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Abstract

In this paper, we develop a learning-based approach for hybrid systems with a twofold
purpose: (i) the construction of Lyapunov functions and (ii) the computation of upper
bounds on the cost of system solution. Our approach enforces stability and cost conditions
on a finite collection of states and then, by exploiting regularity properties of the system
dynamics and stage-cost maps, extends these conditions to all relevant unsampled states.
Neural networks are used to learn both a Lyapunov function surrogate and a value-like
function whose regularity properties allow us to certify stability (in a practical sense) of a
compact set or to find an upper bound on the cost of solutions, which are not required to be
unique. We illustrate the approach on nonlinear continuous-time and discrete-time systems,
as well as on a hybrid system modeled by set-valued dynamics.
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1. Introduction

Results on sufficient conditions to guarantee the satisfaction of dynamical properties, such
as stability, safety, and optimality rely on pointwise conditions involving certificates, e.g.,
Lyapunov functions, barrier functions, and value functions. Though such conditions are
sufficient to characterize the behavior of a system, synthesizing the certificate to satisfy
the required conditions is an open research area, especially when the system dynamics are
nonlinear.
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On the one hand, different approaches have been considered to synthesize Lyapunov func-
tions for continuous-time systems with specific dynamics, e.g., sum of squares for polynomial
systems [1, 2]. In [3], the authors structure the Lyapunov candidate function such that it
inherently yields a provable stability certificate. In [4], the authors propose a framework for
learning dynamical systems with stable inference dynamics [5, 6]. In [7], a neural network
structure is proposed to provably overcome the curse of dimensionality in the synthesis of
Lyapunov functions for continuous-time systems with nonlinear dynamics, whereas in [8]
a quadratic Lyapunov function is optimized to provide stability guarantees. Furthermore,
in [9], a counterexample-guided approach is proposed using finitely many points, as well as
an approach to extend the results to a subset of the state space using satisfiability mod-
ulo theories (SMT). A similar approach is proposed in [10], where the authors opted for a
mixed-integer linear program (MILP) rather than SMT.

On the other hand, the interconnection of physical systems with computational and commu-
nication devices, such as analog-to-digital converters, sample-and-hold devices, quantizers,
or coder/decoders, etc., and the presence of discrete behavior such as timers that expire,
resets, and impacts, give rise to dynamical systems with both continuous and discrete be-
havior, namely, hybrid systems. Such hybrid dynamics impose additional challenges to the
construction of certificates to guaranteeing a desired dynamical property. In recent works,
synthesizing Lyapunov function using LMI solvers inside a counter-example guided inductive
system framework is shown to be feasible for switched systems [11]. In [12], an approach to
learn a Lyapunov function given a parametric form with unknown coefficients, based on a
system of linear inequality constraints is proposed. Finally, in [13], the authors tackle the
problem of finding a Lyapunov function for nonlinear continuous-time systems using trans-
formes. Though impactful, these approaches are not general enough to cover the behavior
exhibited by hybrid systems.

To close this gap, in this work, for the broad class of hybrid systems in [14], we propose
methods for neural network-based synthesis of certificates for asymptotic stability and op-
timality. Specifically, we present results for the synthesis of Lyapunov functions and for the
construction of upper bounds on the cost associated to a solution to a hybrid system. The
hybrid systems modeling framework in [14] is rich enough to cover switched systems, impul-
sive systems, algebraic differential equations, and hybrid automata. The main contribution
of our paper is summarized as follows:

• We present a learning-based approach to synthesize a Lyapunov function that provably
guarantees asymptotic stability of a compact set for a class of hybrid systems, by
training a neural network through an optimization program.

• We present an approach for synthesizing an upper bound on the cost of solutions
to a class of hybrid systems by training a neural network through an optimization
program. Under additional sufficient conditions, we further show that this framework
also guarantees asymptotic stability of a compact set. These results also cover cases
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in which the strict-decrease requirement on the Lyapunov surrogate during can be
relaxed.

• Complementary results for Lyapunov neural networks (LNNs) for a class of hybrid
systems are also presented: we derive sufficient conditions to guarantee Lipschitz con-
tinuity of the decrease of LNNs under set-valued dynamics.

To the best of our knowledge, this paper presents the first approach able to synthesize
Lyapunov functions and to find upper bounds on the cost of solutions to hybrid systems
modeled as in [14] with set-valued dynamics, by only relying on finitely many samples from
the state space. The most related work we are aware of is [15], where the authors propose
the use of a neural network to learn a control barrier function and guarantee safety of a set
for hybrid systems with single-valued dynamics.

The remainder of the paper is organized as follows. In Section 2, we present preliminary
material. In Section 3, we present the data-driven design of Lyapunov functions for hybrid
inclusions. Proposition 3.9 and Theorem 3.11 provide the main results of this section,
focusing on how to extend sufficient Lyapunov conditions from finitely many points to a
given bounded set of interest to certify asymptotic stability in a practical sense. Sufficient
conditions to find an upper bound on the cost of solutions to hybrid inclusions are presented
in Section 4, together with a data-driven approach to construct cost upper bounds for hybrid
inclusions. This work expands our preliminary results in the conference paper [16] not only
to include study cases of learning certificates for stability and cost evaluation for constrained
dynamical systems in continuous, discrete, and hybrid time, but also to provide complete
proofs of the results in [16] extended to the case where the hybrid system is modeled via
inclusions. Specifically, in Section 3, we present additional numerical examples to certify
asymptotic stability of a set for nonlinear continuous- and discrete-time systems (as special
cases of a hybrid system) using our learning-based approach and, in Section 5, we present new
results that provide sufficient conditions for simultaneous cost evaluation and asymptotic
stability for hybrid inclusions, including data-driven conditions.

Notation. Let N := {0, 1, 2, . . . }, R≥0 := [0,∞), and R>0 := (0,∞). Given d ∈ N\{0}, the
shorthand [d] := {1, 2, . . . , d} is used. For a vector x ∈ Rn, x⊤ denotes its transpose, and let
|x| denote the Euclidean norm of x. Given two vectors, x, y ∈ Rn, we write (x, y) = [x⊤ y⊤]⊤,
and ⟨x, y⟩ denotes the Euclidean inner product. Given a vector x ∈ Rn and a closed
nonempty set A ⊂ Rn, the distance from x to A is defined as |x|A := infy∈A |x − y|. We
denote by intA the interior of A, by A its closure, by ∂A its boundary, and coA represents
the convex hull of A. We represent by B (resp., B◦) the closed (resp., open) Euclidean unit
ball in Rn; given x ∈ Rn and ε > 0, we write x + εB (resp., x + εB◦) for the corresponding
closed (resp., open) Euclidean ball of radius ε centered at x. Let In be the identity matrix
of size n. We define the set of real symmetric matrices Sn := {A ∈ Rn×n : A = A⊤}, and
use Sn

>0 and Sn
≥0 for the set of real symmetric positive definite and semidefinite matrices of

dimension n, respectively.
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Let f : Rn → Rm and Y ⊂ Rm. Then, the preimage of Y under f , denoted f−1(Y ), is the
set of all elements of Rn that map to elements in Y under f . Namely,

f−1(Y ) := {x ∈ Rn : f(x) ∈ Y } .

Given a nonempty set U ⊂ Rn, the function f : U → Rm is said to be of differentiability
class Ck if the derivatives up to order k ∈ N exist and are continuous on U . For a function
C1 ∋ f : R → R, f ′ represents it derivative . If C1 ∋ f : Rn → R, then ∇f : Rn → Rn denotes
its gradient, whereas if C1 ∋ f : Rn → Rm, then we write its Jacobian as Jf : Rn → Rn×m.

The notation F : Rn ⇒ Rm denotes a set-valued mapping (or map) where, for each x ∈ Rn,
F (x) ⊂ Rm. For a mapping F : Rn ⇒ Rm, its domain is domF := {x ∈ Rn : F (x) ̸= ∅} and
its graph is gphF := {(x, y) ∈ Rn × Rm : y ∈ F (x)}.

Given a nonempty set A ⊂ Rn, a function V : Rn → R≥0 is said to be positive definite with
respect to A, also written V ∈ PD(A), if V (Rn \ A) ⊂ (0,∞) and V (A) = {0}. A function
α : R≥0 → R≥0 is a class-K function, also written α ∈ K, if α is zero at zero, continuous,
and strictly increasing. A function β : R≥0×R≥0 → R≥0 is a class-KL function, also written
β ∈ KL, if it is nondecreasing in its first argument, nonincreasing in its second argument,
limr→0 β(r, s) = 0 for each s ∈ R≥0, and lims→∞ β(r, s) = 0 for each r ∈ R≥0.

Finally, given x : I → Rn, with I ⊂ R≥0, the notation ẋ(t) denotes the time derivative of
x at t ∈ I. Given x : J → Rn, with J ⊂ N and {j, j + 1} ⊂ J , the notation x+(j) denotes
x(j + 1).

Probability notions. For k ∈ N \ {0}, B(Rk) denotes the Borel σ-algebra2 on Rk. Let
(Ω,F , γ) be a probability space and X : Ω → Rk be F -measurable, that is, X−1(B) ∈ F for
every B ∈ B(Rk). Then X is called a random vector on (Ω,F , γ).

Definition 1.1. (Expected value [17, Def. 6.2.8]) Let X be a random vector on (Ω,F , γ).
The expected value of X, denoted by E[X], is defined as

E[X] :=

∫

Ω

Xdγ, (1)

provided the integral is well-defined.

The push-forward measure γ ◦X−1 is called the distribution of X. For a given probability
measure γ̄, we write X ∼ γ̄ if γ̄ = γ ◦ X−1 and say that X has distribution γ̄. Given
µ ∈ Rk and Σ ∈ Sk

>0, N (µ,Σ) denotes the standard Gaussian measure on (Rk,B(Rk)) with

2See [17, Def. 1.1.2, 1.1.3, and 1.1.4].
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parameters (µ,Σ). If X ∼ N (µ,Σ), we say that X : Ω → Rn is Gaussian. We use L(Rk) to
denote the collection of Lebesgue measurable sets3 in Rk and λ : L(Rk) → [0,∞] represents
the standard k-dimensional Lebesgue measure (see [18, p. 426] or [19, Thm. 1.55]).

2. Preliminaries

2.1. Set-Valued Mappings

We start this section by recalling the following continuity notions for set-valued maps.

Definition 2.1. (Outer semicontinuity of set-valued maps [20, Def. A.30]) Consider a set-
valued map F : Rn ⇒ Rn. The map F is said to be outer semicontinuous (osc) at x ∈ Rn

if, for every convergent sequence xi → x and any convergent sequence yi ∈ F (xi), one has
yi → y ∈ F (x). It is said to be osc if it is osc for all x ∈ Rn. Given a set S ⊂ Rn, F is osc
relative to S if the set-valued mapping from Rn to Rm defined by F (x) for x ∈ S and ∅ for
x /∈ S is osc at each x ∈ S.

Definition 2.2. (Locally bounded set-valued maps [20, Def. A.32]) A set-valued mapping
F : Rn ⇒ Rm is locally bounded at x ∈ Rn if there exists a neighborhood O of x such that
F (O) :=

⋃
x∈O F (x) is bounded. It is said to be locally bounded if it is locally bounded

at each x ∈ Rn. Given a set S ⊂ Rn, F is locally bounded relative to S if the set-valued
mapping from Rn to Rm defined by F (x) for x ∈ S and ∅ for x /∈ S is locally bounded at
each x ∈ S.

Next, we will define the Pompeiu-Hausdorff distance between two sets.

Definition 2.3. (Pompeiu-Hausdorff distance [21, Ex. 4.13]) For C,D ⊂ Rn closed and
nonempty, the Pompeiu-Hausdorff distance between C and D is the quantity

dH(C,D) := sup
x∈C∪D

||x|C − |x|D| , (2)

which is equivalent to

dH(C,D) = inf {η ≥ 0 : C ⊂ D + ηB, D ⊂ C + ηB}

= max

{
sup
x∈C

|x|D, sup
x∈D

|x|C
}
.

3See [18, p. 426].
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Definition 2.4. (Lipschitz continuity [21, Def. 9.26]) A set-valued mapping F : Rn ⇒ Rm

is Lipschitz continuous on S ⊂ Rn if it is nonempty closed-valued on S and there exists
L ∈ R≥0 such that

F (x′) ⊂ F (x) + L|x′ − x|B ∀x, x′ ∈ S.

Equivalently, F is Lipschitz continuous on S if there exists L ∈ R≥0 such that

dH (F (x), F (x′)) ≤ L|x− x′| ∀x, x′ ∈ S.

Notice that, for any single-valued mapping F : Rn → Rm, viewed as a special case of a set-
valued mapping, Definition 2.4 is equivalent to the standard definition of Lipschitz continuity
for single-valued functions (see [21, Def. 9.1]).

2.2. Modeling Hybrid Inclusions

This paper considers hybrid systems that will be modeled based on the framework in [14].
In such a framework, the continuous dynamics of the system are modeled by differential
inclusions with constraints, while the discrete dynamics are modeled by difference inclusions
with constraints. A hybrid inclusion H is defined by

H :

{
ẋ ∈ F (x) x ∈ C
x+ ∈ G(x) x ∈ D

(3)

where x ∈ Rn is the state. The flow map F : Rn ⇒ Rn captures the continuous evolution
of the system, when the state is in the flow set C. The jump map G : Rn ⇒ Rn describes
the discrete evolution of the system when the state is in the jump set D.

Since solutions to H as in (3) can exhibit both continuous and discrete behavior, we use
ordinary time t ∈ R≥0 to determine the amount of flow elapsed and a counter j ∈ N that
keeps track of the number of jumps that have occurred. Based on this parametrization of
time, the concept of hybrid time domain, over which solutions to H are defined, is as follows.

Definition 2.5. (Hybrid time domain) A set Ẽ ⊂ R≥0 × N is a compact hybrid time
domain if there exists J ∈ N such that

Ẽ =
J⋃

j=0

([tj, tj+1]× {j}) (4)

for some finite sequence of times {tj}J+1
j=0 satisfying 0 = t0 ≤ t1 ≤ t2 ≤ · · · ≤ tJ ≤ tJ+1.

A set E ⊂ R≥0 × N is a hybrid time domain if it is the union of a nondecreasing sequence
E1 ⊂ E2 ⊂ E3 ⊂ . . . of compact hybrid time domains.

6



A hybrid signal is a function defined on a hybrid time domain. Given a hybrid signal ϕ and
j ∈ N, we define Ijϕ := {t : (t, j) ∈ domϕ} and rgeϕ := {ϕ(t, j) : (t, j) ∈ domϕ} .

Definition 2.6. (Hybrid arc) A hybrid signal ϕ : domϕ → Rn is called a hybrid arc if,
for each j ∈ N, the function t 7→ ϕ(t, j) is locally absolutely continuous4 on the interval Ijϕ.
A hybrid arc ϕ is said to be compact if domϕ is compact.

A solution to the hybrid system H is defined as follows.

Definition 2.7. (Solution to H) A hybrid arc ϕ : domϕ → Rn defines a solution to H if

1. ϕ(0, 0) ∈ C or ϕ(0, 0) ∈ D;

2. For each j ∈ N such that Ijϕ has a nonempty interior int Ijϕ, we have, for all t ∈ int Ijϕ,

ϕ(t, j) ∈ C

and, for almost all t ∈ Ijϕ,
dϕ

dt
(t, j) ∈ F (ϕ(t, j));

3. For all (t, j) ∈ domϕ such that (t, j + 1) ∈ domϕ,

ϕ(t, j) ∈ D
ϕ(t, j + 1) ∈ G(ϕ(t, j)).

A solution ϕ to H from ξ ∈ Rn is complete if domϕ is unbounded. It is maximal if there is
no solution φ from ξ such that ϕ(t, j) = φ(t, j) for all (t, j) ∈ domϕ and domϕ is a proper
subset of domφ. We denote by ŜH(M) the set of solutions ϕ to H with ϕ(0, 0) ∈ M . The
set SH(M) ⊂ ŜH(M) denotes all maximal solution from M . We define

supt domϕ := sup{t ∈ R≥0 : ∃j ∈ N s.t. (t, j) ∈ domϕ}
supj domϕ := sup{j ∈ N : ∃t ∈ R≥0 s.t. (t, j) ∈ domϕ}.

Well-posed hybrid systems refer to a class of hybrid systems where the solutions satisfy very
useful structural properties [14]. A hybrid system H as in (3) is well-posed if the following
conditions hold.

4See [20, Def. A.20].
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Assumption 2.8. (Hybrid basic conditions) A hybrid system H = (C,F,D,G) satisfies
the hybrid basic conditions if

1) C and D are closed subsets of Rn;

2) F : Rn ⇒ Rn is osc and locally bounded relative to C, C ⊂ domF , and F (x) is convex
for each x ∈ C;

3) G : Rn ⇒ Rn is osc and locally bounded relative to D, and D ⊂ domG.

2.3. Stability for Hybrid Dynamical Systems

The following definition provides the notion of pre-asymptotic stability of a closed set of
interest for H as in (3).

Definition 2.9. (Local pre-asymptotic stability (LpAS)) Given a hybrid system H =
(C,F,D,G) as in (3), a closed set A ⊂ Rn is said to be

• stable for H if for every ε > 0 there exists δ > 0 such that every ϕ ∈ ŜH(A + δB)
satisfies rgeϕ ⊂ A+ εB;

• locally pre-attractive for H if there exists µ > 0 such that every ϕ ∈ SH(A + µB) is
bounded and, if ϕ is complete, then

lim
(t,j)∈domϕ
t+j→∞

|ϕ(t, j)|A = 0; (5)

• locally pre-asymptotically stable (LpAS) for H if it is both stable and locally pre-
attractive for H.

Sufficient conditions guaranteeing LpAS of A for H without computing solutions to H rely
on Lyapunov functions.

Definition 2.10. (Lyapunov function candidate [20, Def. 3.17]) The sets O,A ⊂ Rn and
the function V : domV → R define a Lyapunov function candidate on O with respect to A
for H = (C,F,D,G) if the following conditions hold:

1) (C ∪D ∪G(D)) ∩ O ⊂ domV ;
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2) O contains an open neighborhood of A;

3) V is continuously differentiable on an open set containing C ∩ O;

4) there exist α1, α2 ∈ K such that5

α1(|x|A) ≤ V (x) ≤ α2(|x|A) ∀x ∈ C ∪D ∪G(D). (6)

With the definition of a Lyapunov function candidate, the following result gives sufficient
conditions to certify LpAS of a set for a hybrid system.

Theorem 2.11. (Hybrid Lyapunov theorem [20, Thm. 3.19]) Consider O,A ⊂ Rn and sup-
pose that V is a Lyapunov function candidate on O with respect to A for H = (C,F,D,G).
If A is compact, H satisfies Assumption 2.8, and

V̇ (x) := max
f∈F (x)

⟨∇V (x), f⟩ < 0 ∀x ∈ (C ∩ O) \ A (7a)

∆V (x) := max
g∈G(x)

V (g)− V (x) < 0 ∀x ∈ (D ∩ O) \ A, (7b)

then A is LpAS for H on O.

If the Lyapunov function candidate V on O with respect to A satisfies (7a) and (7b), then
it is said to be a Lyapunov function on O with respect to A for H.

3. Learning-Based Lyapunov Functions for Hybrid Inclusions

In this section, our main objective is to design a Lyapunov function that guarantees asymp-
totic stability of a compact set A for H as in (3) via learning-based methods. Specifically, we
solve an optimization program at finitely many points satisfying sufficient stability pointwise
conditions. Then, using continuity of such Lyapunov function, together with an estimate of
how dense the data used for training is, we provide sufficient conditions to guarantee the
decrease of the Lyapunov functions during flows and at jumps, even for points not used in
the optimization. To achieve this, we use ε−nets, as defined next.

Definition 3.1. (ε-Nets [22, Def. 4.2.1]) Consider a set K ⊂ Rn and let ε > 0. A subset
Kε := {x1, x2, . . . , xq} ⊂ K, q ∈ N \ {0}, is called an ε-net of K if

∀x ∈ K there exists x′ ∈ Kε such that |x− x′| ≤ ε.

5Notice that, if (6) holds, then V ∈ PD(A) on C ∪D ∪G(D).
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Namely, Kε is an ε-net of K if K can be covered by closed balls with centers in Kε and radii
ε. In particular,

K ⊂
⋃

x′∈Kε

x′ + εB

The smallest possible cardinality of an ε-net of K is called the ε-covering number of K, and
it is denoted N(K, ε).

Notice that, given ε > 0 and a closed set K ⊂ Rn, if Kε is an ε-net of K, then dH(K,Kε) ≤ ε.

3.1. Learning a Lyapunov Function Surrogate

To provably guarantee asymptotic stability properties of a set A for H using learning-based
surrogates for a Lyapunov function, we introduce the following neural network architecture
that accounts for the specific properties of Lyapunov function candidates (see Section 2.3).

Definition 3.2. (Lyapunov neural network) Consider d ∈ N \ {0} and q0 := n ∈ N \ {0}.
Define, for each m ∈ [d],

z(m)(w) :=
(
z
(m)
1 (w), z

(m)
2 (w), . . . , z(m)

qm (w)
)

∀w ∈ Rqm−1 , (8)

with qm ∈ N \ {0} and, given a function σ : R → R such that σ(x) = 0 if and only if x = 0,
we define, for all w ∈ Rqm−1 ,

z
(m)
i (w) := σ

(
w⊤θ

(m)
i

)
∀ i ∈ [qm] (9)

where, for each i ∈ [qm], the weight vector θ
(m)
i ∈ Rqm−1 is such that

rank
[
θ
(m)
1 θ

(m)
2 · · · θ

(m)
qm

]
= qm−1. (10)

Thus, given η : Rn → Rn, we define a Lyapunov neural network (LNN) V̂ : Rn → R≥0, with
parameters (θ, σ, η), as

V̂ (x) :=
∣∣(z(d) ◦ z(d−1) ◦ · · · ◦ z(1)

)
(η(x))

∣∣2 (11)

where
θ :=

(
θ
(1)
1 , . . . , θ(1)q1

, θ
(2)
1 , . . . , θ(2)q2

, . . . , θ
(d)
1 , . . . , θ(d)qd

)
∈ Rr (12)

with r =
∑

m∈[d] qm−1qm.

The following result shows that an LNN V̂ with parameters (θ, σ, η) is positive definite with
respect to a given compact set A ⊂ Rn for any parameter θ.
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Lemma 3.3. (Positive definiteness of V̂ ) Consider a closed and nonempty set X ⊂ Rn, a
compact and nonempty set A ⊂ X , and suppose that V̂ is an LNN with parameters (θ, σ, η).
Then, there exist α1, α2 ∈ K such that

α1(|x|A) ≤ V̂ (x) ≤ α2(|x|A) ∀x ∈ X (13)

if and only if σ and η are continuous, η(A) = {0}, and η(x) ̸= 0 for all x /∈ A.

Proof.

(⇒) Pick x ∈ A and let w0 := η(x). Then, w0 = 0. For each m ∈ [d], set wm := z(m)(wm−1) ∈
Rqm . Since σ(s) = 0 if and only if s = 0, from (8) and (9), we get

w0 = 0 =⇒ z
(1)
i (w0) = 0 ∀i ∈ [q1].

Inductively, for every m ∈ [d], wm−1 = 0 implies z
(m)
i (wm−1) = 0 for all i ∈ [qm]; hence

wd = 0. Then, from (11), V̂ (x) = 0.

(⇐) To show that V̂ (x) = 0 implies x ∈ A, let us rewrite (11) as

V̂ (x) =

qd∑

i=1

(
z
(d)
i

(
z(d−1)

(
. . . z(2)

(
z(1) (g(x))

)
. . .
)))2

∀x ∈ X . (14)

Similarly, let w0 := η(x) and, for each m ∈ [d], set wm := z(m)(wm−1) ∈ Rqm . Suppose that
V̂ (x) = 0. Since squares are nonnegative, from (14), it must follow that

V̂ (x) = 0 =⇒ wd = 0 =⇒ z
(d)
i (wd−1) = 0 ∀i ∈ [qd].

Recall that, by definition, σ(s) = 0 if and only if s = 0. Thus, from (8) and (9), we have
that

z
(d)
i (wd−1) = 0 =⇒

〈
θ
(d)
i , wd−1

〉
= 0 ∀i ∈ [qd].

From (10), we conclude that wd−1 = 0. Therefore, inductively, for every m ∈ {d, d−1, . . . , 1},
wm = 0 implies z

(m)
i (wm−1) = 0 for all i ∈ [qm]; hence, w0 = η(x) = 0. With η(A) = {0}

and η(z) ̸= 0 for all z /∈ A, we conclude that x ∈ A.

Thus, we have that V̂ ∈ PD(A) on X . Next, from [23, Prop. 2] there exists a continuous
ρc ∈ PD({0}) such that

ρc(|x′|A) ≤ V̂ (x′) ∀x′ ∈ X .

Define α̃1 : R≥0 → R≥0 as
α̃1(s) := inf

s′≥s
ρc(s

′)
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which is continuous, zero at zero, strictly positive on R>0, and nondecreasing. Then, by [24,
Lem. 1], there exists α1 ∈ K such that α1(s) ≤ α̃1(s) for all s ≥ 0, and, as a consequence,
we have that

α1(|x′|A) ≤ α̃1(|x′|A) ≤ V̂ (x′) ∀x′ ∈ X .

Finally, since X is closed and nonempty, the existence of α2 ∈ K follows directly from [23,
Lem. 2]. ■

Notice that, given A ⊂ Rn and H = (C,F,D,G), under the conditions in Lemma 3.3, we
have that there exist α1, α2 ∈ K such that (13) holds on C ∪D ∪G(D) for a Lyapunov
neural network V̂ with parameters (θ, σ, η). This is true regardless of the choice of the
weight parameters θ. Previous results in the literature, such as [25] and [26], fix α1, α2 ∈ K
and V̂ is designed such that a bound like (13) is obtained.

Furthermore, from the discussion above, an LNN V̂ with parameters (θ, σ, η) is a Lyapunov
function candidate on O with respect to A for H (see Definition 2.10) if, in addition, the
activation function σ and η in (11) are continuously differentiable on an open set containing
C ∩O. This motivates the next assumption and the use of V̂ to certify that A is LpAS for
H on O following Theorem 2.11.

Assumption 3.4. (Basic conditions for LNNs) Consider the sets O,A ⊂ Rn, the hybrid
system H = (C,F,D,G), and let V̂ be an LNN with parameters (θ, σ, η). Suppose that

1) A is compact;

2) O contains an open neighborhood of A;

3) σ ∈ C1 and η ∈ C1 on an open set containing C ∩ O;

4) η (A) = {0} and η(x) ̸= 0 for all x /∈ A.

Notice that Assumption 3.4 does not impose constraints on θ but on the functions σ and η
that define an LNN. Thus, to guarantee that A is LpAS for H using V̂ , now our goal is to
tune θ such that (7) is satisfied. This is known as training, and it is typically done using
optimization-based approaches. In particular, let γ be the standard Gaussian measure on
(Rn,B(Rn)), δ ∼ N (0, In) be a random vector on (Rn,B(Rn), γ), and suppose that F (x)

(resp., G(x)) is compact for each x ∈ C (resp., x ∈ D) and that ∇V̂ is Borel measurable6

6Notice that, from Assumption 3.4, σ ∈ C1 and η ∈ C1 on an open set containing C∩O. Thus, by function
composition, ∇V̂ is continuous on an open set containing C ∩O and, as a result, it is Boreal measurable on
such a set [18, Prop. 3].
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on an open set containing C ∩ O. Thus, we propose to pick the parameters of the LNN as

θ∗ ∈ argmin
θ∈Rr

∫

(C ∩O)\A

E
[∣∣∇V̂ (x+ δ)

∣∣
]
dλ(x)

subject to max
f∈F (x)

〈
∇V̂ (x), f

〉
< 0 ∀x ∈ (C ∩ O) \ A

max
g∈G(x)

V̂ (g)− V̂ (x) < 0 ∀x ∈ (D ∩ O) \ A.

(15)

Notice that, for each x ∈ (C∩O)\A, δ 7→
∣∣∇V̂ (x+δ)

∣∣ is a random vector on (Rn,B(Rn), γ)

as it is the composition of Borel measurable functions. In addition, notice that
∣∣∇V̂ (x +

δ(ω))
∣∣ ≥ 0 for each ω ∈ Rn and each x ∈ (C ∩ O) \ A. Thus, the expected value in the

objective function in (15) is well-defined according to [17, Def. 6.2.8]. This objective function
is known in the literature as the gradient penalty [27], and it enforces smoothness of V̂ on
neighborhoods of the training data. Furthermore, if Assumption 2.8 and Assumption 3.4
hold, from Lemma 3.3, there exist α1, α2 ∈ K such that (13) holds on C ∪D ∪G(D). This,
together with the constraints in (15) enforced at training, imply that A is LpAS for H using
Theorem 2.11.

Training the LNN V̂ using (15) requires constraints satisfaction for (possibly) infinitely
many points in the flow and jump sets, which is computationally intractable. Therefore, we
propose a tractable approximation to the optimization program in (15) through a scenario7

program in which only finitely many constraints are considered. To accomplish this, given
0 < ε < µ, let M⋆ be an ε-net of (⋆ ∩ O) \ (A + µB◦) for each ⋆ ∈ {C,D}, and pick the
parameters of the LNN as

θ∗ ∈ argmin
θ∈Rr

∑

x′∈MC

E
[∣∣∇V̂ (x′ + δ)

∣∣
]
λ ((x′ + εB) ∩ O)

subject to max
f∈F (x′)

〈
∇V̂ (x′), f

〉
≤ −τC ∀x′ ∈ MC

max
g∈G(x′)

V̂ (g)− V̂ (x′) ≤ −τD ∀x′ ∈ MD,

(16)

where τC , τD > 0 are slack variables. Once the LNN V̂ is trained using (16), we extend
the Lyapunov decrease conditions along flows and at jumps to points that were not used at
training. Thus, observe that if we allow µ ≤ ε, generalizing such conditions to every ε−ball
with center in MC ∪MD may impose strict decrease of V̂ on A. This justifies enforcing the
constraints only outside a µ−neighborhood of A. Naturally, this does not entail a cost-free
implementation, and its implications are included in Theorem 3.11.

7Referring to the fact that (15) will be solved at finitely many state values [28].
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3.2. Generalizing Lyapunov Conditions from ε-Nets

As discussed previously, we aim to generalize the conditions enforced at the nets of the
flow and jump sets to states that were not used at training. In particular, we can leverage
the slack variables τC and τD in (16) together with sufficient regularity properties of the
LNN V̂ to guarantee that the Lyapunov conditions (7a) and (7b) hold at all points in
(C ∩ O) \ (A+ µB◦) and (D ∩ O) \ (A+ µB◦), respectively.

3.2.1. Regularity Properties of Lyapunov Neural Networks

Sufficient conditions to guarantee Lipschitz continuity of a Lyapunov neural network V̂ are
presented next.

Definition 3.5. (Slope restricted nonlinearity [29, Def. 1]) Given 0 ≤ α < β < ∞, a
function σ : R → R is said to be slope restricted on [α, β] if

α ≤ σ(y)− σ(x)

y − x
≤ β ∀x, y ∈ R : x ̸= y.

For ease of notation, given a Lyapunov neural network V̂ with parameters (θ, σ, η), define

Aθ :=




[
θ
(1)
k

]q1
k=1

0 · · · 0 0

0
[
θ
(2)
k

]q2
k=1

· · · 0 0

...
... . . . ...

...
0 0 · · ·

[
θ
(d)
k

]qd
j=1

0




⊤

, B :=




0 Iq1 0 · · · 0
0 0 Iq2 · · · 0
...

...
... . . . ...

0 0 0 · · · Iqd


 , (17)

where, for each m ∈ [d], qm denotes the number of neurons in the m-th layer and, for each
k ∈ [qm], θ

(m)
k ∈ Rqm−1 is the weight vector of the k-th neuron in the m-th layer. Furthermore,

for each p ∈ N \ {0}, consider the set Tp ⊂ Sp
≥0 defined by

Tp :=



T ∈ Rp×p : T =

∑

i∈[p]

ϑiieie
⊤
i , ϑii ≥ 0 ∀i ∈ [p]



 , (18)

which is a convex cone used to encode pairwise constraints between neurons in a neural
network [30]. Now, we introduce the following result which presents a sufficient condition
for the Lipschitz continuity of an LNN.

Lemma 3.6. (Lipschitz continuity of V̂ ) Consider a bounded set O ⊂ Rn and an LNN V̂
with parameters (θ, σ, η). Suppose that

14



1) for some 0 ≤ α < β < ∞, σ is slope restricted on [α, β];

2) η is Lη-Lipschitz continuous on O;

3) there exist (ρ, T ) ∈ R≥0 × Tp, with Tp as in (18), such that the following condition
holds:

M(ρ, T ) :=

[
Aθ

B

]⊤ [ −2αβT (α + β)T
(α + β)T −2T

] [
Aθ

B

]
+




−ρIn 0 · · · 0
0 0 · · · 0
...

... . . . ...
0 0 · · · Iqd


 ≼ 0 (19)

with Aθ and B given in (17), p :=
∑

m∈[d] qm and, for each m ∈ [d], d ∈ N \ {0}, qm
denotes the number of neurons of the m-th layer (see Definition 3.2).

Then, there exists α̂ ∈ R≥0 such that V̂ is Lipschitz on O with constant

0 ≤ LV̂ ≤ α̂ρ. (20)

Proof. Let us define h : Rn → Rqd as

h(y) :=
(
z(d) ◦ z(d−1) ◦ · · · ◦ z(1)

)
(y) ∀y ∈ Rn (21)

where, for each m ∈ [d], the map w 7→ z(m)(w) is given by (8). Suppose that (19) holds for
some (ρ, T ) ∈ R≥0 × Tp. Then, thanks to [30, Thm. 1], it follows that

|h(y)− h(y′)| ≤ √
ρ |y − y′| ∀ y, y′ ∈ Rn. (22)

Next, notice that we can rewrite V̂ in (11) as x 7→ V̂ (x) = |h(η(x))|2. Thus, for all x, x′ ∈ O,
we have that

|V̂ (x)− V̂ (x′)| =
∣∣∣|h(η(x))|2 − |h(η(x′))|2

∣∣∣

=
∣∣∣|h(η(x))|2 + ⟨h(η(x)), h(η(x′))⟩ − ⟨h(η(x)), h(η(x′))⟩ − |h(η(x′))|2

∣∣∣
=
∣∣〈h(η(x)) + h(η(x′)), h(η(x))− h(η(x′))

〉∣∣ .

Now, using Cauchy-Schwarz and the triangle inequality, together with Lipschitz continuity
of h and of η, we observe that

|V̂ (x)− V̂ (x′)| ≤ |h(η(x)) + h(η(x′))| |h(η(x))− h(η(x′))|
≤ Lη

√
ρ
(
|h(η(x))|+ |h(η(x′))|

)
|x− x′|

15



≤ 2Lη
√
ρ sup

y∈O
|h(η(y))| |x− x′|.

Finally, from (22), together with the fact that σ(x) = 0 if and only if x = 0 (see Definition
3.2) and continuity8 of σ and η, it readily follows that

sup
y∈O

|h(η(y))| ≤ √
ρ sup

y∈O
|η(y)| < ∞

which gives a Lipschitz constant LV̂ satisfying

0 ≤ LV̂ ≤ 2Lηρ sup
y∈O

|η(y)|.

■

Notice that, when the function x 7→ σ(x) is slope-restricted on the interval [α, β], for some
0 ≤ α < β < ∞, it is also Lipschitz continuous with constant Lσ := β. This, together with
the Lipschitz continuity of x 7→ η(x) on some compact set O, implies that the LNN V̂ with
parameters (θ, σ, η) is also Lipschitz on O. According to [31], a naive approach is given by
the product of the norms of the weight matrices. Though theoretically sound, this bound
is known to be quite loose [29, 30]. Thus, the importance of Lemma 3.6 is that it allows
us to compute a tighter estimate of the Lipschitz constant of V̂ by solving the following
semidefinite program (SDP):

minimize ρ subject to M(ρ, T ) ≼ 0, ρ ≥ 0, T ∈ Tp (23)

where Tp is defined as in (18) for p :=
∑

m∈[d] qm.

The next result shows that the gradient of the Lyapunov neural network is Lipschitz on
bounded sets.

Lemma 3.7. (Lipschitz continuity of the gradient of V̂ ) Consider a bounded set O ⊂ Rn

and an LNN V̂ with parameters (θ, σ, η). Suppose that

1) σ ∈ C1 has Lσ′-Lipschitz derivative σ′ and, for some 0 ≤ α < β < ∞, σ is slope-
restricted on [α, β];

2) η ∈ C2 on an open set containing O and η is Lη-Lipschitz continuous on O;

3) there exists (ρ, T ) ∈ R≥0 × Tp, where Tp is defined in (18) with9 p :=
∑

m∈[d] qm, such
that (19) holds.

8Notice that σ is Lipschitz with constant β, thus it is continuous. This implies, by function composition,
that h in (21) is continuous.

9For each m ∈ [d], d ∈ N \ {0}, qm denotes the number of neurons of the m-th layer, see Definition 3.2.
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Then, there exist α̂1, α̂2 ∈ R≥0 such that ∇V̂ is Lipschitz continuous on O with constant

0 ≤ L∇V̂ ≤ α̂1ρ+ α̂2
√
ρ. (24)

Proof. Let us define Rn ∋ x 7→ h(x) := hnn(η(x)) ∈ Rqd with hnn := z(d) ◦ z(d−1) ◦ · · · ◦ z(1)
and, for each m ∈ [d], the map w 7→ z(m)(w) is given by (8). Notice that x 7→ V̂ (x) = |h(x)|2,
which, in turn, implies that ∇V̂ : Rn → Rn is given by

∇V̂ (x) := 2Jh(x)
⊤h(x) = 2Jh(x)

⊤h(x) = 2Jη(x)
⊤Jhnn(η(x))

⊤h(x) ∀x ∈ Rn

with Jhnn : Rn → Rqd×n defined as

Jhnn(x) := Jz(d)
(
z(d−1)

(
· · · z(1)(x) · · ·

))
Jz(d−1)

(
z(d−2)(· · · )

)
· · · Jz(1)(x) ∀x ∈ Rn.

First, thanks to [30, Thm. 1], it follows that

|hnn(x)− hnn(x
′)| ≤ √

ρ |x− x′| ∀x, x′ ∈ Rn, (25)

and thus
|Jhnn(x)| ≤

√
ρ ∀x ∈ Rn. (26)

Also, from Lipschitz continuity of hnn, together with the fact that σ(s) = 0 if and only if
s = 0 (see Definition 3.2), it holds that

|hnn(x)| ≤
√
ρ |x| ∀x ∈ Rn. (27)

Next, for each m ∈ [d], notice that, for all w,w′ ∈ Rqm−1 ,

|Jz(m)(w)− Jz(m)(w′)| ≤
√∑

i∈[qm]

∣∣∣σ′
(
w⊤θ

(m)
i

)
− σ′

(
w′⊤θ

(m)
i

)∣∣∣
2 ∣∣θ(m)

i

∣∣2

≤ Lσ′

√∑

i∈[qm]

∣∣θ(m)
i

∣∣4 |w − w′|

≤ Lσ′ max
i∈[qm]

∣∣θ(m)
i

∣∣
√∑

i∈[qm]

∣∣θ(m)
i

∣∣2 |w − w′|

which, by induction over m ∈ [d], give us that Jhnn is Lipschitz with constant LJhnn
satisfying

LJhnn
≤ Lσ′βd−1


∏

m∈[d]

√∑

i∈[qm]

∣∣θ(m)
i

∣∣2



∑

m∈[d]

βm−1 max
i∈[qm]

∣∣θ(m)
i

∣∣ ∏

ℓ∈[m−1]

√∑

i∈[qℓ]

∣∣θ(ℓ)i

∣∣2

 . (28)

In addition, since η is Lη-Lipschitz continuous on O then

|Jη(x)| ≤ Lη ∀x ∈ O (29)
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and, from η ∈ C2 on an open set containing O, note that

|Jη(x)− Jη(x
′)| ≤


sup

y∈O

√∑

i∈[n]

∣∣∇2ηi(y)
∣∣2

 |x− x′| ∀x, x′ ∈ O. (30)

Finally, for all x, x′ ∈ O, we obtain that
∣∣∇V̂ (x)−∇V̂ (x′)

∣∣
= 2
∣∣Jη(x)⊤Jhnn(η(x))

⊤h(x)− Jη(x
′)⊤Jhnn(η(x

′))⊤h(x′)
∣∣

≤ 2
∣∣(Jη(x)− Jη(x

′)⊤
)
Jhnn(η(x))

⊤h(x)
∣∣+ 2

∣∣Jη(x′)⊤ (Jhnn(η(x))− Jhnn(η(x
′)))

⊤
h(x)

∣∣
+ 2
∣∣Jη(x′)⊤Jhnn(η(x

′))⊤ (h(x)− h(x′))
⊤∣∣

≤ 2ρ


sup

y∈O

√∑

i∈[n]

∣∣∇2ηi(y)
∣∣2


(
sup
y∈O

|η(y)|
)
|x− x′| from (26), (27), and (30)

+ 2
√
ρL2

ηLJhnn

(
sup
y∈O

|η(y)|
)
|x− x′| from (25), (27), (28), and (29)

+ 2ρL2
η|x− x′| from (25), (26), and (29)

and this completes the proof.

■

There are common activation functions σ used in deep learning that are Lipschitz on bounded
sets, σ(x) = 0 only if x = 0, slope-restricted, and sufficiently smooth. In particular, consider

σ(z) = α tanh βz α, β > 0 Hyperbolic tangent (31)

σ(z) =
z

1 + |z| , Softsign activation (32)

σ(z) = arcsinh(z) Inverse hyperbolic sine (33)
σ(z) = 1{z≥0}z + 1{z<0}(e

z − 1) Exponential linear unit (34)

to name a few. Notice, however, that other typically used activations, such as the rectified
linear unit (ReLU) and others related, do not have continuous derivatives or are zero even
when their argument is different from zero, which prevents us from guaranteeing, for example,
the Lipschitz continuity of ˙̂

V or positive definiteness of V̂ with respect to a compact set A.

Finally, we will leverage these results to show that the functions defining the change of an
LNN during flows and at jumps are Lipschitz continuous.

Proposition 3.8. (Lipschitz ˙̂
V and ∆V̂ ) Consider a hybrid system H = (C,F,D,G), a

bounded set O ⊂ Rn, and an LNN V̂ with parameters (θ, σ, η). Suppose that F (resp., G)
18



is osc and locally bounded relative to C (resp., D), that σ ∈ C1 and η ∈ C2 on an open set
containing O, and define

˙̂
V (x) := max

f∈F (x)

〈
∇V̂ (x), f

〉
∀x ∈ C ∩ O (35)

∆V̂ (x) := max
g∈G(x)

V̂ (g)− V̂ (x) ∀x ∈ D ∩ O. (36)

Furthermore, suppose that

1) σ has Lσ′-Lipschitz derivative σ′ and, for some 0 ≤ α < β < ∞, σ is slope-restricted
on [α, β];

2) η is Lη-Lipschitz continuous on O;

3) there exists (ρ, T ) ∈ R≥0 × Tp, where Tp is defined in (18) with10 p :=
∑

m∈[d] qm, such
that (19) holds.

The following hold:

1) if C is closed and F is LF -Lipschitz on C ∩ O, then ˙̂
V is Lipschitz on C ∩ O with

constant L ˙̂
V

satisfying
0 ≤ L ˙̂

V
≤ γ1ρ+ γ2

√
ρ, (37)

for some γ1, γ2 ∈ R≥0;

2) if D is closed, G is LG-Lipschitz on D ∩ O, and η is L′
η-Lipschitz on G (D ∩ O), then

∆V̂ is Lipschitz on D ∩ O with constant L∆V̂ satisfying

0 ≤ L∆V̂ ≤ γ3ρ, (38)

for some γ3 ∈ R≥0.

Proof. Notice that, from the conditions stated, we have that V̂ is LV̂ -Lipschitz on O from
Lemma 3.6. To prove the rest of the results, we will use the following claim.

Claim: Let a set-valued map S : Rn → Rm be locally bounded relative to a closed set
X ⊂ Rn and consider a bounded set O ⊂ Rn. Then, there exists ϱ > 0 such that |s| < ϱ for
all s ∈ S(x) and all x ∈ X ∩ O.

10For each m ∈ [d], d ∈ N \ {0}, qm denotes the number of neurons of the m-th layer, see Definition 3.2.
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Proof: From local boundedness of S relative to X, for every x ∈ X ∩O, there exists an open
neighborhood Vx of x and ϱx > 0 such that S (Vx ∩X) ⊂ ϱxB. Thus, it follows that

⋃

x∈X∩O

S(Vx ∩X) ⊂
⋃

x∈X∩O

ϱxB.

In addition, notice that the set X ∩ O is compact and, as a consequence, we have that

X ∩ O ⊂
⋃

j∈[p]

Vxj

for some p ∈ N \ {0} and {xj}j∈[p] ⊂ X ∩ O. Then,

S
(
X ∩ O

)
:=

⋃

x∈X∩O

S(x) ⊂
⋃

j∈[p]

S(Vxj
∩X) ⊂

⋃

j∈[p]

ϱxj
B ⊂ max

j∈[p]
ϱxj

B

and it is sufficient to pick ϱ := maxj∈[p] ϱxj
. ■

Proof of Proposition 3.8 (Continued): Notice that D ∩ O is bounded, then from the claim
above, it follows that G(D ∩ O) is also bounded, as D is closed and G is locally bounded
relative to D. Thus, using the assumptions in the statement of this result, it follows that V̂
is also Lipschitz continuous on G (D ∩ O) from Lemma 3.6 with constant satisfying

0 ≤ L′
V̂
≤ 2ρL′

η sup
y∈G(D∩O)

|η(y)|.

In addition, since σ ∈ C1 and σ′ is Lσ′-Lipschitz, and η ∈ C2 on O, we have that ∇V̂ is
L∇V̂ -Lipschitz on O thanks to Lemma 3.7.

To prove that ˙̂
V is Lipschitz, notice that C is closed and F is locally bounded relative

to C and C ∩ O is bounded. Then, from the claim above, there exists ϱ > 0 such that
F (C ∩ O) ⊂ ϱB. Next, pick any x, x′ ∈ C ∩ O and notice that
∣∣ ˙̂V (x)− ˙̂

V (x′)
∣∣ =

∣∣∣∣ max
f∈F (x)

⟨∇V̂ (x), f⟩ − max
f ′∈F (x′)

⟨∇V̂ (x′), f ′⟩
∣∣∣∣

≤
∣∣∣∣ max
f∈F (x)

⟨∇V̂ (x)−∇V̂ (x′), f⟩
∣∣∣∣+
∣∣∣∣ max
f∈F (x)

⟨∇V̂ (x′), f⟩ − max
f ′∈F (x′)

⟨∇V̂ (x′), f ′⟩
∣∣∣∣

≤
(

max
f∈F (x)

|f |
) ∣∣∇V̂ (x)−∇V̂ (x′)

∣∣+ max
x∈C∩O

|∇V̂ (x)| dH (F (x), F (x′))

≤
(
ϱL∇V̂ + LF max

x∈C ∩O
|∇V̂ (x)|

)
|x− x′|

where the second to last inequality comes from Lemma A.1. Now, to show that ∆V̂ is
Lipschitz continuous, pick any y, y′ ∈ D ∩ O and observe that

∣∣∆V̂ (y)−∆V̂ (y′)
∣∣ =

∣∣∣∣max
g∈G(y)

V̂ (g)− V̂ (y)− max
g′∈G(y′)

V̂ (g′) + V̂ (y′)

∣∣∣∣
20



≤
∣∣∣∣max
g∈G(y)

V̂ (g)− max
g′∈G(y′)

V̂ (g′)

∣∣∣∣+ LV̂ |y − y′|.

where LV̂ satisfies (20). Using the fact that V̂ is L′
V̂
-Lipschitz on G (D ∩ O), together with

the symmetry of the Pompeiu-Hausdorff distance dH , gives
∣∣∆V̂ (y)−∆V̂ (y′)

∣∣ ≤ L′
V̂
dH (G(y), G(y′)) + LV̂ |x− x′|

≤
(
L′
V̂
LG + LV̂

)
|x− x′|.

■

We are ready to present the main result of this section, which shows that, using the regularity
properties of an LNN V̂ and ε-nets, we can extend sufficient Lyapunov conditions enforced
at points in M⋆, ⋆ ∈ {C,D}, to (C ∪D) \ (A+ µB◦), for some µ > ε.

Proposition 3.9. (Generalized Lyapunov conditions) Consider a compact set A ⊂ Rn, a
bounded set O ⊃ A, a hybrid system H = (C,F,D,G) with F (x) (resp., G(x)) compact for
each x ∈ C (resp., x ∈ D). Given 0 < ε < µ, let M⋆ be an ε-net of (⋆ ∩O) \ (A+ µB◦) for
each ⋆ ∈ {C,D}. Furthermore, let V̂ be an LNN with parameters (θ, σ, η) and suppose that
˙̂
V : C → R is L ˙̂

V
-Lipschitz on C ∩ O and that ∆V̂ : D → R is L∆V̂ -Lipschitz on D ∩ O.

The following holds:

S1) if there exists τC > L ˙̂
V
ε such that ˙̂

V (x′) ≤ −τC for all x′ ∈ MC , then ˙̂
V (x) < 0 for all

x ∈ (C ∩ O) \ (A+ µB◦);

S2) if there exists τD > L∆V̂ ε such that ∆V̂ (x′) ≤ −τD for all x′ ∈ MD, then ∆V̂ (x) < 0
for all x ∈ (D ∩ O) \ (A+ µB◦).

Proof. Given that MC is an ε-net of (C ∩ O) \ (A + µB◦), we have that, for each x ∈
(C ∩ O) \ (A+ µB◦), there exists x′ ∈ MC such that

| ˙̂V (x)− ˙̂
V (x′)| ≤ L ˙̂

V
|x− x′| ≤ L ˙̂

V
ε

which implies
˙̂
V (x) ≤ ˙̂

V (x′) + L ˙̂
V
ε ≤ −τC + L ˙̂

V
ε.

Thus, to show that ˙̂
V (x) < 0, it is sufficient to pick τC = L ˙̂

V
ε + δ for any δ > 0. Proving

the case at jumps follows the same steps; it is therefore omitted for brevity. ■

Proposition 3.9 extends the Lyapunov conditions by imposing appropriate regularity re-
quirements on ˙̂

V and ∆V̂ , for which Proposition 3.8 provides sufficient criteria. In addition,
21



notice that Proposition 3.9 implies that, as the chosen µ decreases, the number of closed
balls needed to cover (C ∩O)\ (A+µB◦) and (D∩O)\ (A+µB◦) increases and, as a result,
the right-hand side in conditions τC > L ˙̂

V
ε and τD > L∆V̂ ε become smaller. In addition,

notice that conditions S1) and S2) impose additional constraints on the training of an LNN
such that LpAS of A for H can be certified.

Remark 3.10. (Training LNNs with Lipschitz continuity constraints) Given an LNN V̂
with parameters (θ, σ, η), observe that, although (23) provides a tight estimate of the Lip-
schitz constant of V̂ , it is a post-hoc certification tool. Following [30], we instead train
V̂ directly regularizing its Lipschitz constant. In particular, for any ε > 0, the conditions
S1) and S2) in Proposition 3.9 yield an upper bound on ρ ≥ 0 that defines the Lipschitz
constant of V̂ . More precisely, from (37), we have that there exist γ1, γ2 ∈ R≥0 such that
0 ≤ L ˙̂

V
≤ γ1ρ + γ2

√
ρ, and, from (38), there exists γ3 ∈ R≥0 such that 0 ≤ L∆V̂ ≤ γ3ρ.

Using the conditions in Proposition 3.9, it is therefore sufficient to find τC , τD ∈ R>0 such
that (γ1ρ+ γ2

√
ρ)ε < τC and γ3ρε < τD, or, equivalently,

0 ≤ ρ ≤ min





(
−γ2 +

√
γ2
2 + 4γ1τC/ε

2γ1

)2

,
τD
γ3ε



 . (39)

Consequently, to meet the sufficient conditions in Proposition 3.9, we augment (16) by in-
corporating τC and τD as decision variables and enforcing (39), consistent with [30, Rmk. 4].
This constraint is imposed jointly with the conditions ensuring decrease of V̂ along flows
and at jumps in (16), and these are solved using a multi-block ADMM scheme11.

Following Remark 3.10, notice that including τC and τD as decision variables in (16) creates a
structural tension between the need for the LNN to be sufficiently “steep” to satisfy decrease
along flows and at jumps, and sufficiently “smooth” to satisfy the generalization condition
associated with the sampling density ε. For instance, infeasibility may arise when the
sampling is coarse (large ε) and the required decrease of the LNN is hard to satisfy without
steep gradients, which can happen if the flow or jump map has a large Lipschitz constant.
This may violate the smoothness constraints enforced by ρ in (39). A systematic feasibility
analysis of (16), together with Remark 3.10, is beyond the scope of this paper, but we
recognize it is promising direction for future work.

Furthermore, the smoothness constraints on the LNN relate directly to the choice of acti-
vation functions. The approach in [30] targets activation functions that are slope restricted
on the interval [0, β] for some β > 0. As acknowledged therein, this is a conservative choice
for certain activations, yet many common functions satisfy this slope restriction, including
those in (31)–(34).

11We refer the reader to [32] for an in-depth study on convergence of the ADMM method.
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3.3. Learning-Based Sufficient Conditions for Stability

Given a hybrid system H = (C,F,D,G), a compact set A ⊂ Rn, and a bounded set O ⊃ A,
in this section, we show that under suitable assumptions, the solution to (16), satisfying
the conditions in Proposition 3.9, allows us to use an LNN V̂ to guarantee practical pre-
asymptotic stability of A for H on O. This is shown in the next result.

Theorem 3.11. (Practical LpAS) Given the sets O,A ⊂ Rn and the hybrid system H =
(C,F,D,G), let V be a Lyapunov function candidate for H with respect to A on O. Suppose
that A is closed and define X := (C ∪ D) ∩ O. Pick r > 0 such that A + rB ⊂ X and
0 < µ < α−1

2 (α1(r)), where α1, α2 ∈ K are such that (6) holds. If G(D) ⊂ X and

sup
x∈C ∩O
|x|A≥µ

V̇ (x) < 0 and sup
x∈D∩O
|x|A≥µ

∆V (x) < 0, (40)

then there exist β ∈ KL and T ≥ 0 such that, for every ϕ ∈ SH
(
A+ α−1

2 (α1(r))B
)
,

|ϕ(t, j)|A ≤ β(|ϕ(0, 0)|A, t+ j) ∀(t, j) ∈ domϕ : t+ j ≤ T

|ϕ(t, j)|A ≤ α−1
1 (α2(µ)) ∀(t, j) ∈ domϕ : t+ j > T.

Proof. Pick r > 0 such that A+ rB ⊂ X and 0 < µ < α−1
2 (α1(r)), and define

χC := − sup
x∈C∩O
|x|A≥µ

V̇ (x) and χD := − sup
x∈D∩O
|x|A≥µ

∆V (x).

For each ⋆ ∈ {C,D}, define

α̃⋆(s) := χ⋆min

{
1,

s

µ

}
∀s ≥ 0

and notice that
α⋆(s) := χ⋆

(
1− exp

(
− s

µ

))
≤ α̃⋆(s) ∀s ≥ 0, (41)

where α⋆ ∈ K. Using (40) and (41) we have that

V̇ (x) ≤ −αC(|x|A) ∀x ∈ (C ∩ O) \ (A+ µB◦)

∆V (x) ≤ −αD(|x|A) ∀x ∈ (D ∩ O) \ A+ µB◦).
(42)

Next, pick ξ ∈ A + α−1
2 (α1(r))B and let ς := α1(r). Then α2(µ) < ς and α2(|ξ|A) ≤ ς. Let

ϑ := α2(µ) and define the sets Ωϑ := {x ∈ X : V (x) ≤ ϑ} and Ως := {x ∈ X : V (x) ≤ ς}.
Then

A+ µB ⊂ Ωϑ ⊂ {x ∈ X : α1(|x|A) ≤ ϑ} ⊂ {x ∈ X : α1(|x|A) ≤ ς} = A+ rB ⊂ X
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and
Ωϑ ⊂ Ως ⊂ A+ rB ⊂ X .

Claim: Let ϕ ∈ SH(ξ) with ξ ∈ Rn, and define Ωc := {x ∈ X : V (x) ≤ c} for some α2(µ) ≤
c ≤ α1(r). If there exists some (t, j) ∈ domϕ such that ϕ(t, j) ∈ Ωc, then ϕ(t′, j′) ∈ Ωc for
all (t′, j′) ∈ domϕ such that t′ + j′ ≥ t+ j.

Proof: The proof follows similar ideas from [33, Prop. 4.1] and [34, Thm. 1].

Proceeding by contradiction, suppose that ϕ leaves the set Ωc. The following cases are
possible:

• The solution leaves Ωc via a jump. Using G(D) ⊂ X , we have that there exist t ∈ R≥0

and j ∈ N satisfying

(t, j) ∈ domϕ, ϕ(t, j) ∈ D ∩ Ωc (43a)
(t, j + 1) ∈ domϕ, ϕ(t, j + 1) ∈ X \ Ωc. (43b)

From x ∈ X \ Ωc, we have V (x) > c, and (43) implies

V (ϕ(t, j)) ≤ c < V (ϕ(t, j + 1)).

However, from (42), we have that

V (ϕ(t, j + 1)) ≤ V (ϕ(t, j))− αD(|ϕ(t, j)|A) ≤ V (ϕ(t, j)),

which is a contradiction.

• The solution leaves Ωc by flowing. Then, there exist t1, t2 ∈ R≥0 with t1 < t2, and
j ∈ N satisfying

(t1, j) ∈ domϕ, ϕ(t1, j) ∈ C ∩ ∂Ωc (44a)
(t2, j) ∈ domϕ, ϕ(t2, j) ∈ C \ Ωc. (44b)

From ϕ(t1, j) ∈ ∂Ωc, we have V (ϕ(t1, j)) = c, and (42) implies

V (ϕ(t2, j))− c =

∫ t2

t1

〈
∇V (ϕ(τ, j)), ϕ̇(τ, j)

〉
dτ ≤ −

∫ t2

t1

αC (|ϕ(τ, j)|A) < 0,

which contradicts (44b).

Thus, we conclude that ϕ cannot leave Ωc. ■
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Proof of Theorem 3.11 (Continued): Notice that, from the claim above, the sets Ωϑ and Ως

are forward pre-invariant for H. In addition, observe that the following holds:

V̇ (x) ≤ −αC(µ) < 0 ∀x ∈ (Ως ∩ C) \ Ωϑ

∆V (x) ≤ −αD(µ) < 0 ∀x ∈ (Ως ∩D) \ Ωϑ.

The following cases are considered:

1) Let µ < |ξ|A and pick ϕ ∈ SH(ξ). Let t(j) denote least time t ∈ R≥0 such that
(t, j) ∈ domϕ and j(t) denote the least index j ∈ N such that (t, j) ∈ domϕ, and
suppose that (τ, J) ∈ domϕ. Then

V (ϕ(τ, J))− V (ϕ(0, 0)) =

∫ τ

0

dV

dt
(ϕ(t, j(t))) dt

+
J∑

j=1

[
V
(
ϕ(t(j), j)

)
− V

(
ϕ(t(j), j − 1)

)]

≤ −min{αC(µ), αD(µ)}(τ + J)

which, in turn, implies that

V (ϕ(τ, J)) ≤ V (ϕ(0, 0))−min{αC(µ), αD(µ)}(τ + J)

≤ ς −min{αC(µ), αD(µ)}(τ + J).

Thus, we have that

ϕ(t′, j′) ∈ Ωϑ ∀(t′, j′) ∈ domϕ such that t′ + j′ ≥ ς − ϑ

min{αC(µ), αD(µ)}
=: T.

For ease of notation, let s 7→ α(s) := min{αC(s), αD(s)} ∈ K. For all (t, j) ∈ domϕ
such that t+ j ≤ T

• if Ijϕ has a nonempty interior int Ijϕ, then V satisfies

dV

dt
(ϕ(s, j)) ≤ −α (V (ϕ(s, j))) for almost all s ∈ int Ijϕ;

• if (t, j + 1) ∈ domϕ, then V satisfies

V (ϕ(t, j + 1))− V (ϕ(t, j)) ≤ −α (V (ϕ(t, j))) .

Thus, from Lemma A.2, we have that there exists β ∈ KL such that

V (ϕ(t, j)) ≤ β (V (ϕ(0, 0)), t+ j) ∀ (t, j) ∈ domϕ : t+ j ≤ T.
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This implies that, for all (t, j) ∈ domϕ such that t+ j ≤ T ,

V (ϕ(t, j)) ≤ β (V (ϕ(0, 0)), t+ j) ≤ β (α2 (|ϕ(0, 0)|A) , t+ j)

and, consequently,

|ϕ(t, j)|A ≤ α−1
1 (β (α2 (|ϕ(0, 0)|A) , t+ j))

where (p, s) 7→ α−1
1 (β (α2 (p) , s)) ∈ KL. Finally, for all (t′, j′) ∈ domϕ such that

t′ + j′ ≥ T , notice that

ϕ(t′, j′) ∈ Ωϑ =⇒ |ϕ(t′, j′)|A ≤ α−1
1 (ϑ) = α−1

1 (α2(µ)).

2) Let |ξ|A ≤ µ and pick ϕ ∈ SH(ξ). Then, from the previous analysis, T = 0 and we
have that

ϕ(t, j) ∈ Ωϑ =⇒ |ϕ(t, j)|A ≤ α−1
1 (ϑ) = α−1

1 (α2(µ)) ∀(t, j) ∈ domϕ.

■

Notice that if the sets O and A, and an LNN V̂ with parameters (θ, σ, η) together satisfy
Assumption 3.4, then V̂ is a Lyapunov function candidate on O with respect to A for H.
Proposition 3.8 gives sufficient conditions such that ˙̂

V is Lipschitz on C ∩ O and ∆V̂ is
Lipschitz on D ∩ O. This is then leveraged in Proposition 3.9, together with additional
sufficient conditions, to show that

˙̂
V (x) < 0 ∀x ∈ (C ∩ O) \ (A+ µB◦)

∆V̂ (x) < 0 ∀x ∈ (D ∩ O) \ (A+ µB◦)
(45)

where O is assumed to be bounded and µ > 0. If, in addition, C,D, and O are closed, then
(45) implies (40) and V̂ can be used to certify that A is practically LpAS for H on O.

Remark 3.12. (Connection to the literature) Given the sets O,A ⊂ Rn and the hybrid
systems H, let V be a Lyapunov function candidate for H with respect to A on O. Suppose
that the assumptions in Theorem 3.11 are satisfied. Then, notice that given constants
ϵ, γ > 0 such that, for every δ ∈ (0, γ), there exists T ≥ 0 such that for every ϕ ∈ SH(A+δB)
it follows that12

|ϕ(t, j)|A ≤ ϵ ∀(t, j) ∈ domϕ : t+ j ≥ T.

This notion in the literature is known as ultimate boundedness of solutions to H. In particu-
lar, this introduced in [5, Def. 4.6] and in [35, Def. 4.4] for the case when domϕ ⊂ R≥0×{0},
and sufficient conditions are given in [5, Thm. 4.18] and in [35, Cor. 4.4]. When domϕ ⊂
{0} × N, ultimate boundedness is defined in [35, Def. 13.9] and sufficient conditions can be
found in [35, Cor. 13.7].

12From Theorem 3.11, notice that ϵ = α−1
1 (α2(µ)) and γ = α−1

2 (α1(r)).
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(a) (b)

Figure 1: We show the surface plots of the learned LNN V̂ and its time derivative ˙̂
V (x) for HC as in (46)

with respect to A = {(0, 0)}. In (a) we show that V̂ ((0, 0)) = 0 and V̂ (R2 \ {(0, 0)}) ⊂ R>0. A solution
ϕ ∈ SHC

(O), with O as in (47), is also shown. Notice that domϕ ⊂ R≥0 × {0}. In (b) we show that
˙̂
V (x) < 0 for all x ∈ O \ µB, as guaranteed by Proposition 3.9.

3.4. Numerical Examples

In this section, we present three different examples to show practical LpAS of a set A for
different types of dynamical systems.

3.4.1. Continuous-time Dynamical Systems

As a special case of a hybrid system H as in (3), consider the system HC = (R2, F, ∅, ⋆),
where ⋆ indicates an arbitrary map, given by

HC : ẋ ∈ F (x) :=

{[
x2

−x1 + γC(1− x2
1)x2

]}
x ∈ R2 (46)

with γC < 0. Let A := {(0, 0)}, and consider the sampling set O defined by

O :=

{
x ∈ R2 : x⊤

(
|γC | 0
0 1

)
x ≤ 1

}
(47)

Notice that F is Lipschitz continuous on O with constant satisfying

0 ≤ LF ≤ max
x∈O

∣∣∣∣
(

0 1
−(1 + 2γCx1x2) γC(1− x2

1)

)∣∣∣∣
F

≤
√

1 +
(
1 +

√
|γC |

)2
+ (|γC |+ 1)2
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and, in addition, since F is continuous, then it is osc and locally bounded [21, Cor. 5.20],
viewed as a special case of a set-valued mapping. Thus, F (x) is compact13 for each x ∈ R2.
Next, consider an LNN V̂ with x 7→ η(x) := x, d = 2, layers’ width (q1, q2) = (16, 32), and
activation function z 7→ σ(z) := 1{z≥0}z + 1{z<0}(e

z − 1). Notice that:

• σ is continuously differentiable, slope restricted on the interval [0, 1], and σ(z) =
0 ⇐⇒ z = 0;

• σ′ is 1-Lipschitz continuous;

• η is smooth and 1-Lipschitz continuous on R2.

For training, the samples are chosen to form an ε-net of O\µB◦ with ε = 0.08 and µ = 1.1ε,
and we solve (16) following Remark 3.10. As a result, we have that τC = 8.4 and the SDP
condition in (19) holds with ρ = 0.803 and some T ∈ T48. Then, by Proposition 3.8, we
have that ˙̂

V is Lipschitz on O with constant 0 ≤ L ˙̂
V

≤ 79.08. Leveraging the regularity
conditions of V̂ and properties of the ε-net of O \ µB, notice that τC > L ˙̂

V
ε, and following

Proposition 3.9, it follows that ˙̂
V (x) < 0 for all x ∈ O \ µB. This is illustrated in Figure 1.

Since O is closed, we have that (40) is satisfied and, thanks to Theorem 3.11, we conclude
that A = {(0, 0)} is practically LpAS for HC .

3.4.2. Discrete-time Dynamical Systems

Similarly, consider the system HD = (∅, ⋆,R2, G), where ⋆ indicates an arbitrary map, with
data given by

HD : x+ = G(x) :=

{[
x1 + Tx2

ϱT sinx1 + x2(1− ϱ̄T )

]}
x ∈ R2 (48)

where ϱ > 0, 0 < T <
√

2
ϱ
, and ϱT < ϱ̄ < 2

T
. In particular, pick (ϱ, ϱ̄, T ) = (1, 1, 0.5). Let

A := {(π, 0)}, and consider the following sampling set

O :=

{
x ∈ R2 :

ϱ

6ϱ̄
(x1 − π)2 + x2

2 ≤ 1

}
(49)

Notice that G is Lipschitz continuous on O with constant satisfying

0 ≤ LG ≤ max
x∈O

∣∣∣∣
[

1 T
ϱT cosx1 1− ϱ̄T

]∣∣∣∣
F

≤
√
2 + T 2(1 + ϱ2 + ϱ̄2)− 2ϱ̄T

13Notice that this is straightforward to conclude from the fact that F (x) is a singleton for each x ∈ R2.
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(a) (b)

Figure 2: We show the surface plots of the learned V̂ and ∆V̂ for HD as in (48) with respect to A = {(π, 0)}.
In (a) we show that V̂ ((π, 0)) = 0 and V̂ (R2 \ {(π, 0)}) ⊂ R>0. A solution ϕ ∈ SHD

(O), with O as in (49),
is also shown. Notice that domϕ ⊂ {0} × N. In (b) we show that ∆V̂ (x) < 0 for all x ∈ O \ ((π, 0) + µB),
as guaranteed by Proposition 3.9.

and, given that G(x) is a singleton for each x ∈ R2, G is compact valued. Next, we
parametrize the LNN V̂ as in with x 7→ η(x) := x − (π, 0), d = 2, layers’ width (q1, q2) =
(16, 32), and activation function z 7→ σ(z) := arcsinh(z). Notice that:

• σ is smooth, slope-restricted on the interval [0, 1], and σ(z) = 0 ⇐⇒ z = 0;

• σ′ is 2
√
3/9-Lipschitz continuous;

• η is smooth and 1-Lipschitz continuous on R2.

For training, the samples are chosen from an ε-cover of O\ ((π, 0)+µB◦) with ε = 0.02 and
µ = 1.05ε, and we solve (16) following Remark 3.10. As a result, we have that τD = 0.161
and the SDP condition in (19) holds with ρ = 3.461 and some T ∈ T48. Then, by Proposition
3.8, we have that ∆V̂ is Lipschitz on O with constant 0 ≤ L∆V̂ ≤ 2.94. In addition, by
Proposition 3.9, it follows that ∆V̂ (x) < 0 for all x ∈ O \ ((π, 0) + µB), which is illustrated
in Figure 2. Since O is closed, we have that (40) is satisfied and, thanks to Theorem 3.11,
we conclude that A = {(π, 0)} is practically LpAS for HC .
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(a) (b)

Figure 3: We show the surface plots of the learned LNN V̂ and its time derivative ˙̂
V for the example in Section

3.4.3. In (a) we show that V̂ ((x∗
1, 0)) = 0 and V̂ (R2 \ {(x∗

1, 0)}) ⊂ R>0. A solution ϕ ∈ SH(O), with O as in
(52), is presented. Notice that domϕ ⊂ R≥0 ×N. Also, we show that ∆V̂ ((D∩O) \ ((x∗

1, 0)+µB◦)) ⊂ R<0.

In (b) we show that ˙̂
V (x) < 0 for all x ∈ (C ∩ O) \ ((x∗

1, 0) + µB◦).

3.4.3. Hybrid Dynamical Systems

Consider a robotic manipulator interacting with an environment and consisting of a point-
mass end effector driven by a controllable force input [20, Ex. 9.1]. The environment is
defined as a contact surface at the origin of the coordinate system. The mass is constrained
to move horizontally and, during its motion, it may come into contact with the surface. The
position and the velocity of the mass are denoted with x1 and x2, respectively. When the
impact velocity is lower than or equal to a certain threshold, denoted as x̄2 > 0, a compliant
impact model is used for the interaction between the end effector and the surface. Assuming
unitary mass for the sake of simplicity, the system is described by

ẋ1 = x2, ẋ2 = uC − fC(x)

where uC ∈ R denotes the force input available for control and fC is the contact force given
by the (discontinuous) function

fC(x) :=

{
kCx1 + bCx2 if x1 > 0

0 if x1 ≤ 0

where kC , bC > 0. Note that the Filippov regularization of fC is given by

f r
C(x) :=




kCx1 + bCx2 if x1 > 0

co {0, bCx2} if x1 = 0
0 if x1 < 0.
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The contact condition is modeled as x1 = 0 and x2 ≥ x̄2, and the state variables after
the impact are described by the reset law x+

1 = x1 and x+
2 = −λDx2, where λD ∈ [0, 1].

Therefore, the mechanical system of interest is described by means of the following hybrid
plant

HP :





ẋ ∈ FP (x, uC) :=

[
x2

uC − f r
C(x)

]
(x, uC) ∈ CP

x+ ∈ G(x) :=

{[
x1

−λDx2

]}
x ∈ D

(50)

where CP :=
{
(x, uC) ∈ R2 × R : x1 ≥ 0

}
∪
{
(x, uC) ∈ R2 × R : x1 ≤ 0, x2 ≤ x̄2

}
, and

D :=
{
x ∈ R2 : x1 = 0, x2 ≥ x̄2

}
. Next, consider the following feedback law

κC(x) :=

{
kCx1 − kp(x1 − x∗

1)− k1x2 if x1 > 0
−kp(x1 − x∗

1)− k1x2 if x1 ≤ 0

}
(51)

for some kp, k1 > 0 and x∗
1 := 1. Our objective is to study the stability properties of

A := {(x∗
1, 0)} for the closed-loop system H resulting from assigning uC = κC(x). To this

end, consider the following sampling set

O :=

{
x ∈ R2 :

(x1 − x∗
1)

2

h2
0

+
x2
2

v20
≤ 1

}
. (52)

for some h ∈ (0, x∗
1] and v0 > 0. For starters, notice that gphFP is closed and, as a result, FP

is osc [21, Thm. 5.7], and it can be shown that FP is locally bounded relative to CP . These
properties, together with continuity of κC , imply that F (x) := FP (x, κC(x)) is also osc and
locally bounded (thereby compact valued) relative to C := {x ∈ R2 : (x, κC(x)) ∈ CP}.
In addition, it can also be shown that F is Lipschitz on C ∩ O with constant satisfying
0 ≤ LF ≤

√
1 + k2

p + (k1 + bC)2. Similarly, G is compact valued relative to D and Lipschitz
continuous with constant LG = λD.

Consider now an LNN V̂ with x 7→ η(x) := x − (x∗
1, 0), d = 3, layer’s width (q1, q2, q3) =

(16, 32, 64), and activation function z 7→ σ(z) := z/(1 + |z|). Notice that:

• σ is continuously differentiable (σ ∈ C1), slope-restricted on the interval [0, 1], and
σ(z) = 0 ⇐⇒ z = 0;

• σ′ is 2-Lipschitz continuous;

• η smooth and 1-Lipschitz continuous on R2.

Additionally, given ε = 0.01 and µ = 1.1ε, for each ⋆ ∈ {C,D}, let M⋆ be an ε−net of
(⋆ ∩ O) \ ((x∗

1, 0) + µB◦). The LNN is trained following Remark 3.10 yielding τC = 0.037
and τD = 0.049 and, equally important, the SDP condition in (19) holds with ρ = 0.121
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and with some T ∈ T112. Then, by Proposition 3.8, we have that ˙̂
V is Lipschitz continuous

on C ∩ O with constant 0 ≤ L ˙̂
V

≤ 2.22 and ∆V̂ is Lipschitz continuous on D ∩ O with
constant 0 ≤ L∆V̂ ≤ 1.59. Given that τC > L ˙̂

V
ε and τD > L∆V̂ ε, from Proposition 3.9

it follows that ˙̂
V (x) < 0 for all x ∈ (C ∩ O) \ ((x∗

1, 0) + µB◦) and that ∆V̂ (x) < 0 for all
x ∈ (D∩O) \ ((x∗

1, 0)+µB◦). As a result, by Theorem 3.11, we conclude that A = {(x∗
1, 0)}

is practically LpAS for H. This is illustrated in Figure 3.

4. Cost Upper Bound for Hybrid Systems

Following the approach in [36, 37, 38], in this section, we derive an upper bound on the
cost associated to a solution to a hybrid system H as in (3) without computing the solution
itself.

4.1. Sufficient Conditions for a Cost Upper Bound

Given ξ ∈ C ∪ D, the stage cost for flows LC : Rn → R≥0, the stage cost for jumps
LD : Rn → R≥0, and the terminal cost ϖ : Rn → R, we define the cost associated to the
solutions to H from the initial condition ξ ∈ Rn as

J (ξ) := sup
ϕ∈SH(ξ)

J̃ (ϕ) (53)

with

ϕ 7→ J̃ (ϕ) :=

supj domϕ∑

j=0

∫ tj+1

tj

LC(ϕ(t, j)) dt+

supj domϕ−1∑

j=0

LD(ϕ(tj+1, j))

+ lim sup
t+j→supt domϕ+supj domϕ

(t,j)∈domϕ

ϖ(ϕ(t, j)),

where {tj}supj domϕ

j=0 is a nondecreasing sequence associated to the definition of the hybrid
time domain of ϕ, see Definition 2.5.

In the next result, following [36], we present sufficient conditions to compute an upper bound
on the cost associated to a solution to H. As a difference to [36], and similar to [37], note
that (53) includes a terminal cost.

Proposition 4.1. (Cost upper bound) Consider a hybrid system H = (C,F,D,G), stage
costs LC : Rn → R≥0 and LD : Rn → R≥0, terminal cost ϖ : Rn → R, and the set O ⊂ Rn.
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Suppose that, for each x ∈ C (resp., x ∈ D), F (x) (resp., G(x)) is compact and that there
exists a function V : domV → R, with domV ⊃ (C ∪D ∪G(D)) ∩ O, that is continuously
differentiable on an open set containing C ∩ O such that

LC(x) + max
f∈F (x)

⟨∇V (x), f⟩ ≤ 0 ∀x ∈ C ∩ O (54a)

LD(x) + max
g∈G(x)

V (g)− V (x) ≤ 0 ∀x ∈ D ∩ O. (54b)

Given ξ ∈ (C ∪D) ∩ O, let ϕ∗ be a solution14 to

Hmax :





ẋ ∈ argmax
f∈F (x)

⟨∇V (x), f⟩ x ∈ C ∩ O

x+ ∈ argmax
g∈G(x)

V (g) x ∈ D ∩ O (55)

from ξ, and suppose that the map (t, j) 7→ V (ϕ∗(t, j)) is bounded on domϕ∗ and

lim sup
t+j→supt domϕ∗+supj domϕ∗

(t,j)∈domϕ∗

V (ϕ∗(t, j)) = lim sup
t+j→supt domϕ∗+supj domϕ∗

(t,j)∈domϕ∗

ϖ(ϕ∗(t, j)). (56)

Then, it follows that

J (ξ) = J̃ (ϕ⋆) ≤ V (ξ) ∀ξ ∈ (C ∪D) ∩ O. (57)

Proof. The proof follows similar arguments as in [39, Prop. 3.7].

Pick any ξ ∈ (C ∪D)∩O and ϕ⋆ ∈ SHmax(ξ). Thanks to [39, Lem. 1.3], ϕ⋆ is also a solution
to H as in (3). For each j ∈ N such that Ijϕ∗ has a nonempty interior int Ijϕ∗ , we have from
(54a)

−LC(ϕ
∗(t, j)) ≥ max

f∈F (ϕ∗(t,j))
⟨∇V (ϕ∗(t, j)), f⟩ =:

dV

dt
(ϕ∗(t, j)) for almost all t ∈ Ijϕ∗ . (58)

Next, from (54b), we have that for every (t, j) ∈ domϕ∗ such that (t, j + 1) ∈ domϕ∗:

−LD(ϕ
∗(t, j)) ≥ max

g∈G(ϕ∗(t,j))
V (g)− V (ϕ∗(t, j))

= V (ϕ∗(t, j + 1))− V (ϕ∗(t, j)).
(59)

Now, thanks to (58), (59), and (56), together with [39, Prop. 1.1], we have that J (ϕ∗) ≤
V (ξ).

Finally, from [39, Prop. 3.6], for any arbitrary ϕ ∈ SH(ξ), we have that

J̃ (ϕ) ≤ J̃ (ϕ∗) ≤ V (ξ)

14Sufficient conditions for the existence of nontrivial solutions to Hmax can be found in [14, Prop. 6.10].
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which, in turn, implies that the largest cost of solutions from ξ satisfies

J (ξ) ≤ V (ξ).

■

Thus, if one can design a function V that satisfies the conditions in Proposition 4.1, it is
possible to provide an upper bound on the cost J , without needing to explicitly compute
solutions to H, which is obtained by evaluating V at the initial condition ξ.

4.2. Sampled-Based Cost Upper Bound Conditions via Learning

With the aim of designing an upper bound on the cost J associated to solutions to H that
stay on a set O ⊂ Rn, we propose an optimization program with conditions (54a) and (54b)
as constraints, enforced at finitely many points. By properly choosing these, we guarantee
a provable extension of the aforementioned conditions to all points in (C ∪D) ∩ O.

More precisely, consider H = (C,F,D,G) as in (3), where, for each x ∈ C (resp., x ∈ D),
F (x) (resp., G(x)) is compact, and a nonempty and bounded set O ⊂ Rn. Let the stage
costs for flows and for jumps be given by LC : Rn → R≥0 and LD : Rn → R≥0, respectively.
Given an LNN V̂ with parameters (θ, σ, η), suppose that ∇V̂ is Borel measurable on an
open set containing C ∩ O and let us pick the parameters of the LNN as

θ∗ ∈ argmin
θ∈Rr

∫

C ∩O

E
[∣∣∇V̂ (x+ δ)

∣∣
]
dλ(x)

subject to max
f∈F (x)

〈
∇V̂ (x), f

〉
+ LC(x) ≤ 0 ∀x ∈ C ∩ O

max
g∈G(x)

V̂ (g)− V̂ (x) + LD(x) ≤ 0 ∀x ∈ D ∩ O

(60)

where δ ∼ N (0, In) is a random vector on (Rn,B(Rn), γ), with γ the standard Gaussian
measure on (Rn,B(Rn)). As mentioned in Section 3.1, notice that the constraints in (60)
need to be solved at (likely) infinitely many points in (C ∪D)∩O, which is computationally
intractable. Therefore, we propose solving a relaxed version of (60) given by

θ∗ ∈ argmin
θ∈Rr

∑

x′∈QC

E
[∣∣∇V̂ (x′ + δ)

∣∣
]
λ ((x′ + εB) ∩ X )

subject to max
f∈F (x′)

〈
∇V̂ (x′), f

〉
+ LC(x

′) ≤ −κC ∀x′ ∈ QC

max
g∈G(x′)

V̂ (g)− V̂ (x′) + LD(x
′) ≤ −κD ∀x′ ∈ QD

(61)

where, for each ⋆ ∈ {C,D}, Q⋆ is an ε-net of ⋆ ∩ O and κ⋆ > 0. In the next section, we
provide sufficient conditions to guarantee that if (61) is feasible, then we can provide an
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upper bound on the cost associated to a solution that starts and remains in (C ∪D) ∩ O,
which can be obtained without computing solutions to H.

4.3. Sufficient Conditions for Design of Learning-Based Cost Upper Bound

We extend the conditions enforced at points in QC and QD, to every point in (C ∪D)∩O.
The slack variables κC and κD in (61), together with sufficient regularity properties of the
LNN V̂ , allow us to guarantee that (54a) and (54b) hold at all points in C ∩O and D ∩O,
respectively.

Proposition 4.2. (Generalized cost upper bound conditions) Let O ⊂ Rn be bounded and
consider the hybrid system H = (C,F,D,G) where, for each x ∈ C (resp., x ∈ D), F (x)
(resp., G(x)) is compact. Given ε > 0, for each ⋆ ∈ {C,D}, let Q⋆ be an ε-net of ⋆∩O. Let
V̂ be an LNN with parameters (θ, σ, η) and suppose that

1) V̂ is LV̂ -Lipschitz continuous on O;

2) ˙̂
V : C → R is L ˙̂

V
-Lipschitz continuous on C ∩ O;

3) ∆V̂ : D → R is L∆V̂ -Lipschitz continuous on D ∩ O.

Further, consider an LC-Lipschitz continuous stage cost for flows LC : Rn → R≥0 and an
LD-Lipschitz continuous stage cost for jumps LD : Rn → R≥0. The following holds:

1) if there exists κC ≥ ε(LC +L ˙̂
V
) such that ˙̂

V (x′)+LC(x
′) ≤ −κC for all x′ ∈ QC , then

it follows that ˙̂
V (x) + LC(x) ≤ 0 for all x ∈ C ∩ O;

2) if there exists κD ≥ ε(LD + L∆V̂ ) such that ∆V̂ (x′) + LD(x
′) ≤ −κD for all x′ ∈ QD,

then it follows that ∆V̂ (x) + LD(x) ≤ 0 for all x ∈ D ∩ O.

Proof. Given that the set QC is an ε−net of C ∩O, we have that for each x ∈ C ∩O there
exists x′ ∈ QC such that

| ˙̂V (x) + LC(x)− ˙̂
V (x′)− LC(x

′)| ≤ | ˙̂V (x)− ˙̂
V (x′)|+ |LC(x)− LC(x

′)|
≤ (L ˙̂

V
+ LC)|x− x′|

≤ (L ˙̂
V
+ LC)ε.
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Thus, we have that

˙̂
V (x) + LC(x) ≤ ˙̂

V (x′) + LC(x
′) + (L ˙̂

V
+ LC)ε ≤ −κC + (L ˙̂

V
+ LC)ε. (62)

Similarly, given that the set QD is an ε−net over D ∩ O, we have that for each x ∈ D ∩ O
there exists x′ ∈ QD such that

|∆V̂ (x) + LD(x)−∆V̂ (x′)− LD(x
′)| ≤ |∆V̂ (x)−∆V̂ (x′)|+ |LD(x)− LD(x

′)|
≤ (LD + L∆V̂ )|x− x′|
≤ (LD + L∆V̂ )ε.

and

∆V̂ (x) + LD(x)−∆V̂ (x′)− LD(x
′) ≤ (LD + L∆V̂ )ε

From the conditions in the statement of this result,

∆V̂ (x) + LD(x) ≤ ∆V̂ (x′) + LD(x
′) + (LD + L∆V̂ )ε

≤ −κD + (LD + L∆V̂ )ε.
(63)

Therefore, from (62) and (63), notice that

κC ≥ ε(LC + L ˙̂
V
) =⇒ sup

f∈F (x)

⟨∇V̂ (x), f⟩+ LC(x) ≤ 0 ∀x ∈ C ∩ O

κD ≥ ε(LD + L∆V̂ ) =⇒ sup
g∈G(x)

V̂ (g)− V̂ (x) + LD(x) ≤ 0 ∀x ∈ D ∩ O.

■

Training an LNN V̂ such that the conditions on the Lipschitz constants in Proposition 4.2
are satisfied follows a similar procedure as in Remark 3.10.

Corollary 4.3. (Learning-based cost upper bound) Consider a bounded set O ⊂ Rn, a
hybrid system H = (C,F,D,G), and an LNN V̂ with parameters (θ, σ, η). Suppose that the
assumptions in Proposition 4.2 hold. Let ϕ∗ : domϕ∗ → Rn be a solution to Hmax as in (55)
from ξ ∈ (C ∪D)∩O and suppose that (t, j) 7→ V̂ (ϕ∗(t, j)) is bounded on domϕ∗ and that
(56) holds. Then

J (ξ) ≤ V̂ (ξ) ∀ ξ ∈ (C ∪D) ∩ O.

Proof. This is a straightforward application of Proposition 4.2 together with Proposi-
tion 4.1. ■
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5. Learning-Based Cost Upper Bounds and Lyapunov Functions for Hybrid In-
clusions

Finally, in this section, we present learning-based sufficient conditions such that an LNN V̂
upper bounds the cost J associated to solutions to H, but also certifies asymptotic stability
of a nonempty and compact set A for H on a bounded set O ⊃ A.

Based on [36], we present a result that connects cost evaluation and asymptotic stability for
hybrid systems.

Theorem 5.1. (Cost evaluation under the existence of an LNN) Let O ⊂ Rn be bounded
and consider hybrid system H = (C,F,D,G) where, for each x ∈ C (resp., x ∈ D), F (x)
(resp., G(x)) is compact. Given ε > 0, for each ⋆ ∈ {C,D}, let Q⋆ be an ε-net of ⋆∩O. Let
V̂ be an LNN with parameters (θ, σ, η) and suppose that

1) V̂ is LV̂ -Lipschitz continuous on O;

2) ˙̂
V : C → R is L ˙̂

V
-Lipschitz continuous on C ∩ O;

3) ∆V̂ : D → R is L∆V̂ -Lipschitz continuous on D ∩ O.

Further, consider the LC-Lipschitz continuous stage cost for flows LC : Rn → R≥0, the LD-
Lipschitz continuous stage cost for jumps LD : Rn → R≥0, and the terminal cost ϖ : Rn → R.
Suppose that

1) there exists κC ≥ ε(LC + L ˙̂
V
) such that ˙̂

V (x′) + LC(x
′) ≤ −κC for all x′ ∈ QC ;

2) there exists κD ≥ ε(LD + L∆V̂ ) such that ∆V̂ (x′) + LD(x
′) ≤ −κD for all x′ ∈ QD.

Additionally, let ϕ∗ : domϕ∗ → Rn be a solution to Hmax as in (55) from ξ ∈ (C ∪D) ∩ O
and suppose that (t, j) 7→ V̂ (ϕ∗(t, j)) is bounded on domϕ∗ and that (56) holds. Then

J (ξ) ≤ V̂ (ξ) ∀ξ ∈ (C ∪D) ∩ O. (64)

In addition, consider a compact set A ⊂ O and suppose that V̂ satisfies Assumption 3.4. If
one of the following conditions holds

1) LC ∈ PD(A) and LD ∈ PD(A);
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2) LD ∈ PD(A) and there exists a continuous function ν ∈ PD({0}) such that LC(x) ≥
ν(|x|A) for all x ∈ C ∩ O;

3) LC ∈ PD(A) and there exists a continuous function ν ∈ PD({0}) such that LD(x) ≥
ν(|x|A) for all x ∈ D ∩ O;

4) x 7→ LC(x) = 0, LD ∈ PD(A), and, for each r > 0, there exist γr ∈ K∞ and Nr ≥ 0
such that for every solution ϕ ∈ SH(ξ)

|ϕ(0, 0)|A ∈ (0, r], (t, j) ∈ domϕ, t+ j ≥ T =⇒ j ≥ γr(T )−Nr;

5) LC ∈ PD(A), x 7→ LD(x) = 0, and, for each r > 0, there exist γr ∈ K∞ and Nr ≥ 0
such that for every solution ϕ ∈ SH(ξ)

|ϕ(0, 0)|A ∈ (0, r], (t, j) ∈ domϕ, t+ j ≥ T =⇒ t ≥ γr(T )−Nr;

6) there exist (λC , λD) ∈ R2 such that LC(x) ≥ −λCV (x) for all x ∈ C ∩O and LD(x) ≥
(1− eλD)V (x) for all x ∈ D ∩O, and there exist γ > 0 and M > 0 such that for each
solution ϕ ∈ SH(ξ) that remains in O

(t, j) ∈ domϕ =⇒ λCt+ λDj ≤ M − γ(t+ j); (65)

then A is LpAS for H on O.

Proof. The bound (64) is a straightforward application of Corollary 4.3. In addition, notice
that V̂ is a Lyapunov function candidate on O for H (see Definition 2.10) and suppose that:

a) Item 1) above holds. Define

ρ(x) :=





LC(x) if x ∈ (C ∩ O) \D
min{LC(x),LD(x)} if x ∈ C ∩D ∩ O
LD(x) if x ∈ (D ∩ O) \ C

∀x ∈ (C ∪D) ∩ O. (66)

Thus, from Proposition 4.2, it follows that

max
f∈F (x)

〈
∇V̂ (x), f

〉
≤ −ρ(x) < 0 ∀x ∈ (C ∩ O) \ A

max
g∈G(x)

V̂ (g)− V̂ (x) ≤ −ρ(x) < 0 ∀x ∈ (D ∩ O) \ A

and, thanks to Theorem 2.11, the set A is LpAS for H on O.
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b) Item 2) above holds. Define

ρ(x) :=





ν(|x|A) if x ∈ (C ∩ O) \D
min{ν(|x|A),LD(x)} if x ∈ C ∩D ∩ O
LD(x) if x ∈ (D ∩ O) \ C

∀x ∈ (C ∪D) ∩ O;

and H has A LpAS on O following similar arguments as in item a);

c) Item 3) above holds. Then A is LpAS for H on O following similar steps as in item
b), which are omitted for brevity;

d) Item 4) above holds. Then A is LpAS for H on O thanks to [14, Prop. 3.24] with ρ as
in (66) considering x 7→ LC(x) = 0.

e) Item item 5) above holds. Then A is LpAS for H thanks to [14, Prop. 3.27] with ρ as
in (66) considering x 7→ LD(x) = 0.

f) Item item 6) above holds. The proof hinges upon [20, Thm. 3.19]. Let X := C ∪D ∪
G(D) and pick any ε′ > 0 such that Ã+ 2ε′ B ⊂ O, where Ã := A ∩X. Let

r′ := min
{
V̂ (x) : x ∈ dom V̂ , |x|Ã = ε′

}
(67)

which is positive because ε′ > 0 and V̂ is positive definite with respect to A. Pick
r1 ∈ (0, r′) small enough so that

Z :=
{
x ∈ dom V̂ ∩X : V̂ (x) ≤ r1

}

is compact. Note that Z ⊂ int
(
Ã+ 2ε′ B

)
; hence Z ⊂ O. Given M as in (65), choose

r0 > 0 such that exp(M) r0 ≤ r1. Pick any solution ϕ to H with ϕ(0, 0) satisfying
V̂
(
ϕ(0, 0)

)
≤ r0. Then rgeϕ ⊂ O. Indeed, using (65) together with

max
f∈F (x)

〈
∇V̂ (x), f

〉
≤ −ρ(x) ≤ −LC(x) ≤ λC V̂ (x) ∀x ∈ C ∩ O

max
g∈G(x)

V̂ (g)− V̂ (x) ≤ −LD(x) ≤ (eλD − 1)V̂ (x) ∀x ∈ D ∩ O

we have that

V̂ (ϕ(t, j)) ≤ exp(λCt+ λDj)V̂ (ϕ(0, 0)) ≤ exp(M) exp(−γ(t+ j))V̂ (ϕ(0, 0)) (68)

for all (t, j) ∈ domϕ. Because γ is positive and exp(M − γ(t+ j))V̂ (ϕ(0, 0)) ≤ r1 for
every (t, j) and r1 ≤ r′, then ϕ remains in O. Now, given ε > 0, take r′ as in (67) with
ε′ ∈ (0, ε/2). Choose r1 ∈ (0, r′) so that Z is compact, and pick δ ∈ (0, ε′) satisfying

exp(M)max
{
V̂ (x) : x ∈ dom V̂ , |x|Ã ≤ δ

}
≤ r1.
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For any solution ϕ to H with |ϕ(0, 0)|Ã ≤ δ we have exp(M)V̂ (ϕ(0, 0)) ≤ r1, hence
V̂ (ϕ(t, j)) ≤ r1 by (68), so ϕ stays in Z. Because Z ⊂ Ã + 2ε′ B ⊂ A + εB, it follows
that rgeϕ ⊂ A+ εB. Thus A is stable for H. Pre-attractivity follows with µ := δ (as
chosen above), invoking (68) together with the fact that Z is compact.

■

5.1. Numerical Examples

In classical control theory, the output of a controller of a continuous-time plant evolves
continuously in time. Reset control systems differ from these traditional controllers as their
output experiences jumps caused by resets of the controller state. These resets may depend
on the value of the controller inputs. In some scenarios, in comparison to (non-reset) classical
controllers, reset controllers15 lead to improved system performance [14, Ex. 1.6]. Usually,
modeling this type of reset controllers lead to linear hybrid systems with periodic jumps,
and (possibly) conic flow and/or jumps sets, such as in [36, Sec. III.A], where the state is
x := (xp, τ) ∈ Rn × [0, T ], for some T > 0, and hybrid dynamics given by

HP :





ẋ ∈ F (x) :=

{[
ACxp

1

]}
x ∈ C := Rn × [0, T ]

x+ ∈ G(x) :=

{[
ADxp

0

]}
x ∈ D := Rn × {T}

(69)

with AC , AD ∈ Rn×n. Let the stage cost for flows be given by x 7→ LC(x) := x⊤
p QCxp and

the stage cost for jumps be given by x 7→ LD(x) := x⊤
p QDxp where QC , QD ∈ Sn

>0. Next,
pick r > 0 and ζ ≥ T/2. Thus, we can consider the sampling set as

O :=




x ∈ Rn × [0, T ] :

|xp|2
r2

+

(
τ − T

2

)2

ζ2
≤ 1





(70)

and notice that A := {0} × [0, T ] ⊂ O. From this choice, it follows that LC is Lipschitz
on C ∩ O with constant satisfying 0 ≤ LC ≤ 2r|QC | and LD is Lipschitz on D ∩ O with
constant satisfying 0 ≤ LD ≤ 2r|QD|

√
1− (T/(2ζ))2. Similarly, it is clear that F (x) (resp.

G(x)) is compact for each x ∈ C (resp., x ∈ D), and that F and G are Lipschitz.

15The first reset controller that appeared in the literature is the so-called Clegg integrator, a single-
input/single-output linear controller that resets its output to zero when its input and output do not have
the same sign.
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Figure 4: We show the evolution of ϕ 7→ J̃ (ϕ) for a solution ϕ ∈ SH(ξ) with ξ = (0.2, 0, 0). Notice that
domϕ ⊂ R≥0 × N. For comparison purposes, the exact cost J (ξ) is shown (obtained using [36, Prop. 3]),
and, as expected from Theorem 5.1, we have that J (ξ) ≤ V̂ (ξ).

To compare our results to those in the existing literature [36, Ex. 2], consider the following
choice of parameters

AC =

[
1 1
0 0

]
, AD =

[
1 0
−2 0

]
, QC = QD =

[
1 0
0 1

]
, and T = 1.

Next, let V̂ be an LNN with x 7→ η(x) := (1, 0)⊤x, d = 2, layers’ width (q1, q2) = (32, 64),
and activation function z 7→ σ(z) := tanh(z). Notice that:

• σ is smooth, slope-restricted on the interval [0, 1], and σ(z) = 0 ⇐⇒ z = 0;

• σ′ is 4
√
3/9-Lipschitz continuous;

• η smooth and 1-Lipschitz continuous on R2 × [0, T ].

Additionally, given ε = 0.01, for each ⋆ ∈ {C,D}, let Q⋆ be an ε-net of ⋆∩O. We train the
LNN following Remark 3.10 to enforce the constraints on the Lipschitz constants16 of ˙̂

V and
∆V̂ in Theorem 5.1, and, by setting the terminal cost x 7→ ϖ(x) := V̂ (x), from Theorem
5.1, we conclude that J (ξ) ≤ V̂ (ξ) for all ξ ∈ (C ∪D) ∩ O. This is confirmed by Figure 4,
where, for comparison purposes, the exact cost J (ξ) is also presented (obtained using [36,
Prop. 3]). Finally, using the fact that LC ∈ PD(A) and that LD ∈ PD(A), we conclude
that A is LpAS for H on O.

16See Proposition 3.8 for sufficient conditions.
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6. Conclusions and Future Work

In this work, we present a data-driven framework for learning stability and optimality cer-
tificates for hybrid systems. Our approach trains a neural network on a finite set of sampled
data such that sufficient-decrease conditions of a Lyapunov neural network along flows and
at jumps are satisfied, while simultaneously regularizing the network’s Lipschitz constant
during training. This Lipschitz regularization allows us to extend the decrease property to
states that were not included in the training set. Thus, we can conclude about the stability
properties of a compact set for a hybrid system H and further evaluate the associated cost
of its solutions (which need not be unique) without explicitly computing any trajectories.
In addition, we present complementary results for LNNs for hybrid inclusions. Specifically,
sufficient conditions for positive definiteness and Lipschitz continuity of the change of the
LNN during flows and at jumps.

Future work includes an in-depth study on how the choice of activation function affects
the approximation accuracy of the resulting LNN, along with the derivation of sufficient
conditions guaranteeing the feasibility of (16) or (61). To reduce the computational burden
introduced by the use of ε-nets, we also plan to explore alternative approximation and
sampling-reduction techniques, for example, randomized coverings, adaptive meshing, and
sparse verification. Finally, an additional line of research is to find the tightest possible
upper bound on J obtainable with LNNs, while certifying local asymptotic stability.
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Appendix A. Complementary Results

Given a set D ⊂ Rn, let us define the support function of D as

νD(x) := sup
v∈D

⟨v, x⟩ ∀x ∈ Rn.

The next result relates support functions and the Pompeiu-Hausdorff distance.

Lemma A.1. (Support function) Let A,B ⊂ Rn be nonempty. Then, for any x ∈ Rn the
following holds ∣∣νA(x)− νB(x)

∣∣ ≤ |x| dH(A,B).

Proof. Pick x ∈ Rn and suppose that νA(x) ≥ νB(x). Then

νA(x)− νB(x) = sup
a∈A

inf
b∈B

⟨x, a− b⟩.

By the Cauchy-Schwarz inequality:

sup
a∈A

inf
b∈B

⟨x, a− b⟩ ≤ |x| sup
a∈A

|a|B.

Since supa∈A |a|B ≤ dH(A,B) by (2), we have:

νA(x)− νB(x) ≤ |x| dH(A,B).

Finally, it can be shown that the case where νB(x) ≥ νA(x) yields the same upper bound
since dH is symmetric, and this completes the proof. ■

Following [40, Lemma C.1.], and the comparison principle for systems in continuous time [5,
Lemmas 3.4, 4.4], and for discrete-time systems [41, Lemma 4.3], we propose a comparison
principle for hybrid systems that establishes a KL bound instead of a KLL bound.

Lemma A.2. (Hybrid comparison lemma) Let a class-K function α defined on and a
hybrid arc y : dom y 7→ R≥0 satisfy

• for each j ∈ N such that Ijy has a nonempty interior intIjy , we have, for almost all
t ∈ intIjy , ẏ(t, j) ≤ −α(y(t, j)),

• for all (t, j) ∈ dom y such that (t, j + 1) ∈ dom y, y(t, j + 1)− y(t, j) ≤ −α(y(t, j)).

Then, there exists a class-KL function β with β(r, 0) = r and β(r, t0 + t1 + j0 + j1) =
β(β(r, t0 + j0), t1 + j1) such that y(t, j) ≤ β(y(0, 0), t+ j) for all (t, j) ∈ dom y.
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Proof. The proof is developed based on the proof of [40, Lemma C.1.]. Without loss of
generality, assume α(r) ≤ r for all r ≥ 0. Define ηp : R>0 → R by

ηp(a) := −
∫ a

1

1

α(r)
dr ∀a ∈ R>0.

This is a strictly decreasing differentiable function on R>0. Moreover, lima→0 ηp(a) = ∞. For
any y(0, 0), the solution y(t, j), where {tj}supj dom y

j=0 is a nondecreasing sequence associated
with the hybrid time domain of y, satisfies

∫ y(t,j)

y(0,0)

1

α(r)
dr =

j∑

k=0

∫ y(tk+1,k)

y(tk,k)

dr

α(r)
+

j∑

k=1

∫ y(tk+1,k+1)

y(tk+1,k)

dr

α(r)
(A.1)

By integrating over any Iky = [tk, tk+1], with k ∈ {0, 1, 2, . . . , j}, that has a nonempty
interior intIky , we have

∫ tk+1

tk

ẏ(τ, k)

α(y(τ, k))
dτ ≤ −

∫ tk+1

tk

dτ = −(tk+1 − tk),

and by changing variables, the integral yields
∫ y(tk+1,k)

y(tk,k)

dr

α(r)
≤ −(tk+1 − tk).

Also, by combining y(tk+1, k + 1)− y(tk+1, k) ≤ −α(y(tk+1, k)) and the monotone property
of α, for any k ∈ {0, 1, 2, . . . , j}, we obtain

∫ y(tk+1,k+1)

y(tk+1,k)

dr

α(r)
≤
∫ y(tk+1,k+1)

y(tk+1,k)

dr

α(y(tk+1, k))
≤ −1.

Thus, from (A.1), it follows

−(ηp(y(t, j))− ηp(y(0, 0))) ≤ −t− j ⇔ ηp(y(t, j))− ηp(y(0, 0)) ≥ t+ j.

Hence, since ηp is strictly decreasing,

y(t, j) ≤ η−1
p (ηp(y(0, 0)) + t+ j)

Notice that, if y(0, 0) = 0, then y(t, j) ≡ 0, because y = 0 is an equilibrium point. For
(r, s) ∈ R≥0 × R≥0, define

β(r, s) :=

{
0 for r = 0
η−1
p (ηp(r) + s) for r > 0,
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which is continuous. Then, y(t, j) ≤ β(y(0, 0), t + j) for all (t, j) ∈ dom y. Also, note that
β(r, t0 + j0 + t1 + j1) = β(β(r, t0 + j0), t1 + j1) and β(r, 0) = r. The function β is strictly
increasing in r for each fixed s, because

∂

∂r
β(r, s) =

α(β(r, s))

α(r)
> 0

and strictly decreasing in s for each fixed r, because

∂

∂s
β(r, s) = −α(β(r, s)) < 0.

Furthermore, β(r, s) → 0 as s → ∞. ■
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