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Abstract— This paper studies the problem of control design
methods to stabilize a hybrid system under disturbances as
an inverse-optimality problem. Sufficient conditions are given
to guarantee input-to-state stability of a hybrid system with
disturbances only. Next, it is shown that a hybrid system,
with inputs and disturbances, can be rendered input-to-state
controlled stable under the existence of a control Lyapunov
function (CLF) using pointwise minimum norm (min-norm)
stabilizing feedback laws. Finally, it is proven that every CLF
is a meaningful value function for a two-player zero-sum hybrid
game in the context of stability, and that every pointwise min-
norm stabilizing control feedback law is optimal for such a
game with meaningful cost functionals. The main results are
illustrated in a one-degree-of-freedom juggling system.

I. INTRODUCTION

Studying decision-making processes for dynamical systems
that exhibit both continuous-time and discrete-time behavior
under the presence of adversarial actions has gained attention
in recent years. Notions that relate inputs and the state of the
system conveniently allow the design of control strategies to
certify a desired property, such as the stability of a set of in-
terest, and simultaneously reduce the effect of a disturbance.
Applying only continuous-time results fails when seeking
to measure and optimize the performance of the system at
discrete-time events. Systems that interconnect physical and
computational components or include continuous dynamics
plus timers that expire, communication switches, impacts,
or resets require a specialized control design formulation to
address the effect of adversarial actions.

These observations led us to study the design of control
strategies to stabilize hybrid systems under disturbances as a
two-player zero-sum game. Following the framework in [1],
a player P; selects the control input to minimize a cost func-
tional, while a player P, designs a disturbance to maximize
it. Given that the design of the optimal strategy (known as the
saddle-point equilibrium) and the computation of the optimal
cost via solving the Hamilton-Jacobi-Bellman-Isaacs (HIBI)
equations represents a nontrivial task, we propose an inverse
optimality approach. By inverse (instead of direct), we mean
that given a feedback law, we are searching for stage costs,
which must be meaningful in a well-defined sense.

Input-to-state stability notions trace back to [2], [3] for
continuous-time systems, [4] for discrete-time systems, and
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[5], [6] for hybrid systems modeled as in [7], for impulsive
systems in [8], and [9] for switched systems. Inverse optimal
design of stabilizing controllers for nonlinear continuous-
time systems with disturbances was studied in [10], [11] with
a two-player zero-sum formulation of a differential game.

Motivated by the computational complexity of tools de-
signing stabilizing controllers for hybrid systems as in [7]
under disturbances, extending the work in [10], we present
an inverse-optimal approach to formulate such problem as
a two-player zero-sum game as in [1], [12], [13]. A key
contribution of this paper is the formulation of two-player
zero-sum games with hybrid constraints as in [7] encoding
the inverse-optimal design of stabilizing controllers in the
presence of disturbances. In particular, in Section [[II, we
introduce the notion of pre-input-to-state stability for hybrid
systems with disturbance inputs only, and the corresponding
Lyapunov functions. Theorem [5.3] shows that a hybrid sys-
tem, with inputs and disturbances, can be rendered pre-input-
to-state stable, under the existence of a control Lyapunov
function (CLF), with a pointwise minimum norm (min-norm)
continuous control feedback law. Finally, in Theorem @] we
show that every CLF is a meaningful value function for the
two-player zero-sum hybrid game in the context of stability
and that every pointwise min-norm control feedback law is
optimal for such a game.

Notation. Let N := {0,1,2,...}, R := (—00,0), R>¢ :=
[0,00), and Rsg := (0,00). For a vector x € R", we
denote by z T its transpose and by |z| its Euclidean norm.
Given two vectors z and y, we write (v,y) = [zTy']T,
and (z,y) denotes the Euclidean inner product. For a set
C C R", we denote by intC its interior and by C its closure.
If C is nonempty, then the distance from x € R" to C is
|zlc := infyec |y — z|. A function « : [0,a) — R>¢ is a
class-K function (o € K) if «v is zero at zero, continuous, and
strictly increasing. It is a class-K o, (o € Ko) if it is class-/C,
a = 0o, and lim,_,~, a(r) = co. A continuous function 3 :
[0,a] x R>¢ — R>g is a class-XCL function (8 € KL) if, for
each s € R>q, we have that r — ((r, s) € K, and if, for each
r € R>o, s — B(r, s) is decreasing and lim_,, B(r, s) = 0.
Given a continuously differentiable function h : R™ — R and
a vector field f : R™ — R", we denote the Lie derivative of
h along f as Lyh(x) := (Vh(z), f(z)) for all z € R™.

II. PRELIMINARIES
A. Hybrid Dynamical Systems

This paper considers the hybrid systems modeling framework
in [7]. Therein, the continuous dynamics of the system
are modeled by differential equations, while the discrete
dynamics are modeled by difference equations. Based on



this, a hybrid dynamical system # on R"™ affine in the
input u =(uc, up)= ((uc1,uc2), (up1,upz)) € RMeTmD,
where uy := (uc1,upy) € R™C1T701 js a control input and
U 1= (uca, upz) € RMc2Tmb2 jg g disturbance, is defined
as

&= F(z,uc) = f(x) + fur(z)uct + fuz(z)ucs
(xz,uc) € C,

2t = G(z,up) := g(x) + gu1(x)up1 + gua(x)ups
(x,up) € D
(1)

with f: R™ — R", g : R®™ — R", and, for each i € {1,2},
fui : R* — R*mci g .« R™ — R"*™Di_ The flow map
F: R" xR™¢—=R" captures the continuous evolution of the
system, when the state and continuous input are in the flow
set C. The jump map G :R™ x R™P —R"™ describes the
discrete evolution of the system when the state and discrete
input are in the jump set D.

H

Since solutions to the dynamical system 7 as in (I]) can ex-
hibit both continuous and discrete behavior, we use ordinary
time ¢ € R>( to determine the amount of flow elapsed and
a counter j € N that keeps track of the number of jumps
that have occurred. Based on this parametrization of time,
the concept of hybrid time domain is proposed as follows.

Definition 2.1: (Hybrid time domain) A set E C R>g x N
is a compact hybrid time domain if there exists J € N such
that

E

U (tss tj1] % {5}) )

for some finite sequence of times {t; }jiol satisfying 0 =t <
t1 <ty <o <ty Aset E C R>o x N is a hybrid time
domain if it is the union of a nondecreasing sequence FE;, C
E5 C E5 C ... of compact hybrid time domains.

A hybrid signal is a function defined on a hybrid time
domain. Given a hybrid signal ¢ and ;7 € N, we define
I = {t: (t,j) € dom ¢}.

Definition 2.2: (Hybrid arc) A  hybrid signal
¢ : dom ¢ — R™ is called a hybrid arc if, for each j € N, the
function t — ¢(t, j) is locally absolutely continuous on the
interval I}

Definition 2.3: (Hybrid input) A hybrid signal u is a hybrid
input if, for each j € N, the function t — u(t, j) is Lebesgue
measurable and locally essentially bounded on the interval I .

A solution to the hybrid system H with input is defined as
follows.

Definition 2.4: (Solution to H) A pair (¢, u) defines a
solution to (1)) if ¢ : dom¢ — R™ is a hybrid arc, u =
(uc,up) : domu — R™MCTMD jg a hybrid input with
dom ¢ = dom u, and

e (6(0,0),uc(0,0)) € T or (6(0,0), up(0,0)) € D,

e For each j € N such that I (; has a nonempty interior
int Ié, we have, for all t € int I;,

(¢(t7j)7u0(t7j)) ecC

and, for almost allt € I J s

%(t,j) = F($(t, ), uc(t, 1)),

e Foreach (t,j) € dom ¢ such that (t,j + 1) € dom ¢,
(¢(t7j)7uD<t7])) €D
ot j+1) = G(o(t, ), up(t, j))-

The £ norm of a hybrid signal » = (r¢,rp) is given by
Hr”(t,j) = maX{HTCH(tJ'y ”TD”(t,j)} where

Irell ;) = maxesssup|r(t’, j')|, (3a)
'S perd
ol 5) = sup r(t,3"1, (b

(t",5") €T (r),t' +5' <t+j

where I'(r) := {(¢t,j) € domr : (t,j + 1) € domr}. For
notational convenience, |||, denotes limyi;n [|7[[(; ;)
where N = sup( jjedomrt +J € [0,+0c]. We say a
solution pair (¢, u) to H is maximal if it cannot be extended,
and we say that it is complete if dom ¢ is unbounded. Given
a nonempty set M C R", we denote by Sy (M) the set of
solution pairs (¢, u) to H as in (1) such that ¢(0,0) € M.
The set Sy (M) C Sy (M) denotes all maximal solutions
from M. We define dom; ¢ := {t € R>o : Jjs.t. (t,7) €
dom ¢}, dom; ¢ := {j € Nyo : 3t s.t. (t,j) € domg},
sup, dom ¢ := sup dom; ¢ and sup; dom ¢ := sup dom; ¢.
We also define the projection of x € {C, D} onto R" as
II(x) := {£ € R™ : Ju, s.t. (&, uy) € x}.

B. Hybrid Systems with Disturbance Inputs

Consider H as in with the control input u; assigned
by the feedback law k1 := (kc1,kp1) @ II(C) UIL(D) —
R™cr+tmp1 - and with disturbance uo. The resulting hybrid
system is

& = F(z,(kc1(x),uc2)) =: Fi, (z,uc2)
(x,UCQ) 6 Cﬁl,

P Yot = Gla, (kpa (2), upa)) = Gy (2 upz) D
(.’E,UDQ) € l),i1
where ., := {(z,us2) : (x, (ks1(x), us2)) € x}, for each

* € {C,D}. The pair (¢, us) is a solution to H,, if the
conditions in Definition 2.4] are satisfied.

ITII. INPUT-TO-STATE STABILITY FOR
HYBRID SYSTEMS

Given a hybrid system 7 as in (I)) and a control feedback
law k1, we are interested in studying conditions to guarantee
stability of a compact set A C R™ with respect to #,, as in
under the presence of a disturbance us = (uc2,ups2), in
the following sense.

Definition 3.1: (Pre-input-to-state stability) Given a com-
pact set A C R", the system H,., in {@) is pre-input-to-state



stable (pre-ISS) with respect to the disturbance us and the
set A if there exist § € KL and o € K such that, for
each { € R", each (¢,uz) € Sy, (&) satisfies, for each
(t,j) € dom ¢,

6t )la < max {B€last + )0 (luzll) - )

Definition @] is essentially the definition of ISS in [6] for
the case of disturbances where x +— |z|4 is employed as
the proper indicator for .4 and maximal solutions are not
required to be complete. It subsumes the standard notion of
ISS for continuous-time and discrete-time systems.

The conditions guaranteeing that a hybrid system is pre-ISS
without computing solutions rely on Lyapunov functions, as
defined next.

Definition 3.2: (Pre-ISS Lyapunov function candidate)
Given a hybrid system H = (C,F,D,G) as in and a
compact set A C R"™, the function V : dom V' — R defines
a pre-1SS-Lyapunov function (pre-1SS-LF) candidate for H
with respect to A if the following conditions hold:

1) I(C)UII(D)UG(D) C domV ;

2) V is continuously differentiable on an open set contain-
ing II(C) ;

3) there exist a1, as € Ko, such that

ar(|za) < V(z) < as(|zla) (6)
for all z € TI(C) UTI(D) U G(D).
IV. PROBLEM STATEMENT

Given a compact set A and a control feedback law k1, we say
‘H is pre-input-to-state stabilizable when the corresponding
hybrid closed-loop system ., as in (@) is pre-ISS with
respect to the disturbance uy and A. In this paper, we aim
to design a control feedback law 1 such that H,, is pre-ISS
with respect to us and A, but also that solves a zero-sum
hybrid game.

Problem 4.1: (Inverse-optimal pre-ISS) Given a compact
set A C R", design a control feedback law k, such that
the hybrid closed-loop system H,., is pre-ISS with respect
to the disturbance uy and A. In addition, determine the cost
functional that 1 minimizes under the worst-case disturbance
ua.

Remark 4.2: (Relation to the literature) This problem was
solved in [10] for continuous-time systems without con-
straints, i.e., the case in which H = (R™ x R™, F, (), %) and
A = {0}, where * denotes an arbitrary jump map.

To motivate our inverse-optimality approach, we present an
example for which the hybrid HIBI equations [1, Theo-
rem 3.8] do not have a solution, but the approach in this paper
leads to an inverse-optimal construction. Consider a hybrid
system with state = € R, inputs uc = (uc1,uc2) € R? and
up = (up1,up2) € R?, and dynamics

T =uct + xucs x € [, 0]

xT =U+PTUD

(7

where P = [pl pg]T € R% and 6 > p1 > o > 0. Given the
initial condition £ € [u, ], consider the following zero-sum
hybrid game
minimize maximize J (&, u) (8)
U1 u

u=(u1,uz) U

where 7 is the cost associated to the unique solution (¢, u)
to (7) with ¢(0,0) = ¢, and it is given by

sup; dom ¢ i

> /t (60,7

sudied) |y ] ueten) a

sup; dom ¢—1

T (& u) =

+ > (6t —0*)+ limsup  q((t,4))
=0 (t,j)€sup dom ¢
(t,j)€edome

with parameter ¢ > 0 and some appropriat q:R* =R
For optimality [1, Theorem 3.8], we are looking for a func-
tion V : domV — Ryq that is continuously differentiable
and that satisfies

« for each = € [u, d]

0 = min max 2+ ul, L 02 uc
uci1 uc2 0 _C

uo=(uc1,uce2)ER? )

dV

+ %(x) [1 x] uc}.
Solving for uc in (@), we have
dv ¢2
o forx=yp

V(z) = minmax {x2 —o’+ V(o + PUD)} (11

Up1 Up2
(up1,up2)€ER?

Solving for up in (TI)), we have

up € {uD cR?: Cfi—v(a—&—PuD) :O}.
x
Equations (@) and (II) are referred to as the Hamilton-
Jacobi-Bellman-Isaacs (HJBI) hybrid equations for the zero-
sum hybrid game in (8). Notice that cannot be solved
when x > (¢ and if, in addition, we have that {( < u, then
1 ¢ domV and, as a result, @ cannot be solved either.

V. INPUT-TO-STATE STABILIZABILITY

In this section, we use pre-ISS control Lyapunov functions
(pre-ISS-CLFs) as a synthesis tool to stabilize a hybrid sys-
tem. First, we introduce definitions and preliminary results
on pre-ISS-CLFs for hybrid systems with disturbances.

'We refer the reader to [1, Theorem 3.8] for general sufficient conditions
on the terminal cost ¢ and the value function V' for optimality.



A. Input-to-State Stability Control Lyapunov Functions

Given a hybrid system H = (C,F,D,G) we define the
projection of x € {C, D} onto R™ x R™+2 as

IL,,, (%) = {(x, us2) : Fuy s.t. (2, (U1, Ux2)) € *}.

In addition, we define, for each x € {C, D}, the set of
admissible control inputs during flows (x = C) and during
jumps (* = D) at each state and disturbance as

U, (2, ug2) = {uyy € R™1

Definition 5.1:  (pre-ISS control Lyapunov functions)
Given a hybrid system H = (C,F,D,G) as in (I) and a
compact set A C R™, a pre-ISS-LF candidate V' is a pre-ISS
control Lyapunov function (pre-ISS-CLF) for H with respect
to ug and A if there exist ag, ap, p € Koo such that

(, (us1, us2)) € %}

z[a = plucal), (2, ucz) € Mue, (C)
= inf (VV(2), F(z,uc)) < —ac(|z|4) (12a)

uc1€E¥co(z,ucs)

and

|$|A > p(|uD2|)» (xqu2> € HuDl(D)

= inf V(G(z,up)) — V(z) < —ap(|z|a).
up1€V¥p(z,up2)
(12b)

To characterize the effect of inputs on the stability conditions
at jumps, we restrict our analysis to the family of systems
and Lyapunov functions that satisfy the next assumption.

Assumption 5.2:  (Control-affine upper bound on the
change of V' after a jump) Given a hybrid system H =
(C,F,D,G) as in () and a function V' : domV — R,
suppose that there exist functions Vi, : R" — R™P' and
Via : R™ — R™P2 guch that, for all (x,up) € D,

V(G(x,up)) = V(g(x) + gu1(z)up1 + guz(x)uDz)

<V(g(x)) + Vi (@)upr + Via(z)ups.
(13)

Leveraging the previous assumption, the results in the fol-
lowing section are used to establish a connection between
the existence of a pre-ISS-CLF and a control feedback law
k1 that pre-input-to-state stabilizes the hybrid closed-loop
system H,, .

B. Input-to-State Stabilizing Minimum Norm Control

We can endow a hybrid system #H with an input-to-state-
stability property by solving a quadratic program (QP) in
terms of a pre-ISS-CLF V. Namely, given ac, p € Ko, We
define, for all x € TI(C),

wo(z) = LV (2) + ac(|z]a) + L.V (@)|p™ (J2]a)

(14)
and introduce the following QP:
Kclgp (%) = argmin  |v|?
veER™C1 (15)

subject to Ly, V(z)v < —we(x)

whose closed-form solution is given by

max{0,wc(z)}

— s Ly, V(@)

@) = Ly V@R ™
KICIQP = if qulv(:r) % 05
0 if Ly, V(x)=0.

(16)

Similarly, given a function ap € K, under Assumption [5.2]
we define, for all z € II(D),

wp(x) :==V(g(z)) — V(z) + ap(|z]a)
+ | Via(@)p~ (|za) (A7)

and introduce the following QP:

Kpigp(z) = argmin |v|?
,UGR'VYLDI

R (18)
subject to Vi1 (z)v < —wp(x)

whose closed-form solution is expressed as

max{0,wp(x)} ~
_ ma{0 wp(z)} D(Q D)
. V()
FiDlop\T) = if Vii(z) #0,
0 if Viq(z) =0.
19)
With and we establish the following result.

Theorem 5.3: (QP control via pre-ISS-CLFs) Given a hy-
brid system H as in (1) and a compact set A C R™, suppose
that there exists a pre-ISS-CLF V' for ‘H with respect to the
disturbance uy and A such that Assumption holds. Then,
the feedback law k1 = (KC1op,KD1op)s With ko1, as
in (T6) and kp1,,, as in (I9), renders the resulting hybrid
closed-loop system H,,, pre-ISS with respect to us and A.

Remark 5.4: (Noncompleteness of solutions under QP con-

trol) Notice that the optimization in (I3) and (I8) is car-
ried over R™¢1 and R™P!, respectively, instead of over
the constraint sets ¥,, « € {C,D}, as in Definition
This allows to compute the closed-form control feedback
law k1 = (KC1op,kD1gp) Which may potentially lead to
maximal noncomplete solutions to H,,, . The “pre” term in the
results accounts for this trade-off. We refer the reader to [7,
Proposition 2.34] for sufficient conditions for completeness
of solutions for the hybrid closed-loop system H,,, .

VI. INVERSE-OPTIMAL STABILIZING CONTROL

Since the control input u;, assigned by a control feedback
law, aims to stabilize H to a compact set A but the distur-
bance us seeks to prevent it, we formulate a zero-sum hybrid
game that captures such a setting following [1]. Specifically,
in this section, given a control feedback law k; such that
‘H,, is pre-ISS with respect to the disturbance us and A,
we are interested in determining the cost functional that x;
minimizes.

In particular, consider £ € II(C) U II(D), an input action
u = (Ul,UQ) = ((u01,uD1),(ucg,uD2)), the stage cost



for flows Lo : C' — Ry, the stage cost for jumps Lp :
D — R, and the terminal cost ¢ : II(C) UII(D) — R.
Under the assumption of uniqueness of solutlon‘ we define
the cost associated to the solution (¢, u) to H from ¢ as

bng dom ¢ tj+1
T(Eu) = / J)suc(t. )dt
t
sup; dom ¢—1
+ Y Lp(é(tjr,4),up(tjz,g) 20
§j=0
+  limsup  q(¢(t, 7))
(t,j)—sup dom ¢
(t,j)€dom ¢

where tsup dom ¢+1 = sup; dom ¢ defines the upper limit

d . .
of the last integral, and {¢; }SupJ oM s a nondecreasing

sequence associated to dom¢ The two-player zero-sum
hybrid game is formulated as

minimize max1mlze
ul

u=(u1,us2) GuH(f A)

T (& u) 2h

where Uy (€, .A) is the set of joint input actions u = (u1, uz),
where wu; is assigned by a control feedback law x1, yielding
solutions from ¢ such that H,, is pre-ISS with respect to uz
and A.

The next definition introduces the notion of a value function
for the hybrid game in (2T).

Definition 6.1: (Value function) Given a hybrid system H
as in @), a compact set A C R"™, and £ € R", the value
function at &, when it exists, is given by

J*(€) = min max (22)

J (&, u).

u=(u1,uz) € Uy (§,A)

A. Inverse-Optimal Min-Norm Control

In this section, we provide sufficient conditions to solve
(2I) when w; is assigned by the control feedback law k;
expressed as the pointwise optimal result of a QP, as stated

in Section

For a hybrid system % = (C,F,D,G) as in (I) and a
compact set A, let V' be a pre-ISS-CLF for H with respect
to the disturbance ug and A such that Assumption [5.2] holds.
Given v € K, we define the stage cost for flows L, the
stage cost for jumps Lp, and the terminal cost ¢ as

1 |Ls, V(@) |

Lo(z,ue) :=Lic(z) + §max{0 we(x)} UCHQ (23a)
Cx < ucz|> Y(z,uc) € C
1 |Via(z))? 2
Lp(x,up) :==Lip(x Him' | (23b)
— Ay <|u§2|) V(z,up) € D

2Sufficient conditions to establish uniqueness of solutions to # from
& € II(C) UII(D) can be found in [14, Proposition 2.11].

Va € II(C) UTI(D) (23¢)

where we is defined in (T4) and wp in (I7). We remind
the reader that we approach the optimal control problem in
(21) as an inverse problem: we design the optimal control
feedback law x; and then the stage costs L1 and Lip in

@3).
A key tool in our analysis to solve the hybrid game in is
the Legendre—Fenchel transform, which is defined as follows.

Definition 6.2: (Legendre-Fenchel transform of a class-
K+ function [10, Lemma A.1]) For a class-K., function
~ whose derivative exists and is also a class-K ., function, the
Legendre—Fenchel transform of y is defined, for allr > 0, as

Ar) = / ) ()ds = r() ) — () )

dy

%.
The next result shows that every pointwise minimum norm
control feedback law 1 := (Kc14p, KD1gp). as in (16) and
(19), is optimal for a meaningful hybrid game.

where (')~ stands for the inverse function of 7' :=

Theorem 6.3: (Inverse-optimal QP-based control) Given a
hybrid system H = (C,F,D,G) as in and a compact
set A C R™, suppose that there exists a pre-ISS-CLF V' for
H with respect to the disturbance uz and A. If there exist
functions V; : II(D) — R™P' and Via : II(D) — R™p2
such that Assumption [5.2 holds for all (x,up) € D, then,
K1 = (KClgpsKD1op). With values as in and (19), is
such that the hybrid closed-loop system H,;, is pre-ISS with
respect to ug and A, and minimizes, for all ¢ € II(C)UIL(D),
all A € (0,1], and all v € Ko, withy' € K, the cost J in
(20) with

Lic(z) =

~(L4V (@) — 5 max{0,we(e)
+ (L V(@) (@4a)
and
Lan(e) = —(Vig(a)) — V() ~ 5 max{0,wp(x)}
+ wmz(mm)

where we and wp defined in (14) and (T7), respectively.

(252)

We illustrate the inverse-optimal approach in the following
example.

Example 1 (One-degree-of-freedom juggling system): In the
following, we illustrate our min-norm-based inverse-optimal
approach for a one-degree-of-freedom juggling system on a
moving platform under disturbances. In particular, consider
the following hybrid system:

&= x; ] zeC
H - —re (26)
+ _ |up1t+up2 eD
v —HDT2 } (z,up)



where z := (z1,72) € R%, puc >0, pup € [0,1), and
C::{$€R22$120}
D = {(m,uD) ERZXxR?: 2y =upy +upy > 0,20 < O}.

Let A = {(0,0)} and consider the modified energy function
given by

V ( ) = 1-‘1—71 ;i arcta; +*1 2
x) T nx Hwclx xT
(1 ,U/2D) 2 Cc4L1 2 2

1
= (14 farctan xs) (,ucxl + 2x§) )

To show that V' is a pre-ISS-LF candidate as in Definition
notice that: i) domV = R2, ii) V is continuously
differentiable, and iii) we have that, for all x € C,

1+ 3u3 3+ ph
s yoa(lz]) V() < 555 ax(|])
2(1+ up) 2(1+ up)
where R>og 3 7 — aq(r) == min{%,uc%} and R>o >

7+ as(r) == r?+pcr. Then, V is a pre-ISS-LF candidate
for H with respect to .A. In addition, observe that V' satisfies
Assumption [5.2] with

?Ll(x) = ‘7L2($) = pc (1 + farctan(—ppzs)),

and it can also be shown that V is a pre-ISS-CLF for H
with respect to us and A. Then, by Theorem [5.3] H can be
rendered pre-ISS with respect to uy and A, and Theorem [6.3]
shows that the control feedback law k1 = (Kkc14p, KD16op )
with values as in and (T9), minimizes the cost J in
(20) under the maximizing disturbance us, where the value
function is J*(§) = V(¢) for all £ € {n € R? : n; > 0}.
This is confirmed by Fig. [T}
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Fig. 1 — Phase portrait of a solution to H as in from &.
The evolution of the cost of the solution (blue-red), rendered
by the saddle-point equilibrium strategy, is shown. Notice that
J* (&) = V(&) as guaranteed by Theorem [6.3

VII. CONCLUSION AND FUTURE WORK

In this paper, we study the problem of designing a sta-
bilizing controller for a hybrid system under disturbances
as an inverse optimal problem. We characterize the con-
trol feedback law as the pointwise solution of a quadratic

program (QP) and formulate the problem as a two-player
zero-sum hybrid game against the worst-case disturbance.
Our approach is inverse: we design the optimal control
feedback law k; and then the cost functional for which 1 is
optimal. In particular, we show that every control Lyapunov
function (CLF) is a meaningful value function for the game,
and that every pointwise min-norm control feedback law
is optimal—even though its construction is independent of
any explicit cost functional or the HJBI hybrid equations.
Future work includes designing projection tools to deal with
feedback laws that render maximal solutions complete and
relaxing Assumption [5.2]
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