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Abstract— This paper studies the problem of designing
optimization-based controllers, with desired regularity prop-
erties, encoding the satisfaction of multiple state constraints
via barrier functions for hybrid systems, modeled as hybrid
inclusions. Sufficient conditions are given to guarantee forward
invariance or asymptotic stability of a closed set K for a
hybrid closed-loop system, even with discontinuous feedback
laws. However, robustness of such properties is not necessarily
guaranteed. Thus, we present sufficient conditions for the con-
tinuity of the optimization-based feedback laws that render the
hybrid closed-loop system well-posed. A numerical simulation
of a one-degree-of-freedom juggling system illustrating the main
result of the paper is presented.

I. INTRODUCTION

The notion of control barrier functions (CBFs) is a par-
ticularly common and useful tool to design feedback laws
that render a set K forward invariant for a control system,
which can span multiple domains, such as power systems,
robotics, aerospace, and biology, to name a few [1], [2].
An important aspect to consider, when CBFs are used for
design, is ensuring that resulting feedback laws enjoy ap-
propriate regularity properties (local boundedness, Lipschitz
continuity, smoothness, etc.) to guarantee that the closed-
loop system is well-posed. Motivated by this, in this paper,
we study the continuity properties of pointwise optimal CBF-
based feedback laws for hybrid systems, modeled as hybrid
inclusions, following the framework in [3]. In addition, we
also analyze the induced stability properties of K using CBFs
and the nominal robustness of the hybrid closed-loop system.

Because safety-critical systems often require the satisfaction
of multiple state constraints, it can be especially useful to de-
fine the set K with multiple CBFs as in [4], [5]. Although it
is possible to combine multiple state constraints into a single
scalar barrier function [6], [7], the resulting barrier function
is generally nonsmooth, leading to discontinuous feedback
laws. To overcome this issue, in [4] the authors present a
framework to study forward invariance using multiple barrier
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functions for hybrid inclusions without inputs, and in [5] a
framework is presented for constrained differential inclusions
with inputs. The majority of the CBF literature studies
pointwise optimal feedback laws for nonlinear continuous-
or discrete-time systems, encoded as parametric optimization
problems with no more than one or two constraints, for
which results guaranteeing local Lipschitz continuity [8] and
regularity properties [9] are well known. In [10], the authors
characterize the set of points where a minimum norm feed-
back law for a nonlinear continuous-time dynamical system
is discontinuous. They also provide sufficient conditions for
the controller to grow unbounded or not as near a point of
discontinuity. In [5], the authors provide sufficient conditions
for the continuity of optimization-based feedback laws using
multiple control barrier functions for constrained differential
inclusions. To the best of our knowledge, there are no such
results for hybrid inclusions.

In this paper, we present an approach to design contin-
uous optimization-based controllers that encode multiple
state constraints via barrier functions for hybrid dynamical
systems, modeled as in [3]. One of the main contributions of
this paper is given by sufficient conditions for forward pre-
invariance (Theorem 3.5) or pre-asymptotic stability (Theo-
rem 3.6) of a closed set K for a hybrid closed-loop system.
Unlike [11] for nonlinear systems, the results herein do
not require Lipschitz continuity, or even continuity, of the
feedback laws. However, the latter implies that invariance
or stability of K for the closed-loop system may not hold
in the presence of arbitrarily small disturbances. To address
this issue, extending the work in [5], we present sufficient
conditions for the continuity of pointwise optimal feedback
laws (Theorem 4.3), encoded as a parametric optimization
problem with an arbitrary number of constraints, such that
the closed-loop system is well-posed (Corollary 4.4). Finally,
in Section V, we provide a numerical example to demonstrate
our theoretical results.

Notation. Let N := {0, 1, 2, . . . }, R := (−∞,∞), R≥0 :=
[0,∞), and R>0 := (0,∞). For a given d ∈ N \ {0},
the shorthand [d] := {1, 2, . . . , d} is used. For a vector
x ∈ Rn, we denote by x⊤ its transpose and by |x| its
Euclidean norm. Given two vectors, x and y, we write
(x, y) = [x⊤y⊤]⊤, and ⟨x, y⟩ denotes the Euclidean inner
product. Given a vector x ∈ Rn and a nonempty set
A ⊂ Rn, the distance from x to A is defined as |x|A :=
infy∈A |x− y|. We represent by B the closed Euclidean unit
ball, by x + εB the closed ball of radius ε centered at x,



and by A + εB := {a+ b : a ∈ A, b ∈ εB} the Minkowski
sum of A and εB. We denote as int A the interior of A,
as A its closure, and as ∂A its boundary. A continuous
function β : R≥0×R≥0 → R≥0 is a class-KL function, also
written β ∈ KL, if it is nondecreasing in its first argument,
nonincreasing in its second argument, limr→0+ β(r, s) = 0
for each s ∈ R≥0, and lims→∞ β(r, s) for each r ∈ R≥0.
Let S : Rn ⇒ Rm be a set-valued mapping. The domain of
S is domS := {x ∈ Rn : S(x) ̸= ∅}. We say S is outer
semicontinuous (osc) at x̄ if lim supx→x̄ S(x) ⊂ S(x̄) and
inner semicontinuous (isc) at x̄ if lim infx→x̄ S(x) ⊃ S(x̄).
The map S is called continuous at x̄ if both conditions hold,
i.e., S(x) → S(x̄) as x → x̄.

II. PRELIMINARIES

A. Hybrid Dynamical Systems

This paper considers hybrid systems modeled based on the
framework in [3], where the continuous dynamics of the
system are modeled by differential inclusions and the discrete
dynamics are modeled by difference inclusions. Formally,
a hybrid system HP on Rn with input u := (uC , uD) ∈
UC × UD ⊂ RmC+mD = Rm is defined as

HP :

{
ẋ ∈ FP (x, uC) (x, uC) ∈ CP

x+ ∈ GP (x, uD) (x, uD) ∈ DP .
(1)

The flow map FP : Rn × RmC ⇒ Rn defines the continu-
ous evolution of the system when the state and continuous
input are in the flow set CP ⊂ Rn × UC . The jump map
GP : Rn × RmD ⇒ Rn defines the discrete evolution of the
system when the state and discrete input are in the jump set
DP ⊂ Rn × UD. We assume that the sets UC ⊂ RmC and
UD ⊂ RmD are bounded1.

Since solutions to a hybrid system H as in (1) can exhibit
both continuous and discrete behavior, we use ordinary time
t ∈ R≥0 to track the amount of flow elapsed and a counter
j ∈ N to track of the number of jumps that have occurred.
Based on this hybrid parametrization of time, the concept of
a hybrid time domain is proposed as follows.

Definition 2.1: (Hybrid time domain) A set Ẽ ⊂ R≥0 × N
is a compact hybrid time domain if

Ẽ =

J−1⋃
j=0

([tj , tj+1]× {j}) (2)

where J ∈ N and 0 = t0 ≤ t1 ≤ t2 ≤ · · · ≤ tJ ≤ tJ+1. A
set E ⊂ R≥0 ×N is a hybrid time domain if it is the union of
a nondecreasing sequence E1 ⊂ E2 ⊂ E3 ⊂ . . . of compact
hybrid time domains.

A hybrid signal is a function defined on a hybrid time
domain. Given a hybrid signal ϕ and j ∈ N, we define Ijϕ :=
{t : (t, j) ∈ domϕ} and rgeϕ := {ϕ(t, j) : (t, j) ∈ domϕ}.

Definition 2.2: (Hybrid arc) A hybrid signal
ϕ : domϕ → Rn is called a hybrid arc if, for each j ∈ N, the

1This is a mild assumption since control inputs are almost always limited
in real-world applications due to physical, safety, and practical constraints.

function t 7→ ϕ(t, j) is locally absolutely continuous on the
interval Ijϕ. A hybrid arc ϕ is said to be compact if domϕ is
compact.

Definition 2.3: (Hybrid input) A hybrid signal u is a hybrid
input if, for each j ∈ N, the function t 7→ u(t, j) is Lebesgue
measurable and locally essentially bounded on the interval Iju.

A solution to a hybrid system is defined as follows.

Definition 2.4: (Solution to HP ) A pair (ϕ, u) defines
a solution to (1) if ϕ : domϕ → Rn is a hybrid arc,
u = (uC , uD) : domu → UC × UD is a hybrid input with
domϕ = domu, and

(S0) (ϕ(0, 0), uC(0, 0)) ∈ CP or (ϕ(0, 0), uD(0, 0)) ∈ DP ,
(S1) For each j ∈ N such that Ijϕ has a nonempty interior

int Ijϕ, we have that, for all t ∈ int Ijϕ,

(ϕ(t, j), uC(t, j)) ∈ CP

and, for almost all t ∈ Ijϕ,

dϕ

dt
(t, j) ∈ FP

(
ϕ(t, j), uC(t, j)

)
,

(S2) For all (t, j) ∈ domϕ such that (t, j + 1) ∈ domϕ,

(ϕ(t, j), uD(t, j)) ∈ DP

ϕ(t, j + 1) ∈ GP

(
ϕ(t, j), uD(t, j)

)
.

We say a solution pair (ϕ, u) to HP is maximal if it cannot be
extended, and we say it is complete if domϕ is unbounded.
Given a nonempty set M ⊂ Rn, we denote by ŜHP

(M)
the set of solution pairs (ϕ, u) to HP as in (1) such that
ϕ(0, 0) ∈ M . The set SHP

(M) ⊂ ŜHP
(M) denotes all

maximal solutions from M . For each ⋆ ∈ {C,D}, we define
the projections of ⋆P onto Rn as

Π(⋆P ) := {ξ ∈ Rn : ∃u⋆ s.t. (ξ, u⋆) ∈ ⋆P }.

B. Hybrid Closed-Loop Systems

Consider the hybrid system resulting from HP with the input
u := (uC , uD) assigned by a feedback law κ := (κC , κD) :
Π(CP ) ∪Π(DP ) → UC × UD. The resulting hybrid system
is

Hκ :

{
ẋ ∈ FP (x, κC(x)) =: Fκ(x) x ∈ Cκ

x+ ∈ GP (x, κD(x)) =: Gκ(x) x ∈ Dκ
(3)

where ⋆κ := {x ∈ Rn : (x, κ⋆(x)) ∈ ⋆P }, for each ⋆ ∈
{C,D}. A hybrid arc ϕ : domϕ → Rn is a solution to Hκ

if ϕ satisfies Definition 2.4 for the case of no input u.

Well-posed dynamical systems refer to a class of dynamical
systems where the solutions enjoy very useful structural
properties [3, Lemma 2.21]. A hybrid closed-loop system
Hκ as in (3) is well-posed if, in particular, for every
(graphically) convergent sequence of solutions to Hκ that
is locally bounded, its (graphical) limit is also a solution.



Finally, we introduce the notions of forward invariance and
asymptotic stability of a set for a hybrid closed-loop system.

Definition 2.5: (Forward invariance) Given a hybrid closed-
loop system Hκ as in (3), a nonempty set K ⊂ Rn is said to
be forward pre-invariant for Hκ if for every ϕ ∈ SHκ

(K), we
have that rge ϕ ⊂ K.

Definition 2.6: (Local pre-asymptotic stability) Consider a
hybrid closed-loop system Hκ as in (3). A closed set A ⊂ Rn

is said to be locally pre-asymptotically stable (LpAS) for Hκ

if, for every ε > 0, there exists δ > 0 such that every ϕ ∈
ŜHκ

(A + δB) satisfies rgeϕ ⊂ A + εB, and moreover, each
maximal solution ϕ is bounded and, if complete, satisfies

lim
(t,j)∈domϕ
t+j→∞

|ϕ(t, j)|A = 0.

In Definition 2.5 and Definition 2.6, if maximal solutions to
Hκ are complete, then we can drop the prefix “pre.”

III. CONTROL BARRIER FUNCTIONS AND
SAFEGUARDING FEEDBACK LAWS

In this paper, given a closed set K and a hybrid system HP

as in (1), we address the problem of designing a continuous
feedback law κ := (κC , κD) that renders K forward pre-
invariant or LpAS for Hκ. To this end, barrier functions
(BFs) serve as a synthesis tool to guarantee invariance of a
set of interest [2], [12]. In particular, given K ⊂ Rn, suppose
that there exists a continuous function B : domB → R such
that

K := {x ∈ Π(CP ) ∪Π(DP ) : B(x) ≤ 0} (4)

which is closed when Π(CP ) ∪ Π(DP ) is closed. In the
following, we will extend this notion where the set K is
given by the intersection of multiple sets, in turn, defined by
multiple functions Bi, i ∈ [d] for some d ∈ N \ {0}.

Definition 3.1: (Multiple barrier function candidate) Given
the hybrid system HP = (CP , FP , DP , GP ) and a set K ⊂
Π(CP )∪Π(DP ), the function B : domB → Rd is a multiple
barrier function (mBF) candidate for HP with respect to K if
the following conditions hold:

1) Π(CP ) ∪Π(DP ) ∪GP (DP ) ⊂ domB;
2) For each i ∈ [d], Bi is continuously differentiable on

Π(CP );
3) For each i ∈ [d],

Bi(x) > 0 ∀x ∈
(
Π(CP ) ∪Π(DP )

)
\Ki,

where

Ki := {x ∈ Π(CP ) ∪Π(DP ) : Bi(x) ≤ 0} (5)

4) K =
⋂
i∈[d]

Ki.

We also introduce the primary design parameter in the form
of a performance function γ := (γC , γD), which will be used
to define a set of control inputs that constrain the worst-case
growth of an mBF candidate during flows and at jumps.

Assumption 3.2: (Performance functions) Given a hybrid
system HP = (CP , FP , DP , GP ) and a set K, let B be an
mBF candidate for HP with respect to K. Suppose that there
exist γC : Π(CP ) → Rd, γD : Π(DP ) → Rd, and, for each
i ∈ [d], an open neighborhood Ni of

Mi := {x ∈ ∂K : Bi(x) = 0} (6)

such that

1) for each i ∈ [d],

γ
(i)
C (x) ≥ 0 ∀x ∈ (Ni \Ki) ∩Π(CP ); (7)

2) for each i ∈ [d],

γ
(i)
D (x) ≥ 0 ∀x ∈ Ki ∩Π(DP ). (8)

Given an mBF candidate B as in Definition 3.1 and γ :=
(γC , γD) : Rn → R2d, define the functions ΓC : Π(CP ) →
Rd and ΓD : Π(DP ) → Rd such that their i-th component
is given by

Γ
(i)
C (x, uC) := sup

f∈FP (x,uC)

⟨∇Bi(x), f⟩+ γ
(i)
C (x), (9a)

Γ
(i)
D (x, uD) := sup

g∈GP (x,uD)

Bi(g) + γ
(i)
D (x). (9b)

Observe that, for each i ∈ [d], the value of (x, uC) 7→
Γ
(i)
C (x, uC) and (x, uD) 7→ Γ

(i)
D (x, uD) contains the worst-

case growth of each x 7→ Bi(x) for any possible direction
of flow in FP or jump in GP , respectively. If FP and
GP are nonempty and locally bounded for each (x, uC) ∈
CP or (x, uD) ∈ DP , respectively, then it follows that
Γ
(i)
C (x, uC) < ∞ and Γ

(i)
D (x, uD) < ∞ for every i ∈ [d].

Allowing FP or GP to be unbounded is physically unrealistic
as it would lead to solutions that flow arbitrarily fast or
jump to arbitrarily large values. This motivates the following
assumption.

Assumption 3.3: (Data of HP ) For a hybrid system HP =
(CP , FP , DP , GP ) as in (1), suppose that i) FP : Rn ×
RmC ⇒ Rn is locally bounded relative2 to CP and CP ⊂
domFP , and ii) GP : Rn × RmD ⇒ Rn is locally bounded
relative to DP and DP ⊂ domGP .

Next, we define, for each ⋆ ∈ {C,D}, the set of admissible
control inputs during flows (⋆ = C) and during jumps
(⋆ = D) at each state as

Ψ⋆(x) := {u⋆ ∈ U⋆ : (x, u⋆) ∈ ⋆P } , (10)

and introduce the definition of (multiple) control barrier
functions used throughout this paper (cf. [5]).

Definition 3.4: (Multiple control barrier functions) Given
a hybrid system HP = (CP , FP , DP , GP ) as in (1) satis-
fying Assumption 3.3 and a closed set K, let B be an mBF
candidate for HP with respect to K, and γC : Π(CP ) → Rd

and γD : Π(DP ) → Rd be performance functions satisfying
Assumption 3.2. Suppose that

2See [3, Definition A.32].



1) for every x ∈ Π(CP ) there exists an admissible input
uC ∈ ΨC(x) such that Γ(i)

C (x, uC) ≤ 0 for all i ∈ [d];
2) for every x ∈ Π(DP ) there exists an admissible input

uD ∈ ΨD(x) such that Γ(i)
D (x, uD) ≤ 0 for all i ∈ [d].

Then, B is said to be a multiple control barrier function
(mCBF) for HP with respect to (K, γ), where γ := (γC , γD).

Given an mCBF for HP with respect to (K, γ), we define, for
each ⋆ ∈ {C,D}, the set-valued mapping U⋆ : Π(⋆P ) ⇒ U⋆

as

U⋆(x) :=

{
u⋆ ∈ Ψ⋆(x) : max

i∈[d]
Γ
(i)
⋆ (x, u⋆) ≤ 0

}
. (11)

Notice that the performance functions γC and γD shape UC

and UD, acting as tuning parameters that constrain the worst-
case growth of the change of an mCBF along flows and
jumps to guarantee forward pre-invariance or pre-asymptotic
stability of a set of interest. When, for each ⋆ ∈ {C,D},
a feedback law x 7→ κ⋆(x) is a selection from (11); that
is, κ⋆(x) ∈ U⋆(x) for each x ∈ Π(⋆P ), we say that κ :=
(κC , κD) is a safeguarding feedback law.

The following theorem is one of the main results of this
section. It states that mCBFs provide invariance properties
of a closed set K for the hybrid closed-loop system Hκ, with
κ⋆(x) ∈ U⋆(x) for all x ∈ Π(⋆P ) and each ⋆ ∈ {C,D}.

Theorem 3.5: (Forward pre-invariance) Given a hybrid sys-
tem HP = (CP , FP , DP , GP ) as in (1), a closed set K, and
a performance function γ := (γC , γD) : Π(CP ) ∪Π(DP ) →
R2d satisfying Assumption 3.2, suppose that B is an mCBF
for HP with respect to (K, γ). Let κ := (κC , κD) be such
that, for each ⋆ ∈ {C,D}, we have κ⋆(x) ∈ U⋆(x) for all
x ∈ Π(⋆P ). If GP (DP ) ⊂ Π(CP ) ∪ Π(DP ), then K is
forward pre-invariant for Hκ as in (3).

Related notions of CBFs in the literature for continuous-time
nonlinear systems, such as zeroing CBFs, are defined so that
a set K is not just forward invariant, but also asymptotically
stable [13, Proposition 2]. The following result provides
sufficient conditions for pre-asymptotic stability of a set K
for the closed-loop system using multiple CBFs.

Theorem 3.6: (Pre-asymptotic stability) Given a hybrid
system HP = (CP , FP , DP , GP ) as in (1), a closed
set K, and a performance function γ := (γC , γD) :
Π(CP ) ∪Π(DP ) → R2d, suppose that B is an mCBF for HP

with respect to (K, γ). Let κ := (κC , κD) be such that, for
each ⋆ ∈ {C,D}, we have κ⋆(x) ∈ U⋆(x) for all x ∈ Π(⋆P ).
If, for each i ∈ [d], there exists an open neighborhood Ni of
Mi, defined as in (6), such that

γ
(i)
C (x) > 0 ∀x ∈

 ⋃
i∈[d]

Ni \K

 ∩Π(CP ) (12a)

γ
(i)
D (x) ≥ 0 ∀x ∈

 ⋃
i∈[d]

Ni \K

 ∩Π(DP ), (12b)

then K is LpAS for Hκ as in (3).

IV. CONTINUITY OF POINTWISE OPTIMAL
SAFEGUARDING FEEDBACK LAWS

In this section, given a hybrid system HP and a closed set
K, we study the continuity of a class of optimization-based
feedback laws, with a general class of objective functions and
arbitrary number of constraints, to guarantee forward pre-
invariance or pre-asymptotic stability of K for the hybrid
closed-loop system Hκ. To this end, given a performance
function γ := (γC , γD), suppose that B is an mCBF for
HP with respect to (K, γ) and let us introduce, for each
⋆ ∈ {C,D}, the optimal solution map κ⋆ : Π(⋆P ) ⇒ U⋆ as

κ⋆(x) := argmin
u⋆∈U⋆(x)

Q⋆(x, u⋆) (13)

where Q⋆ : ⋆P → R is referred to as the objective function.
Notice that, since B is an mCBF for HP with respect to
(K, γ), we see that (13) is feasible. However, the optimal
solution maps κC and κD may not necessarily be single
valued nor continuous. To address these issues, we first
present the following lemmas.

Lemma 4.1: (Continuity of set-valued mappings defined by
inequalities) Consider the sets X ⊂ Rn, U ⊂ Rm, and a set-
valued mapping S : X ⇒ U defined by

S(x) := {u ∈ U : ηi(x, u) ≤ 0 ∀i ∈ [d]} ∀x ∈ X (14)

where, for each i ∈ [d], the function ηi : X × U → R is
continuous. If U is closed, then S is osc at every x ∈ X .
Additionally, suppose that U is convex. If, for each x ∈ X
and for each i ∈ [d], the map u 7→ ηi(x, u) is convex and
there exists ū ∈ U such that ηi(x, ū) < 0, then S is isc, and
thus continuous, at x.

Lemma 4.1 is helpful in showing that UC and UD are
continuous as set-valued mappings; namely, isc and osc.

The next result leverages Lemma 4.1, together with other
mild assumptions, to prove the continuity of optimal solution
maps of the form (13).

Lemma 4.2: (Continuity of optimal solution maps) Con-
sider the sets X ⊂ Rn and U ⊂ Rm. Given a function
Q : X × U → R and a set-valued mapping U : X ⇒ U ,
let κ : X ⇒ U be defined as

κ(x) := argmin
u∈U(x)

Q(x, u) ∀x ∈ X . (15)

Suppose that Q and U are continuous and that U is also locally
bounded relative to X . Then, κ is osc at every x ∈ X . If,
additionally, for each x ∈ X , the map u 7→ Q(x, u) is strictly
convex on U(x), then κ is single valued and continuous.

In [5, Lemma 3], the authors provide sufficient conditions
for continuity of κ as in (15), where it is assumed that the
cost function Q is level-bounded in u, locally uniformly in x.
This property is equivalent to local boundedness of the level
set x 7→ ℓQ(x, λ) := {u ∈ Rm : Q(x, u) ≤ λ} for every
λ ∈ R. Local boundedness holds if Q is continuous and, for
each x, the map u 7→ Q(x, u) is convex and inf-compact (cf.
[14, Lemma 5.7]). In contrast, Lemma 4.2 only requires the



continuity of Q at the expense of the constraint set U being
locally bounded.

The main result of this section provides sufficient conditions
for the continuity of κC and κD defined in (13).

Theorem 4.3: (Continuity of pointwise optimal safeguard-
ing feedback laws) Given a hybrid system HP =
(CP , FP , DP , GP ) as in (1), a closed set K, and a perfor-
mance function γ := (γC , γD) : Π(CP ) ∪ Π(DP ) → R2d,
suppose that B is an mCBF for HP with respect to (K, γ). Let
UC and UD be defined as in (11) and consider, for each ⋆ ∈
{C,D}, the objective function Q⋆ : ⋆P → R. Furthermore,
suppose that UC and UD are bounded and that, for each i ∈ [d]
and each ⋆ ∈ {C,D}, the following conditions hold:

(A1) ⋆P is closed;
(A2) Γ

(i)
⋆ (x, u⋆) is continuous on ⋆P ;

(A3) for every x ∈ Π(⋆P ) the map u⋆ 7→ Γ
(i)
⋆ (x, u⋆) is

convex on U⋆(x) and Ψ⋆(x) is convex on U⋆;
(A4) there exists u⋆ ∈ Ψ⋆(x) such that Γ(i)

⋆ (x, u⋆) < 0 for
every x ∈ Π(⋆P );

(A5) the objective function Q⋆ is continuous and, for every
x ∈ Π(⋆P ), the map u⋆ 7→ Q⋆(x, u⋆) is strictly convex
on U⋆(x).

Then, κC and κD, defined in (13), are single valued and
continuous.

The next result shows that if, for each ⋆ ∈ {C,D}, x 7→
κ⋆(x) is the pointwise optimal selection from (11), and κ⋆

is continuous, then the resulting hybrid closed-looped system
is well-posed.

Corollary 4.4: (Well-posedness of Hκ) Given a hybrid
system HP = (CP , FP , DP , GP ) as in (1) satisfying As-
sumption 3.3, a closed set K ⊂ Rn, and a performance
function γ := (γC , γD) : Π(CP ) ∪ Π(DP ) → R2d, suppose
that B is an mCBF for HP with respect to (K, γ). Let UC

and UD be defined as in (11), and consider the feedback law
κ := (κC , κD) in (13). If the sets UC and UD are bounded
and the following conditions hold:

(B1) (A1)-(A5) in Theorem 4.3;
(B2) FP is osc relative to CP and FP (x, uC) is convex for

each (x, uC) ∈ CP ;
(B3) GP is osc relative to DP .

Then, the hybrid closed-loop system Hκ is well-posed.

Several conclusions arise from the well-posedness of Hκ. In
particular, the basin of pre-attraction3 of K for Hκ, denoted
by BK , is an open set containing K [15, Proposition 7.4]
and K is uniformly pAS for Hκ on BK ; that is, there exists
β ∈ KL such that, for every ϕ ∈ SHκ(BK), we have, by

3Given a hybrid system H, the basin of pre-attraction of a pre-
asymptotically stable set A for H, denoted BA, is given by the set of points
ξ ∈ Rn such that every ϕ ∈ SH(ξ) is bounded and, if ϕ is complete, then
limt+j→∞ |ϕ(t, j)|A = 0.
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Fig. 1 – The phase portrait of the state trajectory ϕ to H from
ξ ∈ K, under the minimum norm selection x 7→ κ⋆(x) from
x 7→ U⋆(x), for each ⋆ ∈ {C,D}, with values as in (13).

[15, Theorem 7.12], that

|ϕ(t, j)|K ≤ β (|ϕ(0, 0)|K , t+ j) ∀(t, j) ∈ domϕ. (16)

In addition, K is robustly pre-asymptotically stable on BK

in the sense of [15, Definition 7.18].

V. SIMULATION RESULTS

To illustrate our results, consider the one-degree-of-freedom
juggling system described in [16, Example 3.4], where a
ball with height x1 ≥ 0 and vertical velocity x2 is attached
to a nonelastic string of length hmax > 0 and with a known
coefficient of restitution λp ∈ [0, 1]. Suppose that the surface
where the ball bounces is actuated and that the string breaks
when the ball moves with a velocity larger than x2 > vmax ≥√

2θhmax

1−λ2
p

when it is at hmax. At contacts with the surface,
the coefficient of restitution is unknown though constrained
to the interval [0, 1]. Consider the function E : R2 → R
describing the total energy of the system as

E(x) := θx1 +
1

2
x2
2 ∀x ∈ R2

for some θ > 0. Define v :=
√
2E(hmax, λpvmax) and,

for some umax ∈ [0, vmax − v], suppose that the in-
put when the ball is in the air is restricted by uC ∈
[−umax, umax] and when the ball impacts the actuated sur-
face by uD ∈ [0, umax]. This system —including paramet-
ric uncertainties—is modeled as a hybrid system HP =
(CP , FP , DP , GP ) as in (1) with

FP (x, uC) :=

[
x2

−θ + uC

]
∀(x, uC) ∈ CP

GP (x, uD) :=


[

x1

[0,−x2] + uD

]
if (x, uD) ∈ D

(1)
P[

x1

min{−λpx2,−δp}

]
if (x, uD) ∈ D

(2)
P

where 0 < δp < vmax and DP := D
(1)
P ∪D

(2)
P with

CP := [0, hmax]× (−∞, vmax]× [−umax, umax]

D
(1)
P := {0} × [−v, 0]× [0, umax]



D
(2)
P := {hmax} × [0, vmax]× [0, umax],

and it can be shown that GP ⊂ Π(CP ) ∪ Π(DP ). The
control objective is to constrain the total energy of the system
between the interval [E1, E2], where 0 < E1 < 2θhmax <
2θhmax + δ2p < E2 < 2E(hmax, vmax). Thus, we consider
K := K1 ∩K2, where, for each i ∈ {1, 2},

Ki :=
{
x ∈ Π(CP ) : (−1)i(2θx1 + x2

2 − Ei) ≤ 0
}
.

An mBF candidate B for HP with respect to K has
components given by

Bi(x) := (−1)i(2θx1 + x2
2 − Ei) i ∈ {1, 2}.

In fact, all the items in Definition 3.1 hold by construction
of B. Next, consider the following performance function
γ = (γC , γD), where, for each i ∈ {1, 2},

γ
(i)
C (x) := αBi(x) and γ

(i)
D (x) := βmax {0, Bi(x)}

for some α, β > 0, and observe that this choice satisfies
Assumption 3.2. Furthermore, (9a) gives, for all (x, uC) ∈
CP and for each i ∈ {1, 2},

Γ
(i)
C (x, uC) = (−1)i (2x2uC) + γ

(i)
C (x). (17a)

With ΨC(x) = [−umax, umax], it can be shown that
Π(CP ) ∋ x 7→ UC(x) ̸= ∅. Similarly, for all (x, uD) ∈ DP ,
we see that

• For all (x, uD) ∈ D
(1)
P and for each i ∈ {1, 2},

Γ
(i)
D (x, uD) = (−1)i

(
(uD − (i− 1)x2)

2 − Ei

)
+ γ

(i)
D (x). (17b)

• For all (x, uD) ∈ D
(2)
P and for each i ∈ {1, 2}, we have

that

Γ
(i)
D (x, uD) = Bi(hmax,min{−λpx2,−δp}) + γ

(i)
D (x).

(17c)

Moreover, with ΨD(x) = [0, umax], it can also be shown that
Π(DP ) ∋ x 7→ UD(x) ̸= ∅. Thus, B is an mCBF for HP

with respect to (K, γ). This implies that K is forward pre-
invariant (LpAS) for Hκ, for any selection κ⋆(x) ∈ U⋆(x)
for all x ∈ Π(⋆P ) and each ⋆ ∈ {C,D}, by Theorem 3.5
(Theorem 3.6).

Figure 1 illustrates that the set K is pre-asymptotically stable
and forward pre-invariant for Hκ, despite the uncertainty in
the coefficient of restitution at impacts with the controlled
surface. Namely, when ξ /∈ K, we have that the state
trajectories to Hκ are bounded, converge, and stay in K.
Whereas, if ξ ∈ K, the state trajectory to Hκ does not leave
K.

VI. CONCLUSION & FUTURE WORK

Given a hybrid system HP and a closed set K, we
introduce sufficient conditions to render K forward pre-
invariant or LpAS for the hybrid closed-loop system Hκ

using optimization-based controllers. To provide robustness
guarantees for the properties of K for Hκ, we also present
sufficient conditions for the continuity of the feedback law
which, in turn, renders Hκ well-posed. Future work includes
studying approaches to systematically certify that, given a
multiple barrier function candidate B, the set-valued map-
pings UC and UD are not empty at each x ∈ Π(CP ) and
Π(DP ), respectively.
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