJ
with J finite. A setE ⊂ R≥0×N is a hybrid time domain if it
is the union of a nondecreasing sequence of compact hybrid
time domains, namely,E is the union of compact hybrid time
domains Ej with the property that

E0 ⊂ E1 ⊂ E2 ⊂ . . . ⊂ Ej . . .

A hybrid time horizon is a bounded window of hybrid
time of the form [0, T ]× {0, 1, . . . , J}.

Solutions to hybrid systems are given by hybrid arcs,
which are functions defined on hybrid time domains.

Definition 2.3 (hybrid arc) A hybrid arc is a function x :
domx → Rn defined on a hybrid time domain domx that,
for each j, t 7→ x(t, j) is locally absolutely continuous in t.

We are ready to formally define the notion of solution to
the hybrid dynamical systemH.

Definition 2.4 (solution toH) A hybrid arc x : domx →
Rn is a solution toH if x(0, 0) ∈ C ∪D and
• For each interval Ij := {t : (t, j) ∈ domx } with

nonempty interior,

ẋ(t, j) = f(x(t, j))

for almost all t ∈ Ij , and

x(t, j) ∈ C

for all t ∈ intIj;
• At each (t, j) ∈ domx such that (t, j + 1) ∈ domx,

x(t, j) ∈ D

and
x(t, j + 1) = g(x(t, j))

A solution x to H is said to be nontrivial if its domain
contains at least two points, maximal if it cannot be fur-
ther extended, and complete if its domain is unbounded. It
is shown in (Goebel, Sanfelice, and Teel 2012, Chapter 5)
thatH is well-posed if its data satisfies the hybrid basic con-
ditions; namely, the sets C and D are closed, and the maps

f and g are continuous. Well-posedness of a hybrid system
enables to assert, among other things, that the set of solu-
tions to the system has good structural properties and that
asymptotically stable compact sets are robust to small per-
turbations. Next, we illustrate the framework in a canonical
system, a ball bouncing on the ground. For more details, the
reader is referred to (Goebel, Sanfelice, and Teel 2012) and
(Sanfelice 2021).

A Hybrid Model of a Bouncing Ball
We consider a bouncing ball whose continuous state is

x =

[
p
v

]
,

where p denotes the vertical position (height) and v the ver-
tical velocity. Between impacts the flow dynamics are

ṗ = v, v̇ = −γ,

where γ > 0 is the gravitational constant. When the ball
reaches the ground, i.e., when p = 0 and v ≤ 0, a jump
occurs and the velocity is reset according to the restitution
coefficient e ∈ [0, 1], as follows:

p+ = 0, v+ = −ev.

In practice, the physical parameters γ and e are uncertain.
Following the hybrid systems framework in (1), the state of
H is given by x := (p, v) ∈ R2, the flow and jump sets by

C := {x = (p, v) ∈ R2 : p ≥ 0},
D := {x = (p, v) ∈ R2 : p = 0, v ≤ 0},

the flow map as

f(x) :=

[
v
−γ

]
∀x ∈ C,

and the jump map as

g(x) :=

[
0
−ev

]
∀x ∈ D.

The right-hand side of the flow dynamics is globally Lips-
chitz in x (indeed affine) and the jump map is continuous.
Moreover, the flow and jump sets are closed. Then, the data
of the hybrid system model satisfies the hybrid basic condi-
tions, making it a well-posed system in the sense of (Goebel,
Sanfelice, and Teel 2012; Sanfelice 2021). It can be shown
using (Sanfelice 2021, Proposition 2.34) that, for any initial
condition x(0, 0) = (p(0, 0), v(0, 0)) with p(0, 0) ≥ 0 there
exists a nontrivial solution and that solutions are unique. For
e ∈ (0, 1), the system exhibits Zeno behavior: successive
impacts occur with geometrically decreasing bounce heights
and the sequence of jump times accumulates in finite time.
Thus, solutions that start above the ground experience in-
finitely many jumps in a finite interval of continuous time.
Such solutions are maximal and complete.
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Figure 1: Bouncing ball height as a function of continu-
ous time for restitution coefficient e = 0.8, gravitational
constant γ = 9.81 m/s

2, initial condition p(0, 0) = 1 m,
v(0, 0) = 0. The plot displays several impacts; after finite
time (≈ 4.1s) the impacts accumulate (Zeno).

3 Hybrid Dynamic Recurrent Neural
Networks (HyRNNs)

We propose a dynamic recurrent neural network structure as
approximator of solutions to H. The proposed network has
a hybrid dynamical system structure, with flow and jump
dynamics defined as follows: denoting the number of units
by N ∈ N \ {0} and its state by η ∈ RN ,
• During flow, its state evolves according to

η̇ = −Tfη +Wfσf (η) (5)

when H flows, where Tf ∈ RN × RN is a diago-
nal matrix representing the time constants of the neu-
rons, σf : RN 7→ RN is the activation function, and
Wf ∈ RN × RN is the recurrent weight matrix defining
connections between neurons.

• At jumps ofH, its state is updated according to

η+ = −Tgη +Wgσg(η) (6)

where, similar to the dynamics during flow, Tg ∈ RN ×
RN is also a diagonal matrix controlling the state decay-
ing of the neurons, σg : RN 7→ RN is the activation
function, and Wg ∈ RN × RN is a matrix defining con-
nections within the units.

• Its output is given by ζ = %(η).

The proposed approximator ofH is denotedHa and has hy-
brid dynamics given by

Ha :


η̇ = −Tfη +Wfσf (η) whenH flows

η+ = −Tgη +Wgσg(η) whenH jumps
ζ = %(η)

(7)

where η ∈ RN is the state and ζ ∈ Rn is the output. Due
to its hybrid dynamics resembling those of continuous-time
and discrete-time recurrent neural networks, we refer to Ha

as a hybrid dynamic recurrent neural network (HyRNN).
From its construction, flow and jumps of Ha are coordi-

nated with those ofH. Such coupling prevents hybrid peak-
ing behavior (Sanfelice et al. 2013). Similar to approxima-
tors for continuous-time and discrete-time systems, it leads
to an interconnection structure where bothH andHa evolve

concurrently. This interconnection is denoted Hint and is
given by

Hint :



ẋ = f(x)
η̇ = −Tfη +Wfσf (η)

}
x ∈ C

x+ = g(x)
η+ = −Tgη +Wgσg(η)

}
x ∈ D

ζ = %(η)

(8)

Given H = (C, f,D, g), N ∈ N \ {0}, and activation
functions σf and σg , the objective is to design the data
(Tf ,Wf , Tg,Wg, %) of Ha so that, in the spirit of (Funa-
hashi and Nakamura 1993, Theorem 1), for given desired
precision, solutions toHa approximate those ofH with such
precision. To this end, as it is common practice when ap-
proximating continuous-time or discrete-time systems using
recurrent neural networks (see Section 2), a universal ap-
proximation theorem will be employed to show that Ha ap-
proximates H. For simplicity, we consider the case of shal-
low networks, but the structure of HyRNN allows for the
use of deep networks, as those are given by compositions of
linear combinations of activation functions. Hence, we will
require the flow map f and jump map g to satisfy the condi-
tions in the approximation theorem in Theorem 2.1.1

Assumption 3.1 Given scalar activation functions σ̄f , σ̄g :
R→ R, and the data (C, f,D, g) ofH, the setsC andD are
compact, f and g are continuous on C and D, respectively,
and σ̄f and σ̄g are continuous nonpolynomial functions such
that σ̄?(s) = 0 implies s = 0 for each ? ∈ {f, g}.

The scalar activation functions σ̄f and σ̄g define the vector
activation functions σf and σg – see footnote 1. Note that
sigmoids, tanh, and leaky ReLUs satisfy Assumption 3.1.

Basic Properties
Solutions toH are defined over hybrid time domains, which
might be bounded, compact, and even unbounded; see Sec-
tion 2. For the interconnection Hint, existence of solutions
depends on the data ofH andHa. The following result char-
acterizes its solutions. It assumes the activation function is
Lipschitz, which a property that the vast majority of acti-
vation functions satisfies (e.g., leaky ReLU, SoftPlus, tanh,
sigmoid, arctan, among others).

Proposition 3.2 (existence of solutions) Let a compact set
K and H as in (1) be given. Suppose that σf : RN → RN

is Lipschitz. Then, for each solution x : domx → Rn to H
such that

x(t, j) ∈ K
for all (t, j) ∈ domx, and each η◦ ∈ RN , there exists a
hybrid arc η : dom η → RN such that dom η = domx and
(x, η) is a solution toHint with η(0, 0) = η◦.

As established in (Goebel, Sanfelice, and Teel 2012),
well-posedness of a hybrid system allows to relate nominal
solutions to its perturbations over compact hybrid time do-
mains, and also certify that asymptotic stability of a compact

1For the deep network case, one can use (Poggio et al. 2017,
Theorem 2); see also (Liang and Srikant 2017).



set is robust to small perturbations. It can be shown thatHint
is well-posed when H satisfies the hybrid basic conditions
and the activation functions are continuous.

Approximation Properties of HyRNN
In this section, we show that, under appropriate conditions,
Ha in (7) approximates the solutions toH. To that end, first,
we present a result that, over compact hybrid time domains,
relates solutions to two hybrid systems with approximately
the same flow and jump map.

Proposition 3.3 (hybrid tube bound over compact hybrid
time domains) Given a hybrid system H = (C, f,D, g) as
in (1) with C and D compact, suppose
1. f is Lipschitz on C with Lipschitz constant Lf ;
2. g is Lipschitz on D with Lipschitz constant Lg;
and that there exist εf > 0, εg > 0, a locally Lipschitz
function f̂ and a function ĝ such that

|f(x)− f̂(x)| ≤ εf ∀x ∈ C + ε̃B (9)

|g(x)− ĝ(x)| ≤ εg ∀x ∈ D + ε̃B (10)
where ε̃ := max{εf , εg}. Then, each solution x to

H :

{
ẋ = f(x) x ∈ C

x+ = g(x) x ∈ D

each solution x̂ to

Ĥ :

{
˙̂x = f̂(x̂) whenH flows

x̂+ = ĝ(x̂) whenH jumps
(11)

such that2 domx = dom x̂, and each (T, J) ∈ domx sat-
isfy3

|x(t, j)− x̂(t, j)| ≤ J◦
j=0

ρj

∣∣∣∣
r=|x(0,0)−x̂(0,0)|

(12)

for all (t, j) ∈ domx such that t + j ≤ T + J , where, for
each j ∈ {0, 1, . . . , J},

ρj(r) := ρ(r, Ĩj)

and, with Ĩj = {t : (t, j) ∈ domx, t+ j ≤ T + J },

ρ(r, Ĩj) := ρf (ρg(r, Ĩj), Ĩj)

ρf (r, Ĩj) := rbf (Ĩj) + af (bf (Ĩj)− 1)

ρg(r, Ĩj) := (agr + εg) bg(Ĩj) + r(1− bg(Ĩj))

af :=
εf
Lf

, ag := Lg

bf ([s0, s1]) := exp(Lf (s1 − s0))

and bg([s0, s1]) is equal to one if s0 is a jump time of x and x̂
and zero otherwise. Furthermore, when the initial condition

2Since f̂ is Lipschitz, and the interval of flow and jump times of
solutions to Ĥ coincide with those of solutions toH, the existence
of a solution x̂ to Ĥ follows from the same steps in the proof of
Proposition 3.2.

3In (12), ◦Jj=0 ρj means the composition ρJ ◦ρJ−1◦ . . . ρ1◦ρ0.

for x and for x̂ are the same, the bound is linear in ε̃, namely,
for each solution x to H in (1), each solution x̂ to Ĥ in
(11) with x̂(0, 0) = x(0, 0), and each (T, J) ∈ domx(=
dom x̂), x and x̂ satisfy

|x(t, j)− x̂(t, j)| ≤ αε̃

for all (t, j) ∈ domx such that t + j ≤ T + J , where α is
independent of ε̃.

Now, we are ready to introduce our main result showing
that, under the stated assumptions, there exists a HyRNN as
in (7) that, for given precision, approximates the solutions to
the hybrid system H in (1) over bounded hybrid time hori-
zons.

Theorem 3.4 (approximation by HyRNN) Given a hybrid
system H = (C, f,D, g) as in (1), ε > 0, and scalar ac-
tivation functions σ̄f , σ̄g : R→ R, suppose

• Assumption 3.1 holds;
• f is Lipschitz on C + εB with Lipschitz constant Lf ;
• g is Lipschitz on D + εB with Lipschitz constant Lg .

Then, there exist

• an integer N ;
• matrices Tf , Wf , Tg , Wg ∈ RN × RN ;

such that, along with σf : RN → RN and σg : RN → RN

given as
σf := (σ̄f , σ̄f , . . . , σ̄f )

and
σg := (σ̄g, σ̄g, . . . , σ̄g)

defining the data of the hybrid dynamic recurrent neural net-
workHa in (7) the following holds: for each solution x toH
in (1) and each (T, J) ∈ domx, there exists a solution η to
Ha with output ζ such that

|x(t, j)− ζ(t, j)| ≤ ε (13)

for all (t, j) ∈ domx ∩ ([0, T ]× {0, 1, . . . , J}).

Proof sketch: Let ε > 0, a solution x to H, and (T, J) ∈
domx be given. By a universal approximation theorem (see
Section 2) with

K = (C ∪D) + εB

there exist N > 0, Γ̃ ∈ R2n×2N , W̃ ∈ R2N×n, and θ̃ ∈
R2N , such that, with

σ̃ := (σf , σg) : R2N → R2N

the map [
f̃(x)
g̃(x)

]
:= Γ̃σ̃(W̃x+ θ̃) ∀x ∈ Rn

satisfies

|f̃(x)− f(x)| ≤ ε̄

2
∀x ∈ C + εB (14)

|g̃(x)− g(x)| ≤ ε̄

2
∀x ∈ D + εB (15)



1. Inspired by the construction in the proof of (Funahashi
and Nakamura 1993, Theorem 1), we define the auxiliary
hybrid system Ĥ defined as in (11) with maps f̂ and ĝ
given by

f̂(x, θ̃) := −τfx+Ef Γ̃σ̃(W̃x+ θ̃) ∀x ∈ Rn (16)

ĝ(x, θ̃) := −τgx+EgΓ̃σ̃(W̃x+ θ̃) ∀x ∈ Rn (17)
where τf and τg are positive constants that are yet to be
tuned and

Ef := [In×n On×n] , Eg := [On×n In×n]

where In×n is the n×n identify matrix and On×n is the
n × n zero matrix. Then, employing Ĥ as an interme-
diate approximator of the solutions to H, we relate the
solutions x to H and the solutions x̂ to Ĥ via a bound
depending on ε over [0, T ]× {0, 1, . . . , J}.

2. We define a hybrid system, denoted H̃, with the same
structure as Ha and a state component that: i) approxi-
mates θ and ii) generates an output η̃ that approximates
solutions x̂, also via a bound depending on ε and over
[0, T ]× {0, 1, . . . , J}.

3. Finally, we define a hybrid system, denoted H̃NN , with
output η̃ that captures the dynamics of H̃ and is of the
form ofHa. �

Approximating the Bouncing Ball
We revisit the hybrid model of the bouncing ball in presented
in Section 2, and implement and train a HyRNN approxi-
mating its solutions. The HyRNN contains two separate re-
current subnetworks, one for the flow dynamics and one for
the jump dynamics. The subnetworks implement corrections
and normalization for efficient training.

The implemented training strategy minimizes a combined
flow and jump loss. The flow loss is defined using the right-
hand side of the flow dynamics of each system, namely,

Jflow(xdot,pred, xdot,true) =
1

M

N∑
i=1

∣∣∣x(i)dot,pred − x
(i)
dot,true

∣∣∣2
where M is the number of samples in the batch, xdot,pred de-
notes the value of the right-hand side associated with the
flow map of the HyRNN while xdot,true is the corresponding
value of the flow map of the bouncing ball system. Similarly,
the jump loss is defined as

Jjump(xjump,pred, xjump,true) =
1

J

J∑
j=1

∣∣∣x(j)jump,pred − x
(j)
jump,true

∣∣∣2
where J is the number of jumps. The total loss is then

Jtotal = Jflow + λjumpJjump (18)

with λjump is a positive tunable constant. Training is con-
ducted using the Adam optimizer with a learning rate of
1 × 10−3 and weight decay 1 × 10−6. To avoid gradient
explosion, gradients are clipped with a maximum norm of
1.0. Using leaky RELU activation functions, the network is

trained for s∗ epochs with a time step of s = 0.002 s. Cur-
riculum learning is employed, starting with small maximum
initial heights (0.2 m) and gradually increasing to 2.0 m over
the first 20% of epochs. This gradually exposes the network
to more energetic trajectories, stabilizing training. During
each training iteration, the flow hidden state is updated con-
tinuously at each time step, while the jump hidden state is
updated only for those samples where an impact occurs. The
flow loss ensures accurate prediction of the continuous dy-
namics, while the jump loss emphasizes correct handling of
jumps.

Training data is collected by randomly sampling initial
positions and velocities. For each batch, position p is sam-
pled uniformly between zero and the current maximum
height determined by the curriculum, and velocity v is sam-
pled uniformly from [−1, 1] m/s. The states are normalized
This normalization ensures that all input values are roughly
centered and scaled for stable training.

At a high level, the training loop initializes hidden states
and normalized inputs for each batch. For each time step, the
flow subnetwork predicts a correction xcorr, which is added
to the baseline derivative to produce xdot,pred. The flow loss is
computed as the mean squared error between predicted and
true derivatives. When an impact occurs, the jump subnet-
work predicts the next state, and a jump loss is computed as
the squared error. The total loss accumulates contributions
from flow and jump terms over all steps, and backpropaga-
tion updates the HyRNN parameters.

Listing 1: HyRNN training pseudocode.
1 for epoch in range(num_epochs):
2 x0 = sample_initial_states(

batch_size)
3 h_flow = zeros(flow_hidden_dim)
4 h_jump = zeros(jump_hidden_dim)
5 loss_epoch = 0
6
7 for t in range(num_steps):
8 # Flow dynamics
9 x_dot_true = flow_dynamics(x)

10 h_dot_flow, x_corr = rnn.
forward_flow(h_flow)

11 x_dot_pred = baseline_flow +
corr_scale * x_corr

12 loss_flow = mse(x_dot_pred,
x_dot_true)

13
14 # Jump dynamics
15 if impact_event:
16 h_jump_pred, x_jump_pred =

rnn.forward_jump(h_jump)
17 loss_jump = mse(x_jump_pred,

x_jump_true)
18 else:
19 loss_jump = 0
20
21 # Accumulate loss
22 loss_epoch += loss_flow +

jump_weight * loss_jump
23



24 # Update states
25 x = x + dt * x_dot_pred
26 h_flow = h_flow + dt *

h_dot_flow
27
28 # Backpropagation
29 optimizer.zero_grad()
30 loss_epoch.backward()
31 clip_grad_norm(rnn.parameters(),

1.0)
32 optimizer.step()

The HyRNN effectively captures both continuous and dis-
crete dynamics of the bouncing ball. The flow subnetwork
provides accurate corrections to a baseline linear prediction,
while the jump subnetwork ensures correct handling of im-
pacts. Curriculum learning and appropriate loss weighting
allow the network to learn complex hybrid behaviors with
low trajectory error. After training, the HyRNN is evalu-
ated on long trajectories using RK4 integration for the true
dynamics. Figure 2 shows the loss function Solutions for
γ = 9.81 m/s

2 and e = 0.8 are compared in Figure 3.
The solution to the bouncing ball model, which exhibits
Zeno, is show in solid (blue) and the solution to its asso-
ciated HyRNN is show in dashed (orange). The Euclidean
error between true and predicted trajectories is shown in Fig-
ure 4. These plots show that the error between the solutions
is small, as guaranteed by Theorem 2.1.

A complete implementation of the HyRNN train-
ing and evaluation framework for the bouncing ball
system is available in the public GitHub repository
HybridSystemsLab/HyRNN-BouncingBall. The repository
contains the full training and plotting scripts, along with
supporting modules and documentation. All simulations re-
ported here were executed on a MacBook Pro with an Apple
M3 Pro processor, and the full training and evaluation pro-
cess required approximately 45 minutes.
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Figure 2: HyRNN training loss over epochs of training in
log scale.
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Figure 3: Comparison of solutions to the bouncing ball sys-
tem (true) and its associated HyRNN over ordinary time.
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Figure 4: Euclidean norm error between true and HyRNN-
predicted trajectories.

4 Conclusion
HyRNN, a dynamic recurrent neural network for approxi-
mation of solutions to hybrid dynamical systems is intro-
duced. Under mild conditions known to be required for ap-
proximation of dynamical systems using neural networks,
HyRNN is able to approximate solutions to a hybrid dynam-
ical system with arbitrary precision. Ongoing work includes
formally treating the more tedious case of deep networks
and numerical experiments implementing training schemes
that efficiently handle the combination of flows and jumps.
Future work includes approximating the flow and jump sets,
and devising training methods for HyRNN.
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