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Abstract— This paper presents a novel interval observer de-
sign for uncertain hybrid systems with nonlinear dynamics and
measurements, assuming known jump times. Leveraging mixed-
monotone decompositions, we construct an interval observer
that provably bounds the true system state. Global uniform ul-
timate boundedness of the observer error is guaranteed through
a non-expansive observer design, achieved by computing gain
matrices using linear Lyapunov-based analysis and 1-norm
supply rates. We also introduce a linear transformation to
enhance design flexibility. The effectiveness of our approach
is validated through simulations of a bouncing ball system.

I. INTRODUCTION

Cyber-physical systems (CPS) often exhibit hybrid behav-
ior, requiring the combination of continuous and discrete
dynamics to model complex interactions between compu-
tation and physical processes. Moreover, state estimation
is crucial for CPS applications like power systems and
autonomous driving, enabling monitoring, fault detection,
control, and decision-making. Interval observers, which pro-
vide set-valued state estimates, are particularly valuable for
hybrid systems with uncertain initial states and disturbances,
as well as with unknown noise distributions.

Literature Review. Extensive research has focused on de-
veloping interval or set-based observers for diverse nonlinear
and linear systems, including those exhibiting cooperative,
(mixed) monotone, or Metzler properties (see, e.g., [1]-[3]).
A common approach in these observer designs is the choice
of gain matrices to ensure both stability (Schur or Hurwitz)
and positivity/cooperativity of the error system. To address
specific system subclasses, researchers have employed tech-
niques such as coordinate transformations [2], [4], [5], in-
terval arithmetic [6], positive system reformulations [7], and
additional degrees of freedom [8], [9]. For general nonlinear
systems, bounding functions have enabled the formulation
of observer synthesis as semidefinite programming problems
(2], [10]-{13].

Unlike the well-established methods for continuous-/
discrete-time systems, observer synthesis for hybrid systems
encounters significantly greater complexity due to the in-
tricate interplay between continuous state evolution (flows)
and discrete state transitions (jumps). To address this chal-
lenge, frameworks for asymptotic state estimation have been

T. Pati and S.Z. Yong are with Northeastern University, Boston,
MA, USA ({pati.ta,s.yong}@northeastern.edu), and R.G.
Sanfelice is with the University of California, Santa Cruz, CA, USA
(ricardo@ucsc.edu). This work is partially supported by NSF grant
CNS-2313814, and R.G. Sanfelice is supported by grants from NSF CNS-
2039054 and CNS-2111688, AFOSR FA9550-23-1-0145, FA9550-23-1-
0313, and FA9550-23-1-0678, AFRL FA8651-22-1-0017 and FA8651-23-
1-0004, ARO W911NF-20-1-0253, and DoD W911NF-23-1-0158.

proposed for hybrid systems with known or approximately
known jump times [14], [15]. Furthermore, interval observer
designs have been developed for specific classes of hy-
brid systems, including linear impulsive systems [16]-[19],
switched linear systems [19]-[21], switched nonlinear sys-
tems [22], and known nonlinear systems with known jumps
[9]. However, many of these approaches rely on assumptions
that may constrain their generality or introduce conservatism.
The problem becomes even more challenging when hybrid
systems are further subject to uncertainty. Consequently, dis-
sipativity and non-expansiveness-based techniques have been
introduced in [23] to handle uncertain and noisy hybrid or
impulsive systems, which motivates our work for extending
them to design robust hybrid interval observers.

Contributions. This paper extends our prior research on
interval observer synthesis for nonlinear continuous and
discrete systems [8], [9], as well as hybrid systems without
disturbances or noise [24], to address the design of inter-
val observers for uncertain hybrid dynamical systems with
disturbances and known jump times. Specifically, we incor-
porate dissipative theory for uncertain impulsive systems, as
developed in [23], to manage the uncertainties that were not
considered in our earlier work [24]. Furthermore, we utilize
mixed-monotone decomposition techniques, as outlined in
[10], to construct an interval observer that rigorously bounds
the true system state, guaranteeing correctness without im-
posing additional positivity assumptions. Additionally, we
integrate a novel multi-gain structure, building upon the
approach presented in [9], which enables observer synthesis
via optimization problems without the need for integer
variables. Our methodology ensures non-expansiveness, a
property we leverage to establish the global uniform ultimate
boundedness of the observer error dynamics. This is achieved
through an observer design strategy based on linear Lya-
punov functions and 1-norm-based supply rates, facilitating a
tractable and efficient design process using linear or bilinear
programming. Finally, we demonstrate the effectiveness of
our approach through simulations of a classical bouncing
ball system, both nonlinear and linear.

II. PRELIMINARIES

Notation. The p-norm of a vector v € R" is given by
[ollp 2 (30, [0i|P)7, and for a matrix M € R™?, the
element in i-th row and j-th column is denoted by M;;. The
element-wise signum function of a matrix M is denoted by
sgn(M), and M® £ max(M,0,x,), M® & M® — M,
and |[M| £ M® 4+ M® is the element-wise absolute value
of M. The diagonal matrix with the diagonal elements of a



square matrix M € R™*™ is denoted by MY, while M™ £
M — M4 is the matrix with only its off-diagonal elements, the
“Metzlerized” matrix M™ £ M9 4 |M"| of M is a square
matrix in which all the off-diagonal components are non-
negative. All matrix and vector inequalities are element-wise
inequalities, and the matrices of ones and zeros of dimension
n X p are denoted by 1,5, and 0,,,, respectively. Further,
an interval Z £ [z,Z] C R": is a set of vectors z € R"=
satisfying z < z < 7Z, element-wise. A corresponding
definition applies to intervals of matrices. Additionally, a
continuous mapping « : [0,a) — [0, 00) belongs to the class
K if a(0) = 0 and is strictly increasing.

Definition 1 (Mixed-Monotonicity and Decomposition Func-
tions). [25, Definition 1], [26, Definition 4] Given g :
ZE2XxWCR* = R with X C R* and W C
R™ a function g5 : Z x Z — R™ is a mixed-monotone
decomposition mapping of g for

1) the uncertain discrete-time (DT) system zT =

g(z,w) = g(2) if i) gs(z,2) = g(2) for all z € Z,
ii) gs is monotone increasing in its first argument, i.e.,
2> 2= g5(2,72") > g5(2,2") for all 2/ € Z, and iii)
gs s monotone decreasing in its second argument, i.e.,
£>z2=g5(2',2)<gs(2,2) forall 2 € Z;

2) the uncertain continuous-time (CT) system & =
g(x,w) = g(z) if i) and iii) hold as in item I} and
ii’) gs is monotone increasing in its first argument
with respect to “off-diagonal” arguments, i.e., for all
(i,k) € Ny, x N, such that i # k, we have gs;(%,2') >
9s,i(2,2") for all 2, > zy, and %; = z;.

Definition 2 (Jacobian Sign-Stability). [8, Definition 2] A
mapping f : Z C R" — RP is called Jacobian sign-stable
(JSS) if, within its domain Z, the elements of its Jacobian
matrix maintain consistent signs, i.e., for each element,
JL(2) >0 or Jh(2) <0 ¥(z,4,k) € Zx N, xN,_,

where J7(2) denotes the Jacobian of f evaluated at z € Z.
Proposition 1 (Tractable Decomposition Functions for Non-
linear JSS mappings). [8, Proposition 2] Consider a JSS
mapping p : Z C R"= — RP over its domain, where its
Jacobian is assumed to satisfy J* € [J*,J"]. Then, for
each i € Ny, with p; being the i-th component of |, a
decomposition function for p; is obtained by:

/L(s,i(zl,ZQ) = //Lq(DZZl + (Inz — Di)ZQ) V(Zl,ZQ) € Zx Z,

where the diagonal binary matrix D' = Dig is given by:
D}ss = diag (max (sgn (jf) ,lenz>) ,
with diag(v) denoting a diagonal matrix whose diagonal

elements are taken from the vector v. Further, for any interval
2 < z<7Z with z,2,Z € Z, the following inequality holds:

0L £ p5(z,2) — ps(2,7) < Fu@ - 2),
with FH: (7#)@ + (lu)e € RPXnz,

Definition 3 (Embedding System). [13, Definition 6] Given
g: X xW — R" and a pair of mixed-monotone decom-

position functions g 5 and Ggs, the embedding systems for CT
systems & = g(x,w) and DT systems z* = g(x,w) with
W £ [w, W] are 2n-dimensional systems given by

m _ {95(% w7, w)} (). m _ [95(9:, w, 7, w)] (DT).

€ 9s (E’ w,Z, w) s (57 w,z, ﬂ)

Then, by [10, Proposition 3], the above embedding sys-
tems have a state framer property, i.e., the solution ¢t — x(t)
to the CT system 4 = g(x, w) or DT system 2z = g(z,w) is
framed/enclosed by the solution to the corresponding CT or
DT embedding system, initialized at [z(0)" E(O)T]T, ie.,
z(t) < z(t) <7Z(t) holds for all ¢ > 0.

III. PROBLEM FORMULATION

Consider the uncertain hybrid dynamical system #:

Y = + pr—
W fc(m)JrWch’xeC, x fd(-r)+ded7x€D,
Ye = he(x)+Veve, Ya = ha(x)+Vavg,

ey
where * € R™ denotes the system state with flow and
jump outputs y. € Rle, y; € R, respectively, process
and measurement noise w. € W, = [w,,w. C R™e,
Ve € Ve = [v,,0.] C R during flows, and wg € Wy =
[wy, Wa] C R™4, vy € Vg £ [vg,04] C R during jumps.
Here, f. : R® — R™ and f; : R™ — R" are the flow and
jump maps with their corresponding output functions h. :
R” — Rl and hy : R® — R, and flow and jump domains
C,D C R"™, respectively. The initial state is uncertain and
belongs to the compact interval Xy = [z, To] C R™.
Moreover, given an input (w,, v., W4, vq), a solution x for
system #H is given by a function defined over the hybrid
time domain dom(z) C R>¢ x N such that for every pair
(T,J) € dom(z), 30 =ty <t <--- <ty satisfying

J— .
dom(a:) N ([Oa T] X {07 17 LEEE) J}) = Uj:Ol([th tj+1]a.])'
Further, dom(z) and dom;(z) denote the projection of

dom(z) in the first and second dimensions, respectively.

Assumption 1. The system jump times, as well as the outputs
Y. during flows and/or yq at jumps, are known. The bounds
on the process noise (W.,W., Wy, Wq), measurement noise
(V., V¢, Vq,Va), and initial state (x,<ZTo) are finite and known.
Moreover, H initiates with flow, i.e., Xy = [z4,To] C C\ D.

The proposed observer synthesis problem is as follows:

Problem 1. Given the uncertain hybrid system H in (I
satisfying Assumption [I} design a hybrid interval observer
that computes the lower and upper framers, x and T, such
that each solution x of system H is framed (i.e., x(t,j) <
x(t,j) < Z(t,j) for all (t,j) € dom(zx) = dom(Z) =
dom(z)) and the framer error ¢ & T—xz is globally uniformly
ultimately bounded (GUUB), i.e., there exist a finite ultimate
(I-norm) bound b and for every a > 0, there exists a finite
hybrid time (Ty, Jp) such that

1e(0,0)|lh <a=llet, )l <b, VE>Ty,5 > Jp, (2)

for all realizations of bounded uncertainties w., €
[We, We], wa € [Wg, Wal, ve € [V, Ve, and vg € [vg,Val.



To establish the GUUB property above, we will also show
that the proposed hybrid framer error system we design is
non-expansive cf. [23, Definitions 4 and 8].

Definition 4 (Non-Expansiveness and Supply Rate). A hy-
brid system G with outputs (z.,zq) and exogenous inputs
(ue,uq) is non-expansive if it is dissipative with respect to
the supply rate (r.,7q4), i.e., for each input (u.,uq) and cor-
responding output (z., zq), for each (T,J) € dom(uc,uq),

T J
OS/OTc(uc(t,j(t)%Zc(t»j(t)))dﬂrzw(ucz(tj?j),Zd(tjaj))-

j=1
where j(t) denotes the number of jumps up to time t.

Note that we will specifically consider a 1-norm based
supply rate (instead of co- or 2-norm in [23]) given by

(rc(um Zc)a Td(udv Zd)) (3)
=(Yelluellr = llzellr, vallually — llzall1),
with 7., 74 > 0, so that the observer gain synthesis approach
in the forthcoming Theorem [3] will involve a more com-
putationally tractable linear/bilinear program than semidefi-
nite/nonlinear programs with bilinear matrix inequalities.

IV. ROBUST HYBRID INTERVAL OBSERVER
In this section, we present the design of our hybrid
interval observer and provide analysis on both its correctness
and global uniform ultimate boundedness (including non-
expansiveness). For brevity, we will omit the explicit depen-
dence on hybrid time (¢, j), except when explicitly required.

A. Robust Interval Observer Design

As with our approach for noiseless hybrid systems in [24],
we start by constructing an equivalent representation of the
hybrid system A in (I)), under the following assumption:

Assumption 2. The mappings fc, fa, he, ha in (1) are known
and differentiable w.r.t. x. Further, their Jacobian matrix
bounds lf",jfi € R ™ and lh",jhi € REX" respectively,
for fi and h, for all i € {c,d}, are known.

Lemma 1 (Equivalent System). Consider the uncertain
hybrid system H in (1) that satisfies Assumptions [I2} and
any arbitrary matrices L.,N. € R"*'e L, Ny € R"xla
and T,,T; € R" ™ that satisfy T. + N.H. = I, and
Ty + NgHy = I,. Then the system H in (1) admits an
equivalent system representation as follows:

5: Mcg + Tcd)c(x) - Lcwc(x) + Mycw,

- veVe + (Mch + Lc)yc - Ncpc(x)a HAS Cv
x:£+Ncyc_Nchcvcv CZde_Ndwd<x)’ (4)
£+ = (Tc - Ncwc)(Adx + ¢d(x) + ded)7} zeD
z =+ Naya — NaViva, '

Further, at jumps of the equivalent system, ( is updated via

(" = MaC + Tagpa(x) — Lapa(x) + Myawa
—Myqvg + (MqNg + Lq)yqs —Napa(z).

Here, & is the equivalent system state, while x, ( are
output/auxiliary signals and y.,yq are system inputs, with
M; £ T;A; — LiH; — N;Agi, My; & T,W; — N;Wa; and
My; & (M;N;+L;)V; for all i € {c,d}. Moreover, A., Ay €
Rnxn’ Cc;A2c c Rlcxn’ ch c Rlcxmc’ Cd,A2d c Rldxn,

and Woq € RlaX™a gre obtained via the decompositions
below for all x € X, w, € W,,wq € Wy:
fc(x) = Acx+¢c(x)7 hc(x) :ch+¢c(x)7
fa(w) = Agz + ¢a(x),  ha(x) = Hax + Ya(z),
%ﬁc (@) (fe(@) + Wewe) = Azer + Wacwe + pe(z, we),
VYa(fa(x) + Wawa) = Asqr + Waqwg + pa(z,wa),

such that ¢C? ¢d7/(/)67wd7p67pd are J§S (Cf [3) Pmp- 2])
Proof Sketch. The equivalent system is derived similarly to

[24, Lemma 1] with a new state ¢ £ 2 — N, (H.x + 1.(z))
and an auxiliary signal ¢ £ 2 — Ng(Hgz + ¥q(z)). [ |

&)

Consequently, using the equivalent representation in (4),
a hybrid interval observer H can be designed based on the
embedding system design in Definition [3] (construction steps
are similar to [24, Appendix], see [8] for details):
€ = (M + MM®)¢ - Mp*oE
- +M'Leuac&c - Ml?;wc + Mvecyc - MSBCEC
+(Mch +Lc)yc +TC@¢C,5 (&a E)
—TC@¢C7§(E, @) + Lceﬂ}c,é(@a T)
7L§B¢c,5(fa g) + Ncepc,é (ga W, f; wc)
_Nc@pt:.,é (jv Em Z, &c)’

& = (M + MX®)e-MO¢
+MS?CEC - Mgcwc + Mvécﬂc - quaﬁc when
H(McNe+Le)ye+ T ¢e 5 (T, z) %
_Tce(/l)c,é(@a f) + Lc@wc,ﬁ(fv E) flows
_L?wc,5(§7 E) + Ncepc,5 (f’ Eca Z, MC) ’
_Nc@pc,é(ivﬂcaja Ec)z

xz :§+Ncyc*(Nc%)®@c+(Nc‘/c>eﬂca

T =&+ Neye— (NeVe) Pv+(N:Ve) e,

¢ = TPz~ TF - N{us(7.2) ©

+NFas(z,T),

¢ =T7T—T7x — NSthas(z,T)
+N$as(T, ),

§+: (TcAd)GBQ - (T1CAd)ej
+(TeWq)®Pwy — (TeWq)®wg
+T§B¢d,5(§a f) - Tce(bd,ﬁ(ju g)
_Nc@’(/}Cﬁ(Y7 X) + Ncewcﬁ(K?Y)a

) h
€= (1.A1)°T — (T.Ag)°z "
HTW2)®Wy — (T.W4)w, jumps,

AT ba,s(T, z) — T2 ¢as(z, T)
~N&tes (6 X) + NEVe,s (X X),
z = (+Naya—(NaVa)“Ta+(NaVa)®vg,
T = (+Naya—(NaVa)®vy+(NaVa) 04,
where 7,z € R"™ are upper and lower framers of the original
state  of # and with auxiliary signals &,&,(, ¢ € R™ and

X 2 ATz — ATT + ¢as(2, @) + Wiw, — WS Wg,
X 2 A97 — AJx + bas(T,z) + Wwe — Wi w,.

Similarly, when #H jumps, ¢ and ¢ are updated via
Cr=MF MG C+ Mg wy—Mgwa + Mv,— My va
+T3 ¢as(z,T) — Ty ¢a,5(T, z) + (MaNa + La)ya

—L54,6(T, 2)+ LG Va,5(2, ) — Ny pas(T, Wa, , w,)
+Ndepd,§(£7 &d? ja @d)v



¢ —M@C M7 ¢+ Mu,dwd - MS wy+MSva—ME,
+T7 ¢d,5(17 z) = T3 das(z, %) + (MaNa + La)ya
—Lfi/}d,a@, z) +L§7ﬁd,5(f7 2)+ N5 pas(T,Wa, z, w,)
?pdﬁ(z’ Wq, T, md)'

The proposed observer H (with &, € as states) is initialized
with 5(070) = Xy — Ncyc(oa 0) + (Nc‘/c)@@c - (Nc‘/c)eﬂc
and E(Oa 0) = TO - Ncyc(oao) + (Nc‘/c)éegc - (NC‘/C)ch
when # initiates with flow. Assumption [I] ensures that we
know when H jumps or flows and that # initiates with flow;
hence, H is well defined.

In addition, ¢;5 : R” x R" — R", 9;5 : R" x R" —
RY, and p; 5 : R® x R™ x R* x R™ — RY, 4 € {c,d},
represent mixed-monotone decompositions of mappings ¢.,
Ods Ve, Wa, pe, and pg, respectively (cf. @), Definition ,
which are JSS; hence, their corresponding mixed-monotone
decompositions of mappings can be computed using Propo-
sition [T] Finally, the to-be-designed observer gains N, L. €
R™*le Ny, Lq € R™ ! and T,.,T; € R™™ must satisfy
T.+ N.H, = Ty + NgHy; = I,, (see assumptions of the
equivalent system in Lemma [T).

Remark 1. Similar to [24], the proposed observer con-
struction has multiple observer gains (i.e., N, T,, L., Ny,
Ty and Lg), hence more degrees of freedom. However, as
remarked in [8, Remark 1], coordinate transformations may
still be advantageous in ensuring feasibility of the observer
gain synthesis in Theorem |2} which can be straightforwardly
integrated (details omitted for brevity; cf. [2, Section V]).

B. Hybrid Observer Correctness

The next theorem shows that the proposed hybrid interval
observer H in () is a correct interval observer for the hybrid
system H, i.e., its framers bound the true states.

Theorem 1 (Correctness). Let Assumptions [I{2] be satisfied
for the hybrid system H in (1), and consider its associated
hybrid interval observer H constructed according to (6)
(with any observer gains). Then, any solution x of H and
the corresponding solution [z, T of H satisfy z(t,j) <
x(t,j) < Z(t,4),9Y(t,j) € dom(x) = dom(Z) = dom(z),
i.e., H constructs a correct interval framer for H.

Proof. The proof is (almost) identical to the induction proof
for noiseless systems in [24]. Specifically, the base case for
the initial state holds by Assumption 1. The inductive step
assumes that z(¢,7) < z(t,j) < Z(t,j) holds for some
(t,7) € domz with ¢t; < ¢t < t;4q1. By construction,
the continuous-time embedding system during flow in (6)
guarantees the framer properties by [10, Proposition 3],
ie, z(t',j) < x(t',j) < zT(t,5) Vt' t <t < tjqa.
Similarly, by the construction of the discrete-time embedding
system during jumps in (€) and [10, Proposition 3], we have
&(tj-l,-hj +1) < l‘(tj+1,j +1) < f(t]‘+1,j+ 1), (tj+17j +
1) € dom z. Finally, by [10, Proposition 3] again for the
flow, we obtain z(¢,5 + 1) < z(¢t,5+ 1) < Z(t,5 + 1) for
each (¢, j+1) € dom x with ¢;; <t < tj;. Consequently,
by induction, the statement of the theorem holds. [ ]

C. Non-Expansive Observer Design

Next, we outline a design approach for the observer gains
T., T4, N., Ng, L., and L4, such that resultant observer error
framer, ie., ¢ = T — x, is globally uniformly ultimately
bounded (GUUB). As mentioned above, we will prove this
property by first showing that the observer error framer
dynamics are non-expansive as per Definition [4]

Theorem 2 (Non-Expansive Interval Observer). The cor-
rect hybrid interval framer H proposed in (6) for the
hybrid system H given by (1) is non-expansive (as
per Definition H) with respect to the l-norm based

supply rates, (rc(uc,zc),rd(ud, 24)) £ (Yelluellr —
ll2ell1,

valluallr = |lzall1), with performance outputs
2. = zqg = € 2 T — x and under constant exoge-
nous inputs u. = [(W.—w,)"

@e—v)T] ) ug 2
[(Wa —wy)" (Ua—1uy)"] T if the following linear/bilinear
optimization problem is feasible (for some n > 0):
Ye + NV

min
{7.A,Q,9Q,0,L,N,T,N,,Z,N,& WP, W [P [* NE N,
Np Nn Tp Tn Md Mnd Mdp Md n Alndp Mnd n}

st 1) [Qe Ac @) < [-1) el ],

17—[ [Qd ACl Qd] < [1I(Q - I) ’ydlmd-‘rsd] )

< N. if Ve #0,

N, = Q . v # and {C} holds,

Ne ifVe=0, @)

with C defined as:
Ay = WP+ WP+ (NP+NMF2, Vi€ {c,d},
ﬂWl—NZWm = sz — Win, Vi € {C, d},
(I)C = 'Z’:&c + 'Z’Z)l,c + 2Mg’n(N€',c + N(/l',c)7
o, = E{jyd+igyd +N” + N7,
NCVYC:N\I;C N\T}c’ N\[;'wN\T/L',cZO?
KV;=K!, - KI',, VK €{L,N}, Viec{cd},
KgZ,K" 20 VKG{L N} ViE{Cd},
Qo=MI+MPP+ M4+ T F3 + L F3, +J\7CF;”C,
Qd = Mp—‘rMn + Tsz -‘rLdeL +NdF

S=57_5" VSe {TI,LZ,N“Md},Vz e {¢,d},
SP. 8" >0, VS € {T}, Li, Ni, Wy, My}, Vi € {c, d},
M = M — MO ME = MEP — M,
M&p N Nrde prdn > (),

Mg = diag(Mc)’ Mcnd = Mc - Mga

M; = T;A; — LiC; — N; Ay, Vi€ {c,d},
Q=T.+N.Co=Tys+ NyCq, 7>0, QD2

®)
where Fg Ff F7, and F)' for all i € {c,d} are
computed as per Proposmon [} Furthermore, the gains
matrices that ensure observer non-expansiveness can be
obtained using the relation X = Q:'X, for all X €
{Lc,Tey Ney L, Ty, Ny}, where the optimal solution tuple
(Qu, Lews Law, Te s Ta e, Ne Nd,*) corresponds to the op-
timal solutions of the optimization problem in ().

Before proving the above, we first recap two useful results.



Lemma 2. [9, Lemma 2] Let A = AP — A", where A €
R™ ™ and AP, A" € RIy™. Then, for any non-negative
matrix M > 0 with appropriate dimensions,
|A|M = (A® + A°)M < APM + A"M

Lemma 3. [23, Theorem 6 & Egs. (64),(65)] A hybrid
system G is dissipative with a supply rate (r.,rq) if and
only if there exists a continuous non-negative-definite storage
function Vs : R X N X D — R such that, for all j € N,

Vi(t, g, (t,§)) = Vi(t, 3, 2(t, 7))
<fttr(' UCSj),yC(S,j))dS, t]—lStS£<t]7
AV( ]a.]7 (t 7.]) I(tj_,j—l)) < Td(ud(t]a.])ayd(t]aj))a

with A‘/;‘(tj’j7x(t »J )) = V( Ja.]? (t 7.7)) - ‘/;(tj_v.] -
Loa(t;,j — 1)), where t; is the time associated with the j-
th jump, with to = 0. Furthermore, if Vi(-) is continuously
differentiable almost everywhere on t € [0,00), except on
an unbounded closed (discrete) set T = {t1,ta,t5...} (set
of jump times), then equivalently, G is dissipative w.r.t the
supply rate (rc,rq), ie., forall j €N,

Val(t, g, 2(t, 7)) < re(uc(t, ), ye(t,5)), tji—1 <t <tj,

AV( ]’j x(tjvj)7 (tg’j 1))<rd(ud(t]73) yd(t]h]))

Equipped with the above, we prove Theorem 2] by building
upon the approach in [23, Theorem 6], but with a 1-norm
based supply rate defined in (3).
Proof of Theorem 2] Based on the observer dynamics de-
fined in @), the framer error ¢ £ T — gz, can be computed
as the difference between the third and fourth equations
of the flow part in (@), ¢ = & — & + |[NV,|(De — v,).
Consequently, during flows the frarner error evolves ac-

€))

cording to the dynamics ¢ = & — & Similarly, during
Jjumps, the difference of the last two equations of the jump
part in (@) yields ¢ = (— ¢+ |NgVa|(Ta — vy), hence
et = Z+ — (T + |NgVy|(Bg — v,). Consequently, the hy-
brid framer error dynamics H, together with its associated
comparison system, is as follows:
€= M + |Myc|dw, + |Te|62 + |Lc|6Y
+|Nc|5g + (‘MHC| - Mén|Nch|)5vc

< ACE + ch(swc + 'A~’UC5’U(:

= ACE =+ Ec6mc,
H = [Male + | Muyaldu, + Tal] + |Laldy

+|Nd|55 + |Mvd|5vd

+(I — | Ma|)[NaVal6w,
< Age + Apadu, + Avady,
= Ads + Bdéﬂ')d,
with 85 £ 5—s, Vs € {w;, v}, € {c, d}, S 2 5 (T, ) —
pis(2,7), Vi € {6, 0}, 1 € {c,d}. 6] £ pis(T, iy Z,20;) =
pis(, wl,x w;),Vi € {c,d}, 0p, = [511 5T] and

A & MP+|T|FS +|L|F3, +|N|

Ay & |Md|+|Td\F¢ +|Ld|FI +|Nd|

when H
flows,

(10)

when H

jumps,

pa’

Ava 2 |LdVd\ + |NdVd\ . )
Awi & |My| + |N; |F%, Bi = [sz A, ] Vi € {c,d}.

Then, applying Lemma [2] to the absolute value terms, the
comparison system in (T0) can be further upper bounded as:

¢ < (AP + A™)e + (AP + A" )5, | when H
7:[ +(A€c + AZ}C)(SUC,
et< ([12 + AM)e + (flfud + An

+(A5d + Agd)av(w
where Vi € {c,d}, AP A", are obtained by upper
bounding the absolute values |S;| < SP 4+ SP.VS €
{N,M,,L,T},i € {c,d} and |L;V;| < L, —l—LI}Z, |NZV7\ <
NP. 4+ NI.i € {c,d} with non-negative matrix variables
S” SP. LY. LT, NP N satisfying S; = S? — S, L;V; =

v (3] vi?
Lp — L7, and N;V; = NP, — NI as well as S| <

v
[ Sn VS € {Md,M"d} with non-negative S",S?
satisfying S; = SP — S", where M = M? + M”d
Further, |M,| — Mgn = |MZ| + |MC”d| - M? - |MC”d| =
|MZ| — Mg < M&P 4+ M&E™ — MEP 4 ME™ = 2M &,
Then, we obtain A? =M d—i—M "d’p+TpF¢C+LPF¢C+N YEy,
A = M2 L TVF, 4 L1 Fy+ NIFZ . and Ay = M;+
Ty Fy,+LyFyp,+NJFy s € {n,p}, as well as As =M:,
NiF, s € {n,p},i € {c,d}, and As, =L; +2Md ”N,f o
As,=L3 ,+N? 8 € {n,p}.

Consequently, by applying Definition ] and Theorem [3]
with 1-norm based supply rates (r.(uc,zc),7d(ud,zq)) =
(elluclls = Izl vallualls — zally) with zc = 24 = £ and
Ue = 8g,, ug = p,, and with a linear storage function
V. = ATe (since € > 0, V, is a valid storage function as per
Lemma 3) to the linear comparison system in (I0), the error
system is non-expansive according to (9), if:

)‘T(Acg + BCUC) < Yelluellr = llell,
AT (AdE + Bdud) -
since, by definition &€, uc,uq > 0, implying el =

e, luclh = 1), s ue, and [lugll; = 1) ugq. Conse-
quently, (12a) and @) are equivalent to

Ti VTP € T €
[)\ A, A Bc] |:’LL:| < [_1n ch]-mc-i-Sc] |:uc:|7

c

flows,
1D
) 0wy } when H

jumps,

(12a)

Ae <yallualls = llells,  (12b)

ma—+Sd

AT Ag AT By [id} < [OT = 1)) Yalmyts] Li] .

Further, since the above must hold for all €, u., uqg > 0, they
are equivalent to:
[)\TAC )\TBC] < [_1;[ ’YC]'m(:JFSc] )
ATAs ATBy] <[(AT =1,) Adlmgrs,) . (14b)
Next, defining Q@ = QT 2 diag(\) & A\ = 1]Q,
S; = QS;, VS € {T,L,N}, Vi € {c,d}, the inequalities
in (T4a) and (T4b) are equivalent to the conditions in (7)
by substituting the definitions of A,, Ag, B., and By, in
addition to considering the constraint 7; = [ — N;C; &
QT; = Q — QN,C; & T; = Q — N;C; for all i € {¢,d},
and leveraging the fact that () is a positive diagonal matrix,
implying QY| = [QY].
Finally, note that any solution tuple (L., N, T,) that
ensures non-expansiveness of comparison dynamics in (I0)

(14a)



will also ensure non-expansiveness of its upper bounding
system presented in (II). This result follows directly from
the observation that the inequality introduced in Lemma
becomes an equality when the decomposition satisfies
MP = M® and M™ = M®, given M = M® — M°.
Consequently, the solutions obtained through the (mixed-
integer) optimization problem with (I4a) and (I4b) also
serve as feasible solutions for the continuous optimization
problems in (7). Moreover, since the continuous programs
in cannot yield better solutions compared to the MIP
solutions of (I4a) and (T4b)—since the system in (TI)) upper
bounds the system in (TO)—it follows that the optimal gains
achieved by solving coincide exactly with those found
through the (mixed-integer) optimization of (I4a) and (T4D).
Thus, the proposed observer design is non-expansive. [ ]

Then, using the non-expansive property, we further show
that the framer error of the hybrid interval observer is GUUB.
Note that the framer error system in (I0) is positive with a
non-negative domain by the correctness property of Theorem
thus, the GUUB property is global (within this domain).

Theorem 3. Suppose the hybrid interval observer H is
designed using (€) with observer gains computed using
in Theorem i.e., its framer error system is non-
expansive (cf. H)) with supply rate coefficients c,7vq. Then,
the framer error system in is globally uniform ultimately
bounded (GUUB) ie, @) holds with ultimate bound b =
’Z“ max{ telrelll I”“‘ll, wl\udlh } for any 0..,04 € (0,1) with k,
mangn(Az) kl - mlnz<n()\z): ucHl - ch_w ||1+H’Uc
Vellrs flually = s — wylls + 92 — vall1, and A = Q.15
(where Q. is obtained from the optimal solution of ().

Proof. We begin the proof by bounding the storage function
Vi(e) = ATe (defined above Egs. (I2a) and (I2b) in the
proof of Theorem [2) as follows:

killellh < Vi(e) < kullells,

and defining class K functions ay(r) = k;r and «a,(r) =
k7. Then, by non-expansiveness conditions in (12al),

Vs < —|lelh +%Iluc||1
= —(1=0c)llells = Ocllelly +eluclls

< (1= 0el, Vel > el £ oo
AV, < —[lelly +yallalls

= —(1 = 0a)llells = Oallells +afluall

<—(1=0)ells,  Vely > 2elals 2 5,

for some 0., 0, € (0,1), where . and -y, are obtained as the
solution to the optimization problem in (7)), while v, and uq
are defined in Theorem [2| According to [27, Theorem 4.18]
and by its analogous extension to discrete-time systems, the
flow error dynamics and the jump error dynamics are, respec-
tively, (independently) globally uniformly ultimate bounded
(GUUB) with ultimate bounds b, and by, respectively, where,

be = al_l(au(gc)) = %Qw bg = al_l(au(gd)) = %Qd-

Next, we define ¢ 2 max{o., 04} and show that the
(combined) hybrid error dynamics are GUUB with ultimate
bound b = %g, ie, 3¢ > 0,7 2 a;'(c) = & and

o0 £ ay(0) = kyo, such that if the observer framer error
is initialized at some ¢ that satisfies

eeVE{elo<Vie)<ch C {ele<eli<r}£E,
the framer error e(¢,j) will ultimately converge to
lle(t,7)]l1 < b within some finite hybrid time (7,J) €
dom(z). To show this, we observe that the hybrid solution
of at hybrid time (¢, j) satisfies
Vs(s(taj)) < ‘/‘5(50) - lct - ldja

forall £(t, j) € € with I, £ (1—0.) > 0,1, £ (1—04) > 0,
and € £ min__y [lell; > o.

Consequently, £(¢, j) enters the se o ={e| Vi(e) <o}

and the ultimate bounded set ||||; < %= p = b in finite hybrid
time (T3, Jp) such that
1Ty + gy <c—o. (16)

Finally, if the hybrid system minimum dwell time is 7 then
leveraging the fact that J,7 < T}, we additionally have
cC— 0

lt+1g

Note that, although we can choose 6., 6, in (I3) (and in
Theorem [3)) to be arbitrarily close to 1 so as to make the
ultimate bounds b, = k “0c, bg = T-0d and consequently,
b= Tooas small as poss1ble this also means that [, [; tends
to zero and the finite hybrid time T3, J, required to satisfy
also approaches infinity.

V. ILLUSTRATIVE EXAMPLE

Jp <

We consider an example of a bouncing ball subject to
gravity (with gravitational constant g), described by (1)) with:

_ Z2 —
fe(z,we) = [_g — Baa|za| +wc] she(m,ve) = 21 + v,
_ 1 _
fa(w,wg) = {—Csz +wd] s ha(r) = 21,

C=RsoxR,D = {(x1,22) € R?

with noises w, = 0.1cos(10t), wg = 0.1sin(¢), and v, =
0.01sin(t), where 7 denotes the height above the ground,
and x5 the velocity. We examine two bouncing ball scenarios:
linear (without air resistance S = 0) and nonlinear (with a
nonlinear air resistance coefficient 8 = 0.1), both cases with
a coefficient of restitution of cg = 0.8, and we set n = 1.
1) Linear (8 = 0): As illustrated in left and middle plots
in Fig. [Ta] the proposed observer design (utilizing Theorem
[2) yields observer states that bound the true position and
velocity. Further, the right plot in Fig. [Ta] demonstrates that
the observer error is globally uniformly ultimately bounded,
where the ultimate bound can be found to be b = 0.4691,
with k, = 1.4138, k; = 1.1434, . = 3.4146, ~v4 = 1.4138,
l. =0.0038, I = 0.3652, 8. = 0.99 and 64 = 0.0373, which
determine the finite hybrid time (73, J;,) in (I6). Further, as
predicted by Theorem (3| the ultimate bound b increases with
increasing disturbance and noise bounds via ||uc||1, ||uq:.
2) Nonlinear (5 = 0.1): Moreover, from Fig.[Ib|, similar
to the linear bouncing ball case, the observer states frame
the true system states and the observer errors are globally

cxp = 0,22 <0},



2
t[s]
(a) Linear bouncing ball (8 = 0) (b) Nonlinear bouncing ball (3=0.1)

Fig. 1: Trajectories of height x1 and velocity x2 of the bouncing
ball and their lower and upper framers, as well as the 1-norm of
the framer errors (i.e., framer widths).

uniformly ultimately bounded, where in this example, the
ultimate bound b remained unchanged as when g = 0.

VI. CONCLUSION AND FUTURE WORK

This paper presented a novel interval observer design
methodology for uncertain hybrid systems with nonlinear
state and output models, assuming known jump times. A
key contribution was the guaranteed correctness and non-
expansiveness of the observer error dynamics. This design
ensured global uniform ultimate boundedness without relying
on positivity assumptions, achieved through the integration
of hybrid mixed-monotone embedding systems and a multi-
gain observer structure. The observer gain matrices can be
computed by solving a linear (or bilinear) optimization prob-
lem, which was derived based on linear storage functions and
I-norm-based linear supply rates from dissipativity theory.
The effectiveness of the method was validated through a
simulation of an uncertain nonlinear/linear bouncing ball
model. Future research will extend this framework to accom-
modate scenarios with unknown jump times, partial mode
observability, and parametric uncertainties.
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