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This paper presents a hybrid model predictive control (MPC)-based framework for the
rendezvous and docking of a deputy spacecraft and a passively tumbling chief on a circular
orbit. Both spacecraft are modeled as rigid bodies with coupled translational and rotational
dynamics. The objective is to safely guide the deputy spacecraft to dock with the chief spacecraft,
and stabilize the motion of the composite rigid body. Depending on the proximity between
these spacecraft, the overall control problem is partitioned into two phases—1) capture, and 2)
post-capture phase—each with unique control objectives, dynamical models, and constraints.
During the capture phase, unanticipated low velocity collision contacts between the spacecraft
are taken into consideration, while in the post-capture phase, simultaneous stabilization of
the tumbling motion and guiding the composite system to a predetermined parking orbit are
achieved. Simulation results are reported to demonstrate the effectiveness of the proposed
control framework.

I. Introduction

Autonomous guidance, navigation, rendezvous and proximity operations (RPO) are essential in space missions
involving satellite servicing, repairing and refueling, in-space assembly, and towing [[1]. In such operations, a controlled
spacecraft, commonly referred to as the deputy, is required to recover a chief satellite that is otherwise passively tumbling
[2]. To achieve this goal in dynamic space environment under stringent constraints, model predictive control (MPC) is a
natural choice as it optimizes a performance index over a receding horizon while explicitly enforcing state and input
constraints [3 4] under uncertainty. RPO missions, however, typically proceed through distinct phases with differing
objectives, constraints, dynamics, and available measurements. Accordingly, the closed-loop system is often modeled as
a multimode system, where each phase is assigned a controller tailored to its requirements, while a supervisory logic
coordinates switching between these controllers to ensure robust performance and prevent chattering [5, 6].

In this paper, we propose a hybrid MPC framework for an RPO mission. The control objectives are to (i) synchronize
the deputy’s motion with the chief’s and achieve soft docking while maintaining continuous line-of-sight to the docking
port, and, once docked, (ii) stabilize the composite spacecraft and transfer it to a parking orbit. During the pre-docking
phase, we explicitly account for inadvertent low-velocity, non-resting contacts that may arise from unanticipated
interactions between the vehicles, while in the docked phase we model sudden decoupling events that transition the
dynamics from a composite body back to two separate rigid spacecraft. Due to varied objectives, constraints, and the
computational challenges associated with formulating the overall control goal into one complex optimization framework,
the problem is divided into two modular control subproblems, one for the capture phase, and the other one for post
capture phase. A proximity-based supervisory logic then switches between these controllers as the system approaches or
departs from the docking configuration, selecting the appropriate optimization problem to generate control commands.

In contrast to the typical point-mass model assumptions in [3} 4} [7H9], in this paper, we treat the deputy and chief
spacecraft as rigid bodies and account for their translational and rotational relative motion dynamics. Unlike [10H12],
where the relative orbit and attitude control have been treated separately, the relative motion model considered in this
work, inspired by [[13]], employs a nonlinear coupled translational and rotational dynamics. To reduce the computational
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complexity of these subproblems, local linearization of the nonlinear equations of motion is performed around the
docking configuration for the capture phase, and around the chief’s initial target orbit for the post-capture phase.
Furthermore, unlike much of the existing literature, we do not assume the docking port is inertially fixed or rotates
at a constant angular velocity. Instead, we allow time-varying chief motion, provided the chief’s attitude and angular
velocity in the chosen reference frame can be accurately estimated or predicted.

Additionally, we explicitly account for the low-velocity collision contacts between the rigid bodies during the capture
phase, and sudden decoupling from the composite system in post-capture phase. Asnoted in [[1}[14]], inadvertent collisions
due to the velocity residuals might be caused by unmodeled perturbations, sensor malfunctions, and computational
delays in generating accurate control commands [[15H17]. We developed a rigid body contact and collision response
models in [[18], and a hybrid MPC solution that dynamically updates its objective function upon collisions, assigning
higher penalties to misalignment and asynchronization than to proximity. This collision-aware adaptation mechanism
mitigates the risk of future collisions, and ultimately ensure a successful docking process. During the post-capture phase,
while the composite body is tracking its orbit, internal spring—damper transients at the docking interface may trigger a
snap or separation event [[19]], causing the system to break into two rigid bodies as in the capture phase. Accordingly, the
coupling and decoupling dynamics in the post-capture phase, analogous to the inadvertent collision contacts during
capture, are modeled within a hybrid-system framework [20]]. With a hybrid model that captures the system dynamics for
each mode, we formulate different MPC optimization problems to compute the control inputs subject to the objectives
and constraints specific to that mode. This hybrid MPC framework is augmented with a discrete supervisory logic with
hysteresis, as in [21], to govern mode transitions and ensure robustness across switching surfaces.

Our contributions are summarized as follows. We consider (I) a nonlinear rigid body relative motion model which
accounts for the coupled translational and rotational relative motion dynamics of the chief and deputy spacecraft;
(IT) we treat multi-body stabilization and trajectory tracking problems in both capture and post-capture phases; (I1I)
unanticipated rigid-body contacts and decoupling of the docked pair has been explicitly accounted for; (IV) we propose
a unified hybrid MPC formulation which exploits switching logic to systematically integrate the control designs in the
two phases; and finally, (V) we verify the effectiveness of our proposed approach in numerical simulations. Additional
details (derivation of the linearized state space dynamics in Section|V) are omitted here and will be addressed in a
forthcoming publication.

Notation: Let R denote the n—dimensional Euclidean space. Additionally, let R denote the set of nonnegative
real numbers, and N the set of nonnegative integers. Given vectors x,y € R, (x,y) := [x” y"]7, and for any two
matrices A and B of identical column dimensions, (A, B) := [ A™ B7] . Given square matrices A and B, diag(A, B)
denotes a block diagonal matrix with diagonal terms being A and B. Let 1,, denote the n—dimensional vector of all
ones and 0 represent a zero matrix, with its dimension inferred from context. The Kronecker product of matrices is
given by the symbol ®. The function ¥ : R” X R™ — R" is introduced as the standard projection onto R" such that
Y (x,y) = x, and similarly, let ¥, : R" x R”™ — R be such that ¥, (x, y) = y. Given a vector x and a matrix M, the
symbols |x| and |M| represent the Euclidean norm and the induced matrix 2-norm, respectively. Given two symmetric
matrices A, B € R"™" the symbol A > B indicates that the matrix A — B is positive definite (a symmetric matrix with
strictly positive real eigenvalues). For x = (x1,x2,x3) € R, the skew-symmetric matrix x* is given by

0 —X3 X2
xi=|x3 0 -—x;|eR¥. 1)
—X2 X1 0

Given an angle § € R and an axis of rotation (unit vector) i € R3, a rotation matrix R : R x R> — SO(3) can be
parametrized by the Rodriguez formula [22] as

R(0,7) = I +sin(0) A” + (1 — cos(0)) A*a™ )

where SO (3) = {‘R ERPI:RTR =1, detR = 1} is a special orthogonal group of order three. Let Q, represent the
set of unit quaternions, defined as Q, := {q = (¢4}, qu) : g5 € R3, gu € R,|g| = 1}. In terms of the rotation axis
7 € R? and the rotation angle # € R, a unit quaternion can also be parameterized as

q =|sin (g) i, cos (g) , 3)



with the direction cosine matrix associated with g being given as

R(q) = (qf, - Q;C]n) I3 +2q,4y = 24,45 Q)

If 0 = 2kn, for any k € N, g := (0, 1), corresponding to the identity rotation matrix R(q) = I3. Furthermore, for a
rotation matrix R, from @), log(R) = 6(R — R7)/2sin @ = Oa* = 2 arctan (|q,7|/q#) qy/14y|. For convenience, we
use g7 := (0,1) € Q, to denote the identity quaternion. Given a vector X, we use the symbol x| 7, when expressed in a
coordinate frame 7. Given a set (A, the symbol A denotes its closure. Given a vector x € R and a closed set A C R™,
the distance from x to A is defined as |x|4 = inf,c4 |x — z|.
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(a) Coordinate frames. (b) Orientation of the rigid bodies and displacement between
docking ports.

Fig.1 Coordinate frames for rigid body relation motion in proximity operations.

I1. Preliminaries

A. Coordinate Frames

In this paper, we consider the mission involving autonomous docking of a deputy spacecraft to a passively tumbling
uncooperative chief spacecraft in a circular low Earth orbit, followed by stabilizing the motion of the docked assembly
and transfering it to a parking orbit. The coordinate frames used to describe the relative motion and orientation between
the chief and deputy spacecraft are defined in Figure [I]

* Earth-centered inertial (ECI) frame 7 = {O g, Jx, Jr, Jz} with its origin O 4 located at the center of mass
(CoM) of Earth, X axis pointing towards the vernal equinox, Z axis towards the north pole, and Y axis pointing
eastward completing the right-handed triad.

* Local-vertical-local-horizontal (LVLH) frame 7 = {O7, 7%, 7y, 77} which is a rotating frame with its origin
located at the CoM of the chief spacecraft, 7 axis (LV) pointing radially outward from the CoM of Earth to the
CoM of the chief spacecraft, 7 axis (LH) towards the chief spacecraft’s instantaneous velocity vector in the
orbital plane, and 7, axis pointing along the angular momentum vector.

* Body frames C = {O¢,Cx,Cy,C;} and D = {Op, Dy, Dy, D} are rotating coordinate frames with their
origins at the centers of mass of the chief and deputy spacecraft, respectively, and their axes are aligned with each
spacecraft’s principal axes of inertia.

Let the displacement between CoMs of frame 7~ and ECI frame 7 be denoted as r, between C and D by p,, and
between the docking ports by p. Let P, be the position vector from the CoM of the chief spacecraft (mass m,) to its
docking port and let P4 be the position vector from the CoM of the deputy spacecraft (mass mg) to its docking port. Let
the angular velocities of the frame 7~ relative to 7, C relative to 7, and D relative to C be denoted as wg r, wc/7, and
wp/c, respectively. Let p,, denote the position vector of COM of the composite chief-deputy spacecraft in frame 7,



and p,, denote the velocity. Let F 4, and M 4 denote the control thrust and torque vectors acting on the deputy spacecraft,
respectively. With these definitions, we now introduce the following quantities:

We = WeiTIc, W= Wpic|p, Wi = OFI|T, Wad = Oprp, Mg = Mylp,

Q)
po = polrs  p=pics Pe=Pcc, Pa=Pap, pn=pulr. Fa=Fadlo.

Let the orientation of D relative to C, and C relative to 7-, be parameterized by unit quaternions g € Q, and p € Q,,
respectively, with corresponding direction cosine matrices O = R(g) and R := R(p). Therefore, from (),

wg =wopjc|p +we/Tp = W+ Qweric = w+ Qwe, (6)
Og=wp/r1p=w+Q (we+Rw;), @)

where w; = (0,0, ng) is constant for a circular low Earth orbit with ny > 0 denoting the mean orbital motion.

B. Hybrid Systems
Hybrid systems are dynamical systems with both continuous evolution and discrete jumps [20]. A hybrid system
H = (C, F,D,G) with state vector £ € R"¢ and control input u € R™ is defined as a hybrid inclusion of the form

reG(u) (L,u)eD 8

where C C R x R™ is the flow set, F' : R"¢ =3 R is the set-valued flow map, D c R"*¢ x R™ is the jump set, and
G : R" 3 R is the set-valued jump map. The flow map defines the continuous dynamics of the flow set C C dom F,
and the jump map G defines D c dom G. These objects are referred to as the data of the hybrid system /. When the
flow and jump dynamics are deterministic, the set-valued maps F and G are single valued. In that case, (8) reduces
to a hybrid equation. Solutions to the hybrid system H are parameterized by pairs (¢, j), where t € R5( denotes
ordinary time (which increases continuously during flows) and j € N is a discrete counter (which increases when
jumps occur). Given functions ¢ : dom ¢ — R4 and u : domu — R, the pair (£, u) is a solution pair to # in (8) if
E = dom({,u) = dom ¢ = domu is a hybrid time domain and the following hold: (i)(£(0,0), u(0,0)) € C U D; (ii) for
each j € N such that I/ := {t : (¢, j) € E} has nonempty interior, the map ¢ +> /(t, j) is locally absolutely continuous
and the map 7 — u(t, j) is Lebesgue measurable and locally essentially bounded on int 1/; (iii) for each j € N and
for almost all t € I/, (£(¢, j),u(t, j)) € C and di (¢, j)/dt € F(£(t, ), u(t, j)); and (iv) for each (¢, j) € E such that
(t,j+1) € E, ({(t, ), u(t,j)) € Dand {(1,j +1) € G({(t, ), u(t, ])).

The set S#(S) denotes the set of all such solution pairs (£, u) to H in (§) that satisfy £(0,0) € S. Given a solution
pair (£, u), a point (T, J) € dom({, u) is called its terminal (hybrid) time if T > ¢t and J > j for all (¢, j) € dom(Z, u).

With this terminal time (7', J), let {¢; ::(; satisfy #op = 0 and 7741 = T such that

{éeF(,:,u) (CuyecC

J

E =dom(,u) = U([tjatjﬂ] X {j})-

J=0

For more details on hybrid systems, please refer to [20].

C. Hybrid MPC
A set 7, C Ry X N is called a hybrid prediction horizon if there exist a finite nonincreasing sequence {¢ j}jl.:é such
that J > 01ty >0,¢5, =T, and

J
7p = (It 11 % 73): ©)
Jj=0

A natural choice that independently limits the amount of flow and the number of jumps is obtained by selecting 6 > 0

and N,, € N and defining
Tp ={(T,J) € RyoxN : max{T/s, J} =N,}. (10
This choice defines a rectangle of width N, (limiting flow to 6/N,,) and height N, (restricting prediction to at most N,
jumps) with sampling parameter § > 0, and for some N, € {1,2,---}. With 7, defined in (9), consider a solution pair



(¢, u) to H in (8) with hybrid terminal time (7', J) € 7, and associated sequence {t; JJ:*(; satisfying fo =0 and t741 =T.

If £(T,J) € X, then the cost of the solution pair (£, u) is characterized by the hybrid cost functional 7 defined as

J tisl J-1
j(g’u) = Z/ LC(((LJ.)’M(I’J.))dt + ZLD(g(tj+1’j)7u(tj+1’j)) +V(§(T’J)) (11)
j=0 71 j=0

where Lc : C — Ry is called the flow cost, Lp : D — Ry is called the jump cost, V : X — Ry is called the
terminal cost, and X is the terminal set. The first two arguments of J correspond to a solution pair to H in (8] from ¢y,
the flow stage cost L¢ defined on C, the jump cost L defined on D, the terminal cost V, and the terminal constraint set
X. Thus, at each optimization time [23], the problem to solve is given as follows:

Problem 1 Given the current state (o, a hybrid prediction horizon T, the flow stage cost L¢ defined on C, the jump
cost Lp defined on D, the terminal cost V defined on the terminal constraint set X,

minimize J (£, u)
subject to
£(0,0) = %o
(& u) € Sx(Lo)
(T,J) €Ty
Z(T,J) e X.

(12)

When an optimal solution to Problem [I] exists, a minimizer (7, j) — ({*(¢, j), u*(t, j)) defines the value of the cost
functional as (o) = J(¢*,u*). The optimal input (¢, j) +— u*(¢,j) with t + j < T + J is applied over a hybrid
control horizon 7¢, following the approach in [24]], which mirrors the structure of the prediction horizon 7}, in (9). Once
this control input is executed, the problem is re-solved at the current state.

II1. Problem Formulation

Let x == (p, P, W, q, P, We, P> P> Xref) € R32 denote the state vector of a rigid chief-deputy spacecraft system.
As defined in Section [[I.A] p and p are the relative docking-port displacement and velocity, respectively, w and
q are the relative angular velocity and attitude, respectively, p and w. are the chief attitude and angular velocity,
respectively, and p, and g,, are the composite CoM position and translational velocity in 7 frame, respectively, and
Xref ‘= (Fdes> Fdes) € R is the state vector of an exogenous system that generates the desired orbital trajectories. Let
u = (Fg,My) € U c R® denote the control input vector to the deputy with thrust vector F,, torque moment M. The
actuation constraint set U is a compact, convex set that captures the thrust and torque limits of the available actuators.
Since the actuation is limited, we assume that the rendezvous and docking maneuvers take place within a constrained
region indicated by the set M c R32.

Given the above definitions of states and inputs, for each mode 4 € A := {0, 1}, where & = 0 corresponds to the
capture phase and & = 1 to the post-capture phase. In the capture mode / = 0, as the deputy approaches the docking
interface, small unmitigated residual relative velocities may persist due to actuation limits and modeling uncertainties
[18]]. These residual velocities can lead to inadvertent low-velocity collision contacts, which are modeled as jumps.
Between such contacts, the relative motion evolves continuously according to the physics of the vehicles, presented in
Section Once the relative motion has no remaining translational or rotational kinetic energy, the chief—deputy
system settles into a docking configuration

Ap={xeM:p=0,p=0, w=0, g=¢qs} (13)

where ¢ is the identity quaternion, defined earlier.

Since we impose no restrictions on the chief’s motion for docking to occur or on the orbital trajectory ¢ + xef(?),
states p, w¢, Xret are treated as free variables, as evident from @I) Furthermore, during the capture phase (4 = 0),
pn and p,, are computed algebraically from (p, p, g, p) and system parameters (m., mg, Pc, Pg), so we do not impose
separate constraints on them either. The control objective for the capture phase is to compute fuel-optimal control
sequence that steer the state vector x to a prescribed small neighborhood 7,1 around Ay within finite time. Once the
state x enters 79,1, the post-capture phase begins, where the objective is to stabilize the tumbling motion of the chief
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Fig. 2 Hybrid Automata for the Chief-Deputy Relative Spacecraft Dynamics.

and make the composite CoM track the desired orbital trajectory 7 + x¢(¢). The control objective in mode i = 1 is
then for 7 +— x(7) to asymptotically converge, with stability, to the set

Ay = {X EMNToo:we =0, p=gqy, |(pn7pn) _xref| = O} (14)

In the post-capture phase, inadvertent disturbances at the docking interface may induce transient decoupling. If
the disturbance is sufficiently small, the resulting separation and interface loads remain below a prescribed breakaway
threshold, the latch remains engaged and the system continues to operate in post capture mode. However, if the docking
interface completely unlocks or fails during the post-capture phase and the relative state reaches a guard set, 71_,0, then
the composite assembly separates into two rigid bodies and the system transitions back to the capture phase.

Since such events are not directly predictable from the evolution of the state variables alone, we model their
occurrence using an auxiliary timer state T € Ryo. During flows, the timer is nonincreasing, with the magnitude of the
rate of decrease no greater than one. An event is triggered once the timer reaches zero, at which point it is reset to any
value in the interval [77, co) where 77 > 0 denotes the minimum dwell time between successive decoupling events.

The timer-induced jump (i.e., when 7 = 0 in mode /4 = 1) may either trigger a mode transition or merely re-initialize
the post-capture evolution, depending on whether the post-jump state lies in Ck; or in Dk 1 = 71—0. More specifically,
if g1(Ck,1) € Ck.1, the jump keeps the system in the post-capture phase, whereas if g1(Ck,1) C Dk it triggers a
mode transition back to the capture phase. The hybrid automaton associated with this strategy is shown in Fig. 2]

Tl—)O

(@) Ck,0= M\ Tp1 =CoU Dy () Ck,1 = M\ 710

Fig. 3 State-space regions for capture and post-capture operational phases.

Let  :== (x,h,7) € M XT X AXRy¢ denote the augmented state. Then, for # = 0, the system dynamics are given



by the hybrid system

¢ = (folx,u),0,0) ¢ € (ConCko)x{0} xRso
H : = (%0(x), h, ) ¢ € (DonNCkp)x{0} xRso (15)
{+=(x,1—h,7') geDK’OX{O}XRzo

while, for h = 1,

= (filx,u),0, [-1,0]) ¢ € Ck,x{1} xR
Hi: 3¢ =(81(x), h, [T1,0)) ¢ € Ck1 x{1}x{0} (16)
(=, 1-h1) €Dk X{1} xRy

where Hj and H, denote the capture-phase and post-capture hybrid subsystems, respectively. A mode & € A is active,
as long as x € Ck j, and once x reaches Dk p, the mode & resets to 1 — h.

Foreach /i € A, let the corresponding control law be denoted as «j, mpc and is obtained by solving the mode-dependent
MPC problems described in Section [V} A hybrid supervisory logic to robustly coordinate between these individual
controllers is proposed and described as follows:

Case 1 When 2 = 0 and x ¢ J9—1, apply the capture MPC law u = ko mpc(x) to drive x towards the docking
configuration Aj.

Case 2 When & = 0 and x € 75,1, toggle the mode by setting 4* = 1, i.e., post-capture mode, described in[Case 3|
becomes active.

Case 3 When /& =1 and x ¢ 71, apply the post-capture MPC law u = ; mpc(x) to drive x towards A; in (T4).

Case 4 When h = 1 and x € 710, toggle the mode by setting 2* = 0, i.e., capture mode, described in[Case 1}
becomes active.

By solving a separate MPC problem of the form of Problem [I]for each i € A, we determine a mode-dependent
MPC feedback law «j mpc as the minimizer of a mode-dependent objective function Jy (£, u), with stage costs L¢ , and
Lp ., defined, respectively, on the flow and jump sets within Cg 5, and a terminal set X,. The resulting hybrid feedback
control input is then given by

u* (&) = (1 = h) ko mpc(x) + h k1 mpc (x) heA. an

IV. Relative Motion Modeling of Chief-Deputy Spacecraft Systems
In this section, we derive the rigid body models for the chief-deputy spacecraft systems for both phases. Building on
the coupled translational and rotational relative motion dynamics in [13]], we adapt the model to incorporate nonzero
relative velocity contacts between the spacecraft, and we also extend the model to the post-capture phase.

A. Relative Translational Dynamics of the Capture Phase
The position vector of the deputy docking port relative to the docking port of the chief, as shown in Figure [Ib]is
expressed as
p=po+Py—P.. (18)

By resolving into appropriate coordinate frames as in (3, from (T8]), we obtain
po=R"(p+P.)—R"Q" Py, (19)
po =R [p+we X (p+P)]-RTQ" [wa X P4l (20)

where w, is given in (3), and w, in (6). Since py is the relative displacement between the CoM of the spacecraft, as
seen from frame 7, the CWH equations [25] give,

. . R'QTF
po=Glpo+Gzpo+m—dd, 2n



where F,, as introduced in @), is the thrust acting on the deputy spacecraft of mass mg4, and G| = diag(3n(2), 0, —n(z)),
G, = (0,0, 2n¢)*, with ny denoting the constant mean motion of the chief spacecraft in a circular orbit. In the case of
a point-mass system, where the CoM is the only point of interest and no dedicated docking port is considered (i.e.,
p = po and P, = 0351 = P,), the relative translational motion between the two spacecraft is solely governed by 1)
In contrast, the quantities of interest for the current scenario are p, p for the relative translational motion, and w and
g € Q, for the relative rotational motion of the chief-deputy spacecraft system. By differentiating (20) in frame 7, and
by substituting (20) and (21) in place of pg, and gy, respectively, we obtain

Q"Fy
mg

—Q T (w+Qwe) X Pg| — we X (we X (p+Pe)) + QT[ (040 (0 — 0T wXw,))XPy

p=RG,R"p+RG R p+ +RGR"(P.—Q"Pg) —2weXp — e X (p+P:) + RGoRT [we X (p + Pe)

+(0+QW )X (@+Qwe) XPa) | =t f3(x, Fa). 2

B. Relative Rotational Dynamics of the Capture Phase:
The dynamics of the uncontrolled chief and torque-controlled deputy spacecraft are given by

d

Jcalc wejr =-wejr X (Je weyr) (23)
d

szlo wp)r=-wWpr XJqgwp/r+Myg, (24)

where J. € R¥3 and J; € R**3 are positive definite inertia matrices for the chief and deputy, respectively, and M, as
introduced in (3)), is the control torque acting on the deputy spacecraft. Since, wp /¢ = wp,r — W, 1, then by applying

(6) and (@) to (23) and (24), we obtain

@ =J;" [Mg — (0+Q(we+Rwp)) xJg(w0+Q(we+Rwy))] + QI [(we + Rwy) X Jo(we + Rwy)] = O (we + Rwy) X w
(25)

= f3(w, 4, p, wes Ma). (26)

The relative angular velocity w affects the orientation between frames 9 and C, described by the quaternion
q = (qy,9u4) € Q, which evolves as

1
(417, Qﬂ) = 5((@; + q,u13)w, _CI;C‘)) = f(;l(q’ w). (27)

From (23)), the evolution of the relative angular velocity w, between frames C and 77, introduced in (3)), is given by
@c =J7" (~(we + Rwy)*Je(we + Rwy)) + wiRw, = f5 (p, we). (28)

In turn, the angular velocity w, dictates the evolution of the quaternion p = (p,,, p,) described as

1
(P D) = 5( (pf, +p,113) We, —p,T,wc) = fo(p, wc). (29)

C. Composite CoM Dynamics in the Capture Phase:
The composite CoM of the two—spacecraft system expressed in the frame 7~ is given by

me mgq
Pn = - pc+ pd7 m ch+md, (30)
m m

where m. and my denote the masses of the chief and deputy, respectively, and p. and p4 are their CoM positions
expressed in the frame 7. For h = 0, the chief is located at the origin of 7, so p. = 0, and consequently pg = p.+po = po.
Hence,

m m
On = ?d 00 = Wd (RT(p+P.)—RTQTP,), (31)



with pg defined in (I9). Therefore, for A = 0, p,, is an algebraic function of (p, p, w.) and is not treated as an independent
state variable. The system dynamics governed by (22)), 26)-(3T) with states x = (p, 0, W, g, P, Wc» Oy Pns Xrets Xref) € M,
control input u = (u1,u;) € U with u; := Fy, up := My, can be put into a state space form x = fy(x, u) with

fole,u) = (p, f5 (ko u), [ (@, 4, py e u), £ (g, ), fif (P, ), f3 Py @), Py f3 (%), Ox1) (32)

where foz(x, uy) is given in (22), f03 (w, g, p, e, uz) is in 26), fé(q, w) is in 7)), fos(p,wc) is in (28], and f06(x) is
obtained from ) and GI).

D. Rigid Body Collision Dynamics in the Capture Phase:

As the deputy spacecraft approaches the chief for docking, the presence of unmodeled disturbances, errors in the
model, and inaccuracies in estimating the chief’s kinematics can result in unsynchronized motion or misalignment of
the docking ports, giving rise to the possibility of collision. The collision occurs if

Vrel = il pO+RTQTwX(r - PO)_(RTwc+wt)XP0] <0 (33)

where r is the position vector from the CoM of the chief to the contact point p., while pg and p¢ are given in (19)
and (20), respectively. The impulse vector A depends on the surface geometry at the contact point r. In the case of a
frictionless collision, 7 acts along the surface normal direction at . Additionally, vy in (33) can be formulated as a
function of the state vector xY, exogenous inputs w0, and the contact point r as v = B(x, o), where B can be viewed as
an impact condition function with o := (r, /1) being a vector external parameters r and 7.

With an impulse magnitude vy along the direction 7, the instantaneous change in the relative angular velocity w
between frames D and C, and w. between frames C and 7, can be evaluated as

w+=w+y[ngQR((r —po)xﬁ)+QJC_1R(r><ﬁ)] = gg(x), Wi =we = yII'R(r x ) = g5 (p, we). (34)

Such an instantaneous change in the angular velocities w and w, in (34) induces an instantaneous change in the evolution
of the quaternions ¢ in (27) and p in (29) as

it = f(w*,q9), p* = f (Wl p), 35)

where fé (w, g) is given in (27)), and fé (we, p) in (29).The instantaneous change in the relative translational velocity po
in (T9) can be obtained as

. . 1 1
p8=p0+7n(—+—). (36)
mg Mec

Since p§ = R [p*+wix(p+P:)|-RTQT [w} x P4] from @0), where v}, = w* + Qw}, then

C

. (11 -
0 =p+w.x(p+P.)-Q" (wgXxPg)+yRi (m_d+m_) + QT(Qw‘CLXPd)—wZX(p+PC) + 0T (wrxPy) = gé(x), 37
with w* and w} given in (34). Furthermore, by using (36), we obtain

. . Y o~ -

P = P+ —h = gy (x). (38)

me

The overall system dynamics after an instantaneous change, can be put into the state space form x* = go(x) with
g0(x) = (0, 85(x), 8 (x). 4. P, (P ). s §o (%), Xier) (39)

where g% (x) is given in (37), g3 (x) and g;(p, w.) are in (34), and g} (x) is in (38).



E. Relative Translational and Rotational Dynamics in Post-Capture Phase:

When x reaches the set 7p_,1, the post—capture phase (h = 1) begins. In this phase, the docking interface employs a
spring—damper latching mechanism to enable soft docking and absorb the residual relative translational and rotational
motion. The translational compliance is characterized by the spring and damping coeflicients K7 > 0 and D7 > 0,
while Kg > 0 and Dr > 0 denote the corresponding torsional spring and damping coefficients for the rotational motion,
as shown in Figure ]

Under the passive control action provided by the docking interface in 42 = 1, which (i) absorbs the residual translational
and rotational energy and (ii) renders the docked configuration Ay in (T3)) invariant, the relative translational dynamics
are described as

T, ,*

O'u
p=—-Krp—Drp+RG,R"p+RG R p+ LtRGIRT(Pc=Q Py) — 2we Xp — e X (p+Pe)
mq

+RGoR" [we X (p+Pc) — 0T (w+ Qwe) X Py| — we X (we X (p + Pe)) + QT[ (0+0 (@ - Qwawc))de]
+07[(@+QwX (W +0w)xPy) | = fE(x), (40)

where F,; in (22)) has been replaced by Q(—Krp — Drp) + i1, steady state control (the value of i, defined just before
(32), at the docking configuration p =0, p =0, w =0, g = q1)

i = md[ —RGR"(P. = Pg)+0) (Pc = Pg) + 0l (wX(Pc — Pg)) = RGaRT (w)(Pc — Pg)) ] = (p,wc). (41)

Inspired by local PD—type attitude control laws for rigid spacecraft [26],[27, Pg.21], the relative rotational dynamics can
likewise be obtained by introducing a torsional spring—damper about the docking interface. Replacing M, in (26) with
2
——| arctan (|q|, q4) Kr ¢ — Drw + i3 yields

lg
W=7 ( - % arctan (|q|. g4) Kr ¢ - Drw + 16 — (0 + Q(we + Rw,)) X Ja(w + Q(we + Rw,)))
- O(we + Rwy) X w + ngl ((wc + Rw;) X Jo(we + Rw,)) = ff(w, q,p,we), (42)

where the steady control torque (the value of u,, defined just before (32)), at the docking configuration p = 0, p =
0, w=0,g=4q1)

ii> = [(we + Rwy)*Jg (we + Rwy)| = Ja Jo! [(we + Rw,)*Je(we+Rwy)| = Kg(p, we). (43)

to maintain the nominal docked attitude.

F. Translational and Rotational Dynamics in the Post-Capture Phase

With combined mass m = m. + mg and moments of inertia J := J. + J4 for the post-capture phase, we now derive
the equations of motion of the composite chief-deputy spacecraft system, as shown in Figure[d] Let the position vector
to the CoM of the deputy be denoted as r; and to the CoM of the chief be r, with r| = r + py where py is the vector
connecting the CoMs of both the spacecraft. Let r,, denote the center of mass (CoM) of the combined chief—deputy

system, defined as

mery +mgr (44)

rn =
m

Since the actuation F; is applied at the deputy CoM, the inertial translational dynamics of the chief and deputy are
described as

F
Fr=—tr =2 (45)
m

Py =
R]

——=7r,
3
R
and thus, the composite CoM dynamics from {4)—(@3) are given by

F,

me mq H (mc mq +4 (46)
m

i :—i‘2+—f‘1 =——\|—=r+ —ri
" m m m Rg R?

10



Parking Orbit ~~~ _

, > o -
/ . LA
e N
, gPPrin
S
S,
0y Iy
H
Ty ® CoM of the deputy h

® CoM of the chief

. CoM of the composite rigid body

(04, Jx, Jy, J7): EClframe

(07,73, 7, 7,): LVLH frame

(a) spring-damper docking interface (b) Combined chief—deputy assembly in the post—capture
phase

Fig. 4 Representative schematics for the capture and post—capture operational phases.

where p is Earth’s gravitational constant, R; = |r;| for eachi € {1,2} and R,, := |ry|. Since |po| < R, from [@8), we
obtain
F r F
i‘nz—Lg(mc(rn—@p)+md(rn+&p))+—d:—/J "3+—d. 47
mllry||- m m m lrnll®  m
As introduced in @, let us recall that p,, is the position vector of the combined spacecraft CoM in the LVLH frame 7,
which has the origin at the initial target orbit. Let p,, == p,,

at (ZI)), results in

- then following the same steps as in Section|[V.Alto arrive

TFd

= f]ﬁ(pn’pn’P:Fd), (48)

where the matrices G and G, are defined below 21)). Next, we derive the rotational dynamics of the composite rigid
spacecraft system.

Let p. denote the position vector of the chief CoM from the origin of frame 77, as illustrated in Figure ] Similarly,
let p.. denote the deputy CoM from the origin of 7. Then, the rotational dynamics of the composite system under the
torque My € R?, and the force moment due to the shift in the CoM be given as

R
Pn=G1pn+Gop, +

J%|C wejr =~wc/r X (Jweir)+Ma+ (ri—r,)" Fa. (49)
Since we)r|c = We/T|Cc + WT/1|Cc = We + RWT) 1|7 = W + Rw; where w, is constant on a circular orbit, and
d d d . d
E|Iw(,‘/] = E|cwc/] = E)c w7+ 07r] = @ + E|¢(wfr/1) +w7/c X w’]‘/]] |c
= e + O7/clc X WT/TICc = W — W, (Rwy), (50)

then, by using (@9)-(50), the rotational dynamics is obtained as
. - mC
e = W (Rwp) +J7" [ ~(we + R0 (e + R+ Mg+ 25 (P = Po)*Fa| = [ (p.we Fa Ma). - (5D)

The system dynamics governed by (@0), @2), @8), and (51) with states x € M, control input u = (u;,u) € U with
uy = Fy4, up = My, can be put into the state space form x = fj (x, u) with

filru) = (P, fR0), 1 (@,4,p,we), o (4.0, fi (@), [ (P wes ), s (P s Poun), fr(eer))  (52)
where flz(x) is given in (@0), f13(w, q.p,w.) is given in (@2)), f(;‘(q, w) is in 7)), f(;‘(p, wc) in @29), fls(p, We, 1) is in
’ and f16(pn’ pn, P, M]) isin '
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G. Decoupling Dynamics in the Post-Capture Phase
In the post-capture phase, internal disturbances or the release of stored energy may give rise to equal and opposite
forces on the two spacecraft, tending to break the docked configuration. Since the impulse acts along the docking
interface,
w! = w,, (53)

that is, the angular velocity of the composite body expressed in 7~ is unaffected by the impulse. Consequently, the
relative angular velocity between the frames C and 9 immediately after the jump is given as

wt=w 54)

where w is defined in (3). Additionally, an instantaneous change in the angular velocities w. and w in (33) and (54),
respectively, induces an instantaneous change in the evolution of the quaternions ¢ in (27) and p in (29) as

it = fi(w'q) = f(w.q) =g, pt =yt p) = fo(we, p) = p, (55)

where ¢ is an identity quaternion g in the docked configuration.
The relative translational velocity between the chief and deputy at the jump is given by

1 1
ﬁ3=/50—T7r(—+—)~ (56)
me Mg

while the translational motion of the individual CoMs as

. ) 1 ) ) 1
PZ=,0c+—Tm PZ =pa— —Tx. (57)
me my
where T is the impulse force, expressed in frame 77, and Since p,, = “<L<MdPd = p 4 Md 00, from (56)), we obtain
m
) e Ma, ) 1 mg, mg|1 1 . mg )
P =P+ —py = pe+—Ta+—po— — (_+_)T7r = (pc+—po) = pn- (58)
m me m m me mg m

Furthermore, from (I9)—(20), the post-impulse relative translational velocity between the docking ports satisfies
p5 = (RHT[p" +wi x (p* +Po)] = (RHT(QD[w]; x Pa]. (59)

Since the angular velocities, relative displacements, and orientations between the bodies do not change instantaneously,
ie., wl = we, W, = wy from 3), p* = p, R* =R, and Q* = Q, (®9) yields

) ) . ) . ) 1 1 _
b5 —po=RT(p* - p), p+=p—R(—+—)Tn = 27 (x). (60)
me mey

The overall system dynamics (33)—(54), (58), and (60) after an instantaneous change can be written in the state-space
form x* = g;(x) where

gl(‘x) = (p,g%(xLW,q,[),wc’pn’pmxref), (61)
with g7 (x) defined in (60).
V. Constraints Formulation for MPC

Recall that we solve a different MPC problem in each mode of operation corresponding to 4 € A. Then, recalling
the full state x from Section we partition the state x as x = (xo,xl, Xref), Where

xo = (p7p’ (1), Q) = \PO(X), xl = (p’ wc’pl‘t,pn) = lP] (x)’ (62)

and Wy, ¥; : R3? — R'3 denote the respective canonical projection maps. In each mode 4 € A, x”, together with the
control u, appear as decision variables in the MPC optimization, while the remaining states evolve according to the
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nonlinear dynamics and act as time-varying parameters. In particular, when & = 0 (resp. & = 1), the component x!
(resp. x") evolves according to the nonlinear dynamics in (32)) (resp., the passive PD feedback law from Section .

For ease of MPC computation, we linearize the nonlinear dynamics associated to x (resp., x) in phase 4 = 0 (resp.,
h = 1) about the docking configuration Wo(Ap) (resp., ¥1(A;)), where we recall Ay and A; from (13) and (T4),
respectively. For each & € A, the linearization uses the state 6x" := x — x and the input 6u” := u — u”, where u" is
the steady-state input. In particular, u’ := (K)(p, wc), k) (p, w.)), where 9(p, w) is defined in @) and «9(p, w.)
in @3), and u' = (k] (xref), k3 (xXref)), Where k| (xref) and &} (xref) are defined in (83). Accordingly, the linearized system
dynamics in the capture phase are parameterized by (p, w.), whereas in the postcapture phase they are parameterized
by Xref.

A. Actuation Constraints in the Capture Phase:

Due to the finite thrusting capability of the deputy spacecraft, the control constraint set U is formulated as
U:={uc€ RO : —Umax < U < Umax}, Where umax € R® defines the maximum thrust and torque limit in three axial
directions of the deputy’s body frame 9. Equivalently, 6u° is constrained using the following set:

U (p, we) = {6u’ € R® : 6u® + k°(p, w.) € U}. (63)

where £%(p, wc) = (K%(p, we), K3(p, we)) and the functions ¥ and «) are defined in (@T)) and [@3), respectively. For
the postcapture phase, equivalently, the actuation constraint on du! can be written as

SU' (xrep) == {6u' € R® : 6u' + k' (xref) € U}, (64)

where k! (xrer) = (k] (Xref), 3 (Xref) ), and k] (xrer) and k) (xrer) are defined as follows:

m
K{ (%ref) = m(fT,Z(xref) -Gy [13 O] Xref — GZfT,l(xref))’ Ké(xref) = w;-]wt - #(Pc - Pd)XﬁL (65)

with Xrer = fr(xref), Where fr := (fr.1, fr2) defines the evolution of the desired orbital reference.

B. Face Pointing Constraints:
The deputy spacecraft must approach the target while oriented towards its docking port during the capture phase.
This requirement is enforced as a soft constraint by augmenting the MPC cost function with the term:

V(6x°, p,we,v) = A5 (I6p| = v R 6p)?, (66)

where A > 0 is a weighting factor, and v := P./|P.| is the normal vector on the docking face of the chief spacecraft in
frame 77, as shown in Figure E} Here, P, defined in @), denotes the position vector from the CoM of the chief to its
docking port. As |6p| decreases for docking, this penalty term (66) encourages the alignment of R §p with the normal
vector v.

VI. MPC Design
In this section, we design an MPC controller for each phase 7 € A. Each hybrid MPC controller uses a linearized
prediction model together with the phase-specific constraints.

A. Capture-Phase MPC

Our proposed MPC framework defines a controller for the capture phase using the capture phase linearized dynamics
with state variables 6x° and input 6u°, actuation constraints (63), and LoS tracking penalty (66). Let us define the
prediction horizon as 7;,0 := (T°,J°), where T° > 0 is the terminal flow time and J% > 0 is the number of jumps. Then,
the control law ko mpc is generated by solving the following optimization problem.

Problem 2 Given the current state 6x8, a prediction horizon 7;,0 € Rso XN, stage flow cost LY., jump cost L(l)), terminal

cost VO, and actuation constraint set 5U, the optimal control ko ypc is obtained by solving the following optimization
problem:
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min J°(6x°, 6u°, p, w.) (67)

oul
subject to
(I) Initial condition 6x°(0) = 6x8 (68)
(II) Linearized capture flow-dynamics  6x° = A(p, we) 6x° + B 6u° (69)
(I11) Input constraints  6u’ € sU°(p, we) (70)
g0 L+l
j0(6x03 6”0, ps wC? C) = Z/L% (6'x0(t’ ])’ 6u0(t’ j)’ p(t’ J)’ O‘)C (t’ ])’ C) dt
Jj=0 tj

(71)

J
+ D L6 (1, 1), 06 (2, 1)) + VOO (10, 0°), €).

The decision variables are 6x°, and 6u°, while p and w,. are external time-varying parameters to the optimization
problem, that evolve as per the flow map given in (28)-(29), and ¢ > 0 denotes the number of collisions experienced
during capture. Moreover, A and B, parameterized by (p, w..), are the state and input matrices of the capture phase
linearized state-space model (69). While the prediction model employed in Problem [2]is the continuous-time linear
system (69), the true closed-loop dynamics of the chief-deputy system are governed by the nonlinear hybrid dynamics,
with flow and jump maps given in (32) and (39), respectively. The nonlinear dynamics are used to propagate the
system state forward in time and to compute the new initial condition for the MPC optimization upon application of the
computed control input.

Design of 0°: Since the contacts occur at time instants that are not a priori known, the jump cost and the number of

jumps cannot be explicitly accounted for in Problem 2| Therefore, both L(I)) and J are set to zero in (71)). Our choices
of LY. and V? are given as

VO(6x,¢) = (6xO)TQ19(c) 6xY, L% (6x°,6u°, p, we, ¢) = (6x°)TO°(c) 6x°+(6u®) TR 5u’+V (6x°, p, we,v), (72)

where 0%, R® = 0, 0°(c) = 0 for each ¢ > 0, and V is given in (66)). The penalty matrix QU is adjusted as a function of
¢, such that increasing collision count results in larger penalties on 60, dw, and dg,,. Since the rotational dynamics
evolve independently while the translational motion is driven by the rotational state, penalizing the rotational components
more heavily accelerates their convergence and effectively decouples the optimization problem into rotational and
translational subproblems. Thus, the stage cost assigns higher weights to the relative angular velocity 6w and orientation
error 6¢,, than to the relative displacement 6o and translational velocity 6.

Design of Q?: The weighting matrix Q? > 0 in (72) is selected to satisfy the standard Lyapunov-based MPC

terminal conditions [23]]. In particular, Q? is chosen such that V° in (72) acts as a Lyapunov function for the closed-loop
system under the admissible terminal feedback law 6u® = K¢ 6x° € 6U%(p, w.). As a result, the closed-loop linearized
capture-flow dynamics (69) satisfy a strict dissipation (contractivity) inequality and induce a locally invariant terminal
region X?(c) for the actual nonlinear system (32)). For each ¢ > 0, the terminal set Xfo(c) is defined as a sufficiently

small sublevel set of VO, i.e., Xfo(c) = {6x% : V9610 ¢) < &.} where &, > 0 is chosen small enough so that
higher-order nonlinear terms and linearization-mismatch effects are dominated by the contraction induced by the
terminal feedback 5u°.

B. Post-Capture Phase MPC

Following the successful capture, the closed-loop system enters the post-capture phase (4 = 1), during which the
chief-deputy system becomes coupled and the state vector x of the coupled system evolves according to the dynamics
(52). In this phase, the control objectives are to synthesize the control law 1 ppc that asymptotically stabilizes the
set (A; in ([E[) Let the prediction horizon be denoted by 7;,1 = (Tl, J 1), where T! > 0 is the terminal flow time and

J' > 0 is the number of jumps.
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Problem 3 Given the current state 6x(1), a prediction horizon 7;,1 € R x N, stage flow cost LY., jump cost LY., terminal
cost V1, and actuation constraint set 5U', the optimal control KI{APC is obtained by solving

I}sllltll’l T (6x", 6u’, xrer) (73)
subject to
(I) Initial condition  6x'(0) = 6x, (74)
(Il) Linearized post-capture flow-dynamics x! = A(xper) 6x' + B 6u' (75)
(II1) Input constraints  6u' € SU (xper) (76)

where the cost functional is defined as

g1 Ll gl
T (6x", 6u' xrer) = ) / L(0x' (2, ), 0u' (1, ), Xees (1, ) dt + D LI(6x" (141, 1), 80 (231, ) + VYox' (T4, 1),
Jj=0 tj Jj=0

T _ 1T s ~
VIxl) = (6x)TQl6x!, LL(6x!,6u', xrer) = [61),] 6wc] 0! +[5p,, 5p,,] 0! 6.p” + (6uM TR (5ub),

6py
0w,

n
] (77)
with Q ll = 0fori € {1,2}, R' >0, (0] } > 0. Moreover, the matrices A and E, parameterized by xpr in , are the state

and input matrices of the post-capture linearized state-space model. The decision variables are 6x' and 6u', while x°
and x,r are treated as parameters of the optimization problem. Since the jumps due to sudden decoupling events occur
at time instants that are not known a priori, both LlD and J! are set to zero in 7.

Design of Q_}, Q_é The weighting matrices are chosen to prioritize penalizing the rotational components more

heavily, which accelerates their convergence and effectively decouples the optimization problem into rotational and
translational subproblems, analogous to the capture-phase MPC in Section

Design of Q}: The terminal weight Q fl > 0 in (77) for the post-capture MPC is selected analogously to the capture
phase, following standard Lyapunov-based MPC terminal conditions to ensure local attractivity and recursive feasibility.
In particular, Q } is chosen so that V! acts as a Lyapunov function for the local error dynamics under an admissible
terminal control law §u! = K| 6x!. The terminal set X ; is selected to be sufficiently small so that the Lyapunov decrease
induced by 6u' dominates the model-mismatch.

If external disturbances or modeling errors cause loss of the rigid lock, and the augmented state reaches the transition

set 71,0, the logic variable h updates from one to zero, and the system re-enters the capture phase, at which point
Problem [3is re-solved.

VII. Numerical Results
In this section, we present a numerical example to illustrate the effectiveness of the proposed control design
for each phase. Both the chief and deputy spacecraft are modeled as constant density cuboids with dimensions
0.6 m X 0.7 m x 0.8 m for the deputy and 1.04 m X 1.15 m X 1.57 m for the chief. The inertia matrices J. and J; are
diagonal, since the cuboids are assumed to be symmetric about the principal axes of their respective body frames. In
this simulation, the initial conditions are as follows:

T

00(0,0) = [2 0 o],poz [—0.081 0.011 0.0133]

.
T , T

©(0,0) = [0.09 0.06 0.009]. 4(0.0)=0.57[17 o], (78)

we(0,0) = 0.0024 [—1 1 —1]T,p(0,0)=0.5 [—1 1;]T.

The mass of the deputy spacecraft is my = 120 kg, and that of the chief is m. = 360 kg. The docking points are

S
assumed to be located at the center of one of their faces, and the normal vector is v = [0 1 O] . During the capture
phase, the deputy is controlled as a single rigid body, so we impose tighter actuation bounds of +1 N in thrust and
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Fig.5 Capture-phase flow with a contact-induced jump at7 = 11s.

+1 N'm in torque. After capture, the deputy must regulate the composite chief—deputy motion, which requires greater
control authority; thus, the bounds are relaxed to +5 N and =5 Nm.

The capture-phase objective is to achieve a safe dock in the desired configuration by eliminating relative translation
and rotation, i.e., driving the relative position and velocity to zero while simultaneously aligning the deputy attitude
with the chief’s. To this end, we choose the stage-cost weights QO, RY and terminal cost Q(f) as in Section namely,

0° = blkdiag(lozlg, 1005, 10°1s, 10313), RO = b1kdiag(10413, 10413), 00 = 10%I5. (79)

With the initial conditions in (78)), the limited capture-phase actuation prevents fully nullifying the relative translation
before contact, leading to the first nonresting impact at r = 11 s, as shown in Figure[5] Following the collision-induced
recovery strategy, the stage and terminal weights are then updated as functions of the collision index ¢ according to

0°(c) =blkdiag(10213, 10°71 13, 10”416), R%(¢c) = 101, 0%c) = 10°*6. (80)

The prediction horizon is set to 70 = 10 sec). With this short prediction horizon, the optimizer prioritizes correcting
the rotational misalignment within approximately one horizon length. All computations were performed on an Apple
M3 machine with 16 GB RAM. The optimization problem was formulated using YALMIP [28]] and solved using SDPT3
solver [29]. With the constraints (63)—(66) in place, Problem 2]is formulated as a second-order cone program (SOCP).
As the prediction horizon increases, the number of decision variables and stage-wise constraints grows proportionally,
and the observed solution time (computational complexity for one MPC iteration) in our implementation increases
approximately linearly with the horizon length.

Once the rotational states have converged, the optimizer primarily allocates control authority to regulating the
translational motion. This trend is reflected in the norm of the commanded actuation input (see Fig. [f), where the
torque-related effort becomes negligible after the attitude misalignment is corrected and the remaining control action is
dominated by translation. Following a successful docking event, the system transitions to the post—capture phase. The
collision contact and subsequent mode transitions are explicitly indicated in Fig.[6]
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Fig. 6 MPC results: relative displacement between the docking ports and control norms.

After docking, the spring-damper latch mechanism provides additional passive dissipation and further reduces any
residual relative motion. The translational and rotational stiffness and damping coefficients in #0)—(@2) are chosen as

Kr=Kgr =51, Dr=Dgr=21. 81

With this spring-damper latch mechanism in place, the relative states remain regulated near zero throughout the
post—capture phase. The control objective for the post—capture phase is to damp the coupled tumbling motion of the
combined chief—deputy assembly and steer it toward the desired orbital trajectory. In accordance with the post—capture

MPC design described in Section|[VI.B] the weighting matrices are selected to penalize the rotational quantities more
strongly than the translational tracking errors, and are chosen as

0! =108, Q)=10*%, ,R'=10’ls, Q} =blkdiag(10%7s, 10°%¢). (82)

Using these capture and post-capture MPC controllers, as observed from Figs. [6H7] the objectives for both phases are
met successfully. During the transition from capture to postcapture, no state resets occur; consequently, p, w, ¢, p,

1 . . . .
—Dn
.‘/1 —D2
ST W 73
-1 L 1 L )
0 200 400 600 800 1000
£ [sl
i 0.5 ! /\ i
: N 2 | |
S 0.2 s 9 10 11 12\&13 14 37 3L 0 —We,
O\ -0.5F —We, A1
-0.2¢ . . i ; : § . . . . e
0 200 400 . 600 800 1000 0 200 400 600 800 1000 1200
(a) w and g

(b) we and p

Fig. 7 Relative rotational states and angular-velocity and orientation of the chief.

and w, in Figs. [6H7|remain continuous (they do not jump) when the controller switches to the postcapture MPC. The
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Fig. 8 Postcapture orbital tracking.

relative weighting specified by (82) emphasizes orbit tracking in the postcapture optimization, which can produce small
initial transients in p and w,, as observed from Figure[7b] Using the postcapture MPC with the weighting matrices in
(82), Figure[8]demonstrates a precise orbit tracking with millimeter-level tracking error.

During the postcapture phase, a sudden latch snap may generate an internal impulse of magnitude 0.05N s along the
docking interface, applied in the direction of pg, which causes the two spacecraft to separate at approximately ¢ = 593s.
This loss of contact triggers a reversion to the capture MPC. Because the rotational states are not reset upon decoupling,
|Mg4| in Figure [6b] remains essentially unchanged, whereas |Fy| takes corrective action to regulate the translational
dynamics. Once docking is re-established, the controller switches back to postcapture mode and orbit tracking resumes,
as shown in Figure 9]

VIII. Conclusion

This paper addresses the rendezvous and docking problem of a chief—deputy rigid-spacecraft system in low-Earth
circular orbit with an initially tumbling chief. The proposed framework achieves (i) safe capture and docking in the
presence of low-velocity contact events, and (ii) post-capture stabilization of the coupled tumbling motion together with
regulation of the composite CoM motion to a prescribed parking-orbit trajectory, while accounting for the possibility of
sudden decoupling.

To handle the distinct dynamics, objectives, and discrete events across these stages, we developed phase-specific
hybrid models and model predictive controllers for the capture and post-capture phases, and integrated them into a unified
hybrid closed-loop architecture. In the capture phase, collision contacts were explicitly modeled and a collision-recovery
mechanism was embedded in the MPC design to mitigate contact-induced deviations from the docking configuration. In
the post-capture phase, decoupling events were incorporated and the MPC law was designed to simultaneously dissipate
residual tumbling while tracking a time-varying orbital reference for the composite system. A hysteresis-based switching
logic was introduced to robustly govern transitions between phases and prevent chattering under disturbances.

A numerical case study validated the proposed approach, demonstrating safe docking under tumbling and contact
interactions, effective recovery from unanticipated collisions, stabilization of post-capture dynamics, and transfer of the
composite system to the desired parking orbit.
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