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1 Introduction

1.1 Motivation

Optimization problems arise in many areas of engineering, including machine learn-
ing [33], communications [24], robotics [38], and others. Across all application areas,
the goal is to design an algorithm that will converge to a minimum of an objective
function, possibly under some constraints. Recently, there has been increased interest
in studying optimization algorithms in continuous time to use tools from dynamical
systems to establish convergence to minimizers, e.g., in [13, 29, 34]. While a large
body of optimization work focuses on convex optimization, nonconvex problems often
arise in a variety of fields, including machine learning [10, 11, 21] and communication
networks [8], and there has arisen interest in establishing convergence guarantees for
non-convex problems.

In this paper, we develop a multi-agent framework for nonconvex optimization
in which agents’ computations are modeled in continuous time. This is motivated
by two factors. First, we wish to leverage the large collection of tools from dynam-
ical systems to analyze multi-agent optimization and connect to the growing body
of work that uses continuous-time models of computation. Second, there also exist
controllers for multi-agent systems that are designed to operate in continuous time
to minimize some objective function, e.g., in consensus [25] and coverage control [9],
and our analyses will connect our work to such systems. However, while individ-
ual agents’ computations occur in continuous time, their communications are most
naturally modeled in discrete time because communicated information arrives at
its recipients at individual instants in time. Thus, the joint modeling and analysis
of agents’ computations and communications creates a mixture of continuous- and
discrete-time elements, which leads us to develop a hybrid systems framework for
multi-agent optimization.

The framework that we develop can solve a class of problems that includes some
non-convex problems. In particular, we consider smooth objective functions that sat-
isfy the Polyak- Lojasiewicz (PL) inequality [28]. Recent interest in the PL inequality
and related properties has led to the development of discrete-time nonconvex opti-
mization approaches [1, 7, 16, 19, 22], including distributed algorithms [36, 37, 41].
Problems that satisfy the PL inequality include matrix factorization [35], minimizing
logistic loss over a compact set [19], and the training of some neural networks [7]. The
set of functions that satisfy the PL inequality also includes those that are strongly
convex, and our developments therefore apply to strongly convex functions, which
are commonly studied in distributed optimization settings [2].

The algorithm that we develop is analogous to a hybrid systems version of par-
allelized block coordinate descent [4], in which each agent updates only a subset of
all decision variables using continuous-time computations and agents communicate
these updated values in discrete time to other agents. In the framework that we
develop, all agents’ communications are intermittent; agents’ communications occur
when a timer reaches zero, at which point the timer is reset to some value within a
specified range. Agents use a sample-and-hold strategy in which gradients are com-
puted at the communication times and then held constant and used in computations
until the next communication event. This approach is inspired by recent work [26]
that has successfully applied it to synchronization problems.
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1.2 Contributions

We leverage analytical tools from the theory of hybrid systems to prove that this
algorithmic framework has several desirable properties, and our contributions are:

– We define a hybrid system model for distributed optimization. To the best of our
knowledge, this is the first distributed hybrid system model that uses a paral-
lelized approach for nonconvex problems rather than a consensus-based approach.

– We show that under our model, every maximal solution is complete, with the
time domain allowing arbitrarily large ordinary time t. As a result, there are no
theoretical obstructions to running this algorithm for arbitrarily long periods of
time.

– We use Lyapunov analysis to show that, even under intermittent information
sharing, the hybrid optimization algorithm is globally exponentially stable to a
minimizer of an objective function, and we derive an explicit convergence rate in
terms of system parameters.

– We show robustness to inaccuracies in the measurement of the times at which
communication events occur.

– Finally, we present three different applications, including those with nonconvex
objective functions, that demonstrate the performance of our model.

1.3 Related Work

The developments in this paper can be regarded as hybrid counterparts to “clas-
sical” discrete-time algorithms in multi-agent optimization [4]. Related research in
multi-agent continuous-time optimization includes [14, 23, 29], though those works
all use a consensus-based optimization framework in which both computations and
communications are modeled as occurring in continuous time. In this work, we avoid
continuous-time communications in order to model problems in which constant com-
munications are not possible, e.g., over long distances, or simply undesirable, e.g.,
when battery power is limited.

The closest works to the current paper are [20], [26], which also study multi-
agent optimization algorithms with continuous-time computations and discrete-time
communications. However, those works also use consensus-based optimization algo-
rithms in which each agent has a local objective function, computes new values for all
decision variables, and averages its decision variables with other agents. In contrast,
we consider all agents having a common objective function and we only require each
agent to compute updates to a small subset of the decision variables in a problem.
This approach has the benefit that each agent’s computational burden grows slowly
as a problem grows since each agent updates only d

N decision variables on average.
When N is large, the value of d

N can grow quite slowly as a function of d, which
results in only small increases in each agent’s computational burden.

In addition, the hybrid system model that we develop offers several analytical
features. First, existing block coordinate descent algorithms are typically modeled in
discrete time. When used in a continuous-time system, these types of discrete-time
computations will be done with samples of continuous-time state values, though
convergence analyses for the discrete-time updates will apply only to the samples,
not to the continuously evolving intersample state values. However, within the hybrid
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framework in this paper, we analyze the time evolution of both the sampled state
values and the intersample state values, which characterizes state evolution at all
points in time. Second, when a hybrid system is well-posed and has a compact pre-
asymptotically stable set, it follows that such pre-asymptotic stability is robust to
small perturbations [15, Theorem 7.21]. In this paper, we show that this robustness
applies when solving the problems we consider, and thus our use of a hybrid model
lets our analysis automatically inherit these robustness properties.

This paper is an extension of the conference paper [18] which applied only to
strongly convex objective functions. This paper modifies the previous hybrid system
model to provide global convergence and reformulates all previous results to apply
to objective functions that satisfy the PL inequality. This class of functions includes
some non-convex functions, and all theoretical results and proofs from [18] have been
reformulated to accommodate this nonconvexity. In particular, generic PL functions
can have any number of local minima and need not have strongly monotone gradi-
ents, both of which differ from strongly convex functions. As described above, we
are motivated to analyze PL functions because they appear in a wide range of engi-
neering problems, and this paper therefore extends our hybrid algorithm to apply to
those problems. Moreover, a tighter convergence rate is established and more appli-
cations are demonstrated via simulation. Finally, new results regarding robustness
to perturbations are presented.

1.4 Organization

The rest of the paper is organized as follows. Section 2 includes our problem state-
ment, assumptions, and algorithm. We then present our hybrid system model for
multi-agent optimization in Section 3 and establish the existence of complete solu-
tions. Section 4 proves that the hybrid multi-agent update law is globally exponen-
tially stable, and then Section 5 shows that this exponential stability guarantee is
robust to a certain class of perturbations. We include numerical results in Section 6,
and we present our conclusions in Section 7.

2 Problem Statement and Algorithm Overview

In this section, we state the class of problems that we consider, and we give an
overview of the hybrid optimization algorithm that is the focus of the remainder of
the paper. First, we present some general notation.

Notation and Terminology. Let R denote the set of real numbers, let R≥0
denote the non-negative reals, and let R>0 denote the positive reals. Let N de-
note the non-negative integers, and let N>0 denote the positive integers. For d ∈
N>0, let 0d be a vector of zeros in Rd and 1d be a vector of ones in Rd. De-
fine the set [p] := {1, 2, . . . , p} for any p ∈ N>0. For vectors x1, x2, . . . , xn, de-
fine col(x1, x2, . . . , xn) := (x⊤

1 , x⊤
2 , . . . , x⊤

n )⊤. Throughout the paper,
∣∣·∣∣ denotes the

Euclidean norm. We use domf to denote the domain of a function f . The set K∞ de-
notes the set of class K∞ functions, i.e., functions α : R≥0 → R≥0 that are (i) strictly
increasing, (ii) satisfy α(0) = 0, and (iii) satisfy limr→∞ α(r) = ∞. The set KL de-
notes the set of class-KL functions, i.e., functions γ : R≥0 × R≥0 → R≥0 such that
(i) γ is non-decreasing in its first argument, (ii) γ is non-increasing in its second
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argument, (iii) limr→0+ γ(r, s) = 0 for each s ∈ R≥0, and (iv) lims→∞ γ(r, s) = 0 for
each r ∈ R≥0. We use “ODE” to mean “ordinary differential equation”.

2.1 Problem Formulation

We consider a group of agents jointly solving an optimization problem that may be
nonconvex. Suppose there are N agents that will each execute computations locally
and then share the results of those computations with other agents. For scalability,
only a single agent will update each decision variable. In many practical settings,
we expect bandwidth to be limited and/or agents to have limited onboard power
available, which means communications should not be constant.

Under these conditions, we consider minimization problems of the following form:

Problem 1 Given an objective function L : Rn → R,

minimize L(x), x ∈ Rn

while requiring that (i) only one agent updates any entry of the decision variable x,
and (ii) agents require only sporadic information sharing from others.

We first assume the following about the objective function L.

Assumption 1 The function L is twice continuously differentiable and K-smooth
(namely, ∇L is K-Lipschitz). △

Rather than requiring that L be convex, we will instead consider a class functions
that includes some nonconvex problems. In particular, we are interested in problems
that satisfy the Polyak- Lojasiewicz (PL) inequality [19].

Assumption 2 The set of stationary points of L, defined as X ∗ = {x ∈ Rn :
∇L(x) = 0}, is non-empty, and the function L satisfies the Polyak- Lojasiewicz (PL)
inequality. Namely, there exists some constant β > 0 such that

1
2

∣∣∇L(x)
∣∣2 ≥ β

(
L(x) − L(x∗)

)
for all x ∈ Rn and all x∗ ∈ X ∗. △

If a function satisfies the PL inequality with constant β, we say that the function
is β-PL. One useful property resulting from Assumption 2 is that all stationary points
of L are global minima.

Lemma 1 Let Assumption 2 hold. Then every local minimizer of L is a global min-
imizer.

Proof: See Section 2.2 of [19]. ⊓⊔
We define

L∗ := L(x∗) (1)
as the global minimum value of L, and, under Assumption 2 it is attained at ev-
ery x∗ ∈ X ∗. Assumptions 1 and 2 ensure that even nonconvex problems still retain
some geometric structure that allows for convergence analysis. In particular, the
combination of these two assumptions provides both an upper and lower bound on
a function’s gradient, which will be useful in the forthcoming analysis.
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Lemma 2 For a function L that satisfies Assumptions 1 and 2, for all x ∈ Rn

and x∗ ∈ X ∗ we have 2β (L(x) − L∗) ≤
∣∣∇L(x)

∣∣2 ≤ K2
∣∣x − x∗

∣∣2, where L∗ is
from (1), K is the Lipschitz constant of ∇L from Assumption 1, and β is the PL-
constant of L from Assumption 2.

Proof: The left inequality follows directly from Assumption 2. The right inequality
follows by noting that ∇L(x∗) = 0 and that therefore

∣∣∇L(x)
∣∣ =

∣∣∇L(x)−∇L(x∗)
∣∣,

and then applying the Lipschitz property of L from Assumption 1. ⊓⊔
We refer the reader to [19] for a thorough discussion of the PL condition in

relation to other function properties. Among the strong convexity, essential strong
convexity, weak strong convexity, restricted secant inequality, error bound, PL, and
quadratic growth conditions, the authors of [19] establish that the PL and error
bound conditions are the most general under which linear convergence to minimizers
is achieved. In fact, given our Assumption 1, [19, Theorem 2] establishes that any
function satisfying the strong convexity, essential strong convexity, weak strong con-
vexity, restricted secant inequality, or error bound conditions also satisfies the PL
condition. Thus, we enforce the PL condition as an assumption because it unifies a
wide range of problems.

2.2 Mathematical Framework

We solve Problem 1 by developing a hybrid systems framework in which agents
optimize with decentralized gradient descent in continuous time and communicate
their iterates with each other in discrete time. Analogously to past research that has
developed distributed versions of the discrete-time gradient descent law, our update
law begins with the (centralized) first-order dynamical system

ẋ + ∇L(x) = 0. (2)

This is motivated by the use of gradient-based controllers in multi-agent systems,
e.g., in consensus [25], as well as the simplicity of distributing gradient-based updates
and the robustness to intermittency of communications that results from doing so [4].

We seek to distribute (2) across a team of agents in accordance with the par-
allelization requirement in Problem 1. We consider N agents indexed over i ∈ [N ]
and divide x ∈ Rn into N blocks. Then agent i is responsible for updating and com-
municating values of the i-th block, xi ∈ Rni , where ni ∈ N>0 and

∑
i∈[N ] ni = n.

Thus, the variable x may be written as the vertical concatenation of all agents’
blocks, i.e., x = col(x1, x2, . . . , xN ). Each agent performs gradient descent on their
own block but does not perform computations on any others.

Agents’ updates occur in continuous time while communications of these updates
occur in discrete time. These communication events are coordinated for all agents
using a shared timer τ . When this timer reaches zero, agents will broadcast their
current state xi to all other agents. The timer will then be reset to a value within a
specified interval [τmin, τmax]. Without loss of generality, we assume that communi-
cations are received at the same time as they are sent (allowing for communication
delays requires only adding the length of delay onto the time between communica-
tions). When τ = 0, state values are communicated by agent i for all i ∈ [N ] and
received by agent ℓ for all ℓ ∈ [N ], and then these communicated values are gathered
by agent ℓ into a vector ηℓ ∈ Rn, with the received value of xi being assigned to ηℓ

i .
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Note that for two agents i and ℓ, the entries ηi
k and ηℓ

k for some k ∈ [N ] may not
be equal at initialization. They will be equal, however, after at least one commu-
nication event and will remain equal for the rest of the run of the algorithm. We
consider the possibility of non-equal initial conditions for two reasons. First, it may
be difficult to enforce equality of agents’ initial conditions among many autonomous
decision-makers that lack a central coordinator. For example, agents in a large de-
centralized network may choose their own initial conditions without coordinating
with neighboring agents. Second, analysis of non-equal initial conditions allows us to
establish global convergence results, where “global” indicates that convergence oc-
curs regardless of the initial conditions. Globality allows our convergence results to
apply to many more scenarios, such as those in which agents inadvertently have small
disagreements about initial conditions. It also enables us to show that the hybrid
system model we develop is robust to errors in the timing of agents’ communications
and computations by employing robust asymptotic stability tools for hybrid systems
(see Section 5).

The value of ηi is used in agent i’s continuous-time computations in an update-
and-hold manner between communications. Formally, agent i executes

ẋi = −∇iL(ηi), (3)

where the gradient of the function L with respect to the ith block and evaluated
at some vector x is written as ∇iL(x) = ∂

∂xi
L(x). This sample-and-hold method is

common in the literature [26, 27] and is used to demonstrate the feasibility of the
hybrid approach in multi-agent optimization. The complete algorithm is summarized
in Algorithm 1.

Algorithm 1: Distributed Gradient Descent
1 Initialization: set ηi ∈ Rn, xi = ηi

i ∈ Rni , and τ ∈ [0, τmax], for all i ∈ [N ];
2 for i ∈ {1, . . . , N} do
3 while τ ≥ 0 do
4 ẋi = −∇iL(ηi);
5 τ̇ = −1;
6 if τ = 0 then
7 communicate xi to all other agents: reset ηℓ

i to xi for all ℓ ∈ [N ];
8 reset τ to a value in [τmin, τmax];
9 end

10 end
11 end

The ODE in line 4 does not need to be solved in closed form, in the sense of
finding a function of time t → xi(t) that obeys the ODE at all times. To implement
line 4, for all i ∈ [N ], the ith agent only needs to allow xi to flow along the direc-
tion −∇iL(ηi) until the τ = 0 condition is satisfied in line 6. Line 7 requires agent i
to “communicate xi to all other agents” and this step only requires agent i to com-
municate its value of xi when the τ = 0 condition is reached. Agent i does not need
to communicate the time history of xi, nor does it even need to store it. The next
section develops the hybrid system model that will be used to analyze Algorithm 1.
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3 Hybrid System Model

In this section, we define a hybrid system model that encompasses all agents’ current
states and their most recently communicated state values. Towards defining this
“combined hybrid system”, we first formally state what constitutes a hybrid system,
then we define the timer that governs communications. This timer allows us to
define the hybrid subsystems that are distributed across the agents. Building on
that definition, we then present a definition of the combined hybrid system that will
be the focus of our analysis, and we verify that this model meets the “hybrid basic
conditions,” which are defined below. Finally, we show the existence of solutions and
conclude that all maximal solutions are complete.

3.1 Hybrid System Definitions

For the purposes of this paper, a hybrid system H has data (C, f, D, G) that takes
the general form

H =

{
ẋ = f(x) x ∈ C

x+ ∈ G(x) x ∈ D
, (4)

where x ∈ Rn is the system’s state, f defines the flow map and continuous dynamics
for which C is the flow set, and G is the set-valued jump map which captures the
system’s discrete behavior for the jump set D. Here (and below) we use the standard
notational convention in which x+ denotes the value of the state x after it undergoes
a jump. The meaning of (4) is that the state x evolves according to the ODE ẋ =
f(x), which defines the flow dynamics whenever x ∈ C, and the state x undergoes
a jump whenever x ∈ D, which occurs instantaneously, leading to the difference
inclusion x+ ∈ G(x). Note that while f is a single-valued map, G is a set-valued
map, meaning that at jumps, x can take any value in G(x).

More information on this definition and hybrid systems can be found in [15].

Definition 1 (Hybrid Basic Conditions, [15]) A hybrid system H = (C, f, D, G)
with data given by (4) satisfies the hybrid basic conditions if

– C and D are closed subsets of Rn;
– f is defined on C and is a continuous function from C to Rn;
– G : Rn ⇒ Rn is outer semicontinuous and locally bounded relative to D, and D ⊂

dom G.

If a hybrid system meets the hybrid basic conditions, then we say that the system
is well-posed (Theorem 6.30, [15]). Well-posedness is desirable because it lets us es-
tablish the robustness of a hybrid system to perturbations, which we do in Section 5.

The following elementary example illustrates the formulation of a hybrid model.

Example 1 (From [12]) Consider the linear time-invariant system

ż = Az + Bu (5)
y = Mz,
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where z ∈ Rn is the state, y ∈ Rq is the output, and u ∈ Rp is the input. The
input u : [0, ∞) → Rp is measurable and locally bounded, and A ∈ Rn×n, B ∈ Rm×n,
and M ∈ Rq×n are constant matrices. Consider the problem of designing an estimator
for z that operates when only sporadic measurements of the output y are available;
see [12]. Mathematically, the estimator only has access to outputs y(tk) for k ∈ N>0
for some collection of points in time {tk}k∈N>0 .

We assume that the sequence {tk}k∈N>0 is strictly increasing and unbounded.
We also assume that there are two constants 0 < T1 ≤ T2 such that

0 ≤ t1 ≤ T2 (6)
T1 ≤ tk+1 − tk ≤ T2 for all k ∈ N>0.

The value of T1 is the minimum amount of time that elapses between tk and tk+1 for
any k ∈ N>0, and the value of T2 is the corresponding maximum amount of time.

The state estimator generates an estimate ẑ ∈ Rn. Given a solution t → z(t)
to (5) obtained with input t → u(t) and resulting in the output t → y(t), measure-
ments y(tk) occur at discrete time instances {tk}k∈N>0 , and the state estimate ẑ
evolves in continuous time between measurements in order to mirror the continuous-
time dynamics of (5). An estimate of t → z(t) is given by t → ẑ(t) satisfying

˙̂z(t) = Aẑ(t) + Bu(t) for all t ̸= tk, k ∈ N>0

ẑ(t+) = ẑ(t) + L(y(t) − Mẑ(t)) for all t = tk, k ∈ N>0,

where L ∈ Rn×n and ẑ(t+) is the right limit of t → ẑ(t) at t = tk. When t ̸= tk,
the state estimate flows in continuous time according to the system dynamics in (5).
When t = tk, the state estimate jumps instantaneously from the value z(tk) to the
value z(t+

k ), which is a correction term that accounts for any differences between
the measured output y(tk) and the predited output Mẑ(tk). As is common in state
estimation problems, we examine the estimation error t → ω(t) = z(t) − ẑ(t), where

ω̇(t) = Aω(t) for all t ̸= tk, k ∈ N>0

ω(t+) = (I − LM)ω(t) for all t = tk, k ∈ N>0.

We can formulate the ω dynamics as a hybrid system. The measurement of
outputs is driven by the sequence {tk}k∈N>0 , and we reformulate it to be state-
driven to capture all possible sequences satisfying (6). We introduce a new state τ
for this purpose, and τ evolves as follows. Between jumps, the value of τ counts down
with unit rate. When τ = 0, a jump is triggered and τ is reset to a value in [T1, T2]
before it starts counting down again. The joint dynamics of ω and τ can be written
as the hybrid system Hω with dynamics

Hω


ω̇ = Aω

τ̇ = −1

}
(ω, τ) ∈ C

ω+ = (I − LM)ω
τ+ ∈ [T1, T2]

}
(ω, τ) ∈ D

,

where the flow set C and jump set D are defined as

C = {(ω, τ) ∈ Rn × R≥0 : τ ∈ [0, T2]}
D = {(ω, τ) ∈ Rn × R≥0 : τ = 0}.



10 K. Hendrickson, D.M. Hustig-Schultz, M.T. Hale, and R.G. Sanfelice

The sets C and D are not disjoint in this model and, in particular, both C and D
contain points of the form (ω, 0). This property conveys the fact that the timer τ
counts down from a positive number until it reaches zero exactly and only then is a
jump triggered.

A complete hybrid model requires the definition of a flow map f over C and a
jump map G over D. We define a new state vector x := (ωT , τ)T . Then the flow and
jump maps are

f(x) :=
(

Aω
−1

)
for all x ∈ C

and
G(x) :=

(
(I − LM)ω

[T1, T2]

)
for all x ∈ D,

respectively.
The dynamics of the estimator are entirely encapsulated in the hybrid model Hω =

(C, f, D, G), and the formulation of this hybrid model enables the use of a large col-
lection of theoretical tools for its analysis [15, 31]. ♢

Hybrid systems are often analyzed for similar properties as non-hybrid systems,
such as asymptotic stability. They can also exhibit several types of undesirable be-
havior. For example, hybrid systems can exhibit the Zeno phenomenon in which
they undergo an infinite number of jumps in finite time. They can also exhibit finite
escape time in which some states go to infinity in finite ordinary (flow) time. Both
Zeno behavior and finite escape time cause solutions to have bounded domains. In
Sections 3.2 through 3.4 we formally define the hybrid system model of Algorithm 1,
and we show in Section 3.5 that it exhibits neither Zeno behavior nor finite escape
time. Then in Section 4 we prove that the states of the hybrid model asymptotically
converge to a minimizer, and we derive a convergence rate.

3.2 Mechanism Governing the Communication Events

We seek to account for intermittent communication events that occur only at some
time instances tj , for j ∈ N>0, that are not known a priori. We assume that the
sequence {tj}∞

j=1 is strictly increasing and unbounded. Between consecutive time
events, some amount of time elapses which we upper and lower bound with positive
scalars τmin and τmax:

0 < τmin ≤ tj+1 − tj ≤ τmax for all j ∈ N>0. (7)

The upper bound τmax prevents infinitely long communication delays and ensures
convergence, while the lower bound τmin rules out Zeno behavior.

To generate communication events at times tj satisfying (7), let τ be the timer
that governs when agents exchange data, where τ is defined by

τ̇ = −1 τ ∈ [0, τmax], (8)
τ+ ∈ [τmin, τmax] τ = 0, (9)

for τmin, τmax ∈ R>0, where (8) specifies the flow behavior of τ and (9) specifies the
jump behavior of τ . In words, the timer τ flows with τ̇ = −1 until it reaches τ = 0.
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At that point, it stops flowing and a jump is triggered, which resets τ to a value
within [τmin, τmax], and this new value is denoted by τ+. Since τ+ ≥ τmin > 0,
the timer τ resumes flowing and this process repeats indefinitely. There is inde-
terminacy built into the timer in that the reset map is only confined to a compact
interval, [τmin, τmax], where τmin and τmax are both positive real numbers.

3.3 Hybrid Subsystems

Recall that for all i ∈ [N ] agent i stores their own state variable xi ∈ Rni . Com-
munications received from all other agents are stored in ηi ∈ Rn, including agent i’s
state at the most recent communication event. We define the state of agent i’s hy-
brid system as ξi = (xi, ηi, τ), where xi is the state of agent i’s block of the decision
variable x (the one it is responsible for updating), ηi is the vector of state values
communicated to agent i at communication events, and τ is defined as in (8) and (9).
Applying the dynamics given in (3), this setup leads to the hybrid subsystem

ξ̇i =

−∇iL(ηi)
0n

−1

 ξi ∈ Rni × Rn × [0, τmax]

ξi+ ∈

 xi

x
[τmin, τmax]

 ξi ∈ Rni × Rn × {0}.

The flow and jump sets for ξi have non-empty intersection because they incorpo-
rate the τ dynamics from (8) and (9) above. This property ensures that the timer τ
decreases all the way to 0 before it resets. Subsystem i has η̇i = 0 for all i ∈ [N ] to
model agents’ sample-and-hold strategy. Agent i updates only the value of xi using
the memorized values in ηi, which is why it has ẋi = −∇iL(ηi) during flows. Agent i
does not update xj for any j ̸= i, and the value of xj that agent i has access to only
changes when agent j communicates it to agent i. The value of xj onboard agent i
is denoted ηi

j , and agent i has the dynamics η̇i
j = 0 to model the fact that agent i

does not change this value. Agent i does receive the value of xj during jumps, which
is modeled by having ηi+ = x in the jump map. Agent i has η̇i

i = 0 because its
computations are modeled by the dynamics of the state xi, and we attain a simpler
hybrid model by separating states that change during communications from those
that change during computations.

3.4 Combined Hybrid System

We are now ready to form the combined hybrid system for analysis. First, we combine
all ηi values into a single variable η := col(η1, η2, . . . , ηN ), which is in RnN . We define
the state of the combined hybrid system as ξ = (x, η, τ) ∈ X , where X := Rn ×
RnN × T and T := [0, τmax]. To simplify notation, let the functions hi : Rn → Rni

be given by hi(ηi) = ∇iL(ηi) for all i ∈ [N ]. We collect these together into the
function h : RnN → Rn, given by

h(η) := col
(
h1(η1), . . . , hN (ηN )

)
. (10)
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This definition leads to the combined hybrid system H = (C, f, D, G) with

ξ̇ =

−h(η)
0nN

−1

 =: f(ξ) (11)

for every ξ ∈ C := X . Similar to the hybrid subsystems, when τ = 0, all agents
undergo a jump. When a jump occurs, x remains constant, ηi is mapped with ηi,+ =
x for all i ∈ [N ], and τ+ ∈ [τmin, τmax]. Formally, for each ξ ∈ D := {ξ ∈ X : τ = 0},
we define the jump map G as

ξ+ ∈

 x
col(x, . . . , x)
[τmin, τmax]

 =: G(ξ), dom G = Rn × RnN × R. (12)

The connections between (11)-(12) and Problem 1 are as follows. The block
coordinate descent law that we use only has agent i perform computations on xi

and (3) shows this for agent i. The first entry of f in (11) is −h(η), and this entry
replicates the dynamics in (3) for all i ∈ [N ]. This entry of f therefore encodes
that, for all i ∈ [N ], agent i updates the value of xi by moving it along a negative
gradient flow. Agent i stores a full copy of the decision variable x onboard itself in
the state ηi. Agent i does not update xj for any j ̸= i during its computations, and
agent i therefore has η̇i

j = 0 for all j ∈ [N ]\{i}. It also has η̇i
i = 0 because ηi only

stores values that have been communicated, and the value of xi is copied over to ηi
i

only when xi is communicated to other agents. These zero derivatives are encoded for
all agents in the second entry of f in (11), which is a zero vector of the appropriate
size. The third entry of f in (11) is equal to −1 to encode the fact that the timer τ
counts down with unit rate until it reaches zero.

The jump map G in (12) is triggered when τ = 0 is reached. The first entry
in G is x, which shows that jumps do not change the decision variables that agents
compute; the state x is simply set equal to its current value, which encodes no change.
The second entry in G encodes the fact that agents communicate by broadcasting
their states when τ = 0. Mathematically, for all i ∈ [N ], agent i sets ηi = x and this
step performs two distinct operations. First, it sets ηi

i = xi, where xi is the value
of agent i’s decision variables when τ = 0 was reached. This step ensures that this
value of xi will be used in agent i’s computations that will occur after the jump.
Second, this step sets ηi

j = xj for j ∈ [N ]\{i}, which models agent j communicating
to agent i the value of xj from the time at which τ = 0 was reached. These new
entries of ηi will also be used in agent i’s updates after the jump is completed. The
third entry in G simply resets the value of τ to some value in the interval [τmin, τmax],
and this reset deliberately allows for some non-determinism in the value that τ is
reset to.

This hybrid system models the information that drives all agents’ computations
and communications, and our forthcoming analyses will derive the properties of this
model, including convergence to minimizers.

3.5 Hybrid Basic Conditions

We now demonstrate that H meets the hybrid basic conditions and is well-posed.
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Lemma 3 Let L satisfy Assumption 1. Then the hybrid system given by H =
(C, f, D, G) and whose data is defined in (11) and (12) satisfies the hybrid basic
conditions from Definition 1 and is nominally well-posed as a result.

Proof: The sets C and D are closed subsets of Rn × RnN × R by definition. Due to
our assumption that ∇L is continuous, f is a continuous function from C to Rn ×
RnN × R. By construction, G is outer semicontinuous and locally bounded relative
to D. Finally, D ⊂ dom G because dom G = Rn × RnN × R from (12). ⊓⊔

3.6 Existence of Solutions

We denote solutions to H by ϕ, which we parameterize by (t, j) ∈ R≥0 × N, where t
denotes the ordinary (continuous) time, and j is a natural number that denotes the
jump (discrete) time. Here, j is the cumulative number of jumps the agents have
performed. Per Definition 2.3 in [15], dom ϕ ⊂ R≥0 × N is a hybrid time domain
if for all (T, J) ∈ dom ϕ, the set dom ϕ ∪ ([0, T ] × {0, 1, . . . , J}) can be written
as

⋃J−1
j=0 ([tj , tj+1], j) for some finite sequence of times 0 = t0 ≤ t1 ≤ · · · ≤ tJ . We

say that a solution ϕ is complete if dom ϕ is unbounded and we denote the set of all
maximal solutions to H as SH. A solution ϕ to H is called maximal if it cannot be
extended further. In addition to being well-posed, there exists a nontrivial solution
to H. Below, in Proposition 2, we will show that all maximal solutions are complete.
Toward doing so, we have the following lemma.

Lemma 4 (Completeness of Solutions) Let Assumption 1 hold and consider the
hybrid system H defined in (11) and (12). Let τmin and τmax be such that 0 < τmin ≤
τmax. Then there exists a nontrivial solution to H = (C, f, D, G) from every initial
point in C ∪ D. Additionally, every maximal solution ϕ to the hybrid system H is
non-Zeno and complete.

Proof: See Appendix A.1. ⊓⊔
The next section also analyzes the stability of H, and as a preliminary result we

have the following lemma on how system trajectories evolve during flow intervals.

Lemma 5 Consider the hybrid system H = (C, f, D, G) with data given in (11)
and (12). Pick a solution ϕ = (ϕx, ϕη, ϕτ ) to H. For each Ij := {t : (t, j) ∈ dom ϕ}
with nonempty interior and with tj+1 > tj such that [tj , tj+1] = Ij , we have

ϕηi (t, j) = ϕηi (tj , j) (13)

ϕxi (t, j) =

{
ϕηi

i
(tj , j) − (t − tj)∇iL

(
ϕηi (tj , j)

)
j ≥ 1

ϕxi (0, 0) − t∇iL
(
ϕηi (0, 0)

)
j = 0

(14)

for all t ∈ (tj , tj+1), where tj denotes the continuous time at which the most recent
jump j was performed.

Proof: Given t ∈ (tj , tj+1), the solution ϕ = (ϕx, ϕη, ϕτ ) has flowed some distance
given by (t − tj)ϕ̇, where ϕ̇ is constant due to the sample-and-hold methodology.
Applying our definition of f in (11) gives (13) and (14). ⊓⊔
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4 Stability Analysis

In this section, we define the convergence set A and propose a Lyapunov function in
Lemma 7. As an interim result, we show that if all agents initialize with the same
state values, then their total distance from A is monotonically decreasing for all
objective functions that satisfy Assumptions 1 and 2. Next, Proposition 2 expands
this interim result and bounds the distance from A for all hybrid time (t, j) where j ≥
1, regardless of agents’ initialization. Finally, Theorem 1 removes the condition j ≥ 1
and establishes global exponential stability.

4.1 Convergence Set

By Assumption 2, the set of minimizers X ∗ is non-empty and may contain more
than one element. Following from the properties of L, namely Assumption 2, the
algorithm has converged to a minimizer x∗ ∈ X ∗ of L if and only if it has reached
a stationary point, i.e., a point at which ∇L is zero. Given a complete solution ϕ =
(ϕx, ϕη, ϕτ ) to the hybrid system H, we seek to ensure that limt+j→∞ ∇L

(
ϕx(t, j)

)
=

0n and limt+j→∞ ∇L
(
ϕηi (t, j)

)
= 0n for all i ∈ [N ]. This is equivalent to a set

stability problem where the convergence set for the hybrid system H is given by

A := {ξ = (x, η, τ) ∈ X : ∇L(x) = 0n, ∇L(ηi) = 0n, τ ∈ [0, τmax], for all i ∈ [N ]}

= X ∗ ×
(

X ∗
)N

× [0, τmax]. (15)

Given a vector ξ = (x, η, τ) ∈ X , let x̂0 be the closest element of X ∗ to x, and let x̂i

be the closest element of X ∗ to ηi for each i ∈ [N ]. Formally, given ξ = (x, η, τ), the
points x̂0 and x̂i are defined as

x̂0 := arg min
x∗∈X ∗

∣∣x − x∗∣∣ and x̂i := arg min
x∗∈X ∗

∣∣ηi − x∗∣∣ for all i ∈ [N ].

Using these definitions, the squared distance from ξ to A is given by
∣∣ξ∣∣2

A :=
∣∣x −

x̂0
∣∣2 +

∑
i∈[N ]

∣∣ηi − x̂i
∣∣2.

For all ξ = (x, η, τ) ∈ A, the definition of A does not immediately imply
that x, η1, . . . , ηN all converge to the same point x∗ ∈ X ∗. However, when combined
with the dynamics of our hybrid system H, this convergence property is guaranteed.

Lemma 6 Consider the hybrid system H defined in (11) and (12). Let A be as
defined in (15). For each maximal solution ϕ to H, if ϕ(t, j) ∈ A for (t, j) ∈ dom ϕ
with t ≥ τmax, then ϕx(t, j) = ϕη1 (t, j) = · · · = ϕηN (t, j) ∈ X ∗.

Proof: Following the definition of A, the condition ϕ(t, j) ∈ A implies both that
∇L

(
ϕx(t, j)

)
= 0n and ∇L

(
ϕηi (t, j)

)
= 0n for all i. Note that because t ≥ τmax,

agents have performed at least one jump. Now, for the sake of contradiction, suppose
that ϕηi (t, j) ̸= ϕx(t, j) for at least one i ∈ [N ]. Then there exists at least one entry ℓ
of ϕx(t, j) such that ϕxℓ

(t, j) ̸= ϕηi
ℓ
(t, j). Because agents have performed at least one

jump, it holds that ϕηi
ℓ
(t, j) = ϕηℓ

ℓ
(t, j). Combining this equality with (13) and (14)

provides the relationship ϕxℓ
(t, j) = ϕηi

ℓ
(t, j) − (t − tj)∇ℓL

(
ϕηℓ (t, j)

)
. To satisfy

the condition ϕxℓ
(t, j) ̸= ϕηi

ℓ
(t, j), it is necessary that ∇ℓL

(
ϕηℓ (t, j)

)
̸= 0, which
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contradicts the hypothesis that ϕηℓ (t, j) ∈ X ∗. Then ϕηi (t, j) = ϕx(t, j) ∈ X ∗ for
all i ∈ [N ] and t ≥ τmax. ⊓⊔

4.2 Bounds on the Lyapunov Function

Central to proving our main result is a Lyapunov function that is bounded above
and below by K∞ comparison functions α1 and α2, given next.

Lemma 7 Let Assumptions 1 and 2 hold. Let V : X → R≥0 be a Lyapunov function
candidate for the hybrid system H = (C, f, D, G) defined in (11) and (12), given by

V (ξ) =
(
L(x) − L∗)

+
∑

i∈[N ]

(
L(ηi) − L∗)

,

for all ξ = (x, η, τ) ∈ X , where L is the objective function and L∗ is from (1).
Then, there exist α1, α2 ∈ K∞ such that α1(|ξ|A) ≤ V (ξ) ≤ α2(|ξ|A) for all ξ ∈
C ∪ D ∪ G(D). In particular, for all s ≥ 0, α1 and α2 are given by

α1(s) := β

2 s2 and α2(s) := K

2 s2.

Proof: See Appendix A.2. ⊓⊔

4.3 Global Exponential Stability

We first bound the distance to a minimizer of L over time for a class of initial
conditions in Proposition 1. This result is then expanded to include all possible
solutions and initial conditions in Proposition 2, which characterizes the convergence
of trajectories after the first jump. Then, Theorem 1 extends Proposition 2 to all
times. We first consider the case where agents all agree at initialization and ϕx(0, 0) =
ϕηi (0, 0) for all i ∈ [N ].

Proposition 1 Let Assumptions 1 and 2 hold and consider the hybrid system H
defined in (11) and (12). Let A be as defined in (15) and let τmin and τmax be such
that 0 < τmin ≤ τmax < 1

K , where K is the Lipschitz constant of ∇L from Assump-
tion 1. Consider a maximal solution ϕ to H such that ϕx(0, 0) = ϕηi (0, 0) for all i
in [N ]. Then, for all (t, j) ∈ dom ϕ, the following is satisfied:

∣∣ϕ(t, j)
∣∣
A ≤

√
K

β
exp

(
− β

N + 1(1 − Kτmax)t
)∣∣ϕ(0, 0)

∣∣
A,

where β is the PL constant of L from Assumption 2 and 1 − Kτmax > 0 from the
upper bound on τmax.

Proof: See Appendix A.2. ⊓⊔
Proposition 1 shows that solutions to H converge exponentially fast to a min-

imizer, and the exponent agrees (up to constants) with the convergence rate for
centralized continuous-time gradient descent on PL functions [40, Example 1]. It
also agrees with the convergence rate for discrete-time multi-agent minimization of
PL functions [41, Theorem 1] (again, up to constants).
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Regarding the coefficient in Proposition 1, the constant
√

K
β is tight in the sense

that the bound holds with equality at some times for some functions. For exam-
ple, consider L(x) = 1

2 ∥x∥2, which satisfies Assumption 1 with constant K = 1
and satisfies Assumption 2 with constant β = 1. For this choice of L, at hybrid
time (t, j) = (0, 0) the bound in Proposition 1 takes the form∣∣ϕ(0, 0)

∣∣
A ≤

∣∣ϕ(0, 0)
∣∣
A,

which shows that the constant
√

K
β cannot be made smaller.

The exponential term in Proposition 1 contains the constant − β
N+1 (1 − Kτmax),

which differs from the constant −β that appears in the convergence rate of central-
ized continuous-time gradient descent [39, Example 1]. If one used our methods to
analyze a centralized setup, then the state ξ would only need to contain η1 and there
would be no need for ξ to contain x nor any ηi for i ≥ 2 because there would be
no communications and no other agents to disagree with. Then one could use the
Lyapunov function V (ξ) = L(η1) − L(x∗), and re-tracing the steps of Proposition 1
with this choice of V would eliminate the factor of 1

N+1 . Then the constant in the
exponential term would take the form −β(1 − Kτmax), and the value of τmax could
be chosen arbitrarily small to drive this constant arbitrarily close to −β. Through
these changes, Proposition 1 comes arbitrarily close to recovering the convergence
rate for centralized continuous-time gradient descent with PL functions.

In practice, this preliminary result is useful when agreeing on initial values is easy
to implement. However, we wish to account for all possible initialization scenarios.
When agents disagree on initial conditions, their computations are not guaranteed
to decrease the distance to minimizers until after the first jump. The next result
establishes an exponential upper bound from each initial condition, including those
at which agents disagree, and it accounts for the possible increase in the distance
to the set of minimizers that can occur before the first jump. It results in a larger
bound than the one in Proposition 1, as the following result presents.

Proposition 2 (Exponential bound for j ≥ 1) Let Assumptions 1 and 2 hold
and consider the hybrid system H defined in (11) and (12). Let A be as defined
in (15) and choose τmin and τmax such that 0 < τmin ≤ τmax < 1

K , where K is the
Lipschitz constant of ∇L from Assumption 1. For each maximal solution ϕ and for
all (t, j) ∈ dom ϕ such that j ≥ 1, the following is satisfied:

∣∣ϕ(t, j)
∣∣
A ≤

√
2K(N +1)

β
exp

(
− β

N + 1(1 − Kτmax)t
)∣∣ϕ(0, 0)

∣∣
A,

where β is the PL constant of L from Assumption 2 and 1 − Kτmax > 0 from the
upper bound on τmax.

Proof: See Appendix A.2. ⊓⊔
Of course, for global exponential stability we must show the exponential conver-

gence to minimizers of all trajectories from all initial conditions for all times, not
only for j ≥ 1. Accordingly, the following theorem does so and gives our main result
on global exponential stability.
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Theorem 1 Let Assumptions 1 and 2 hold and consider the hybrid system H defined
in (11) and (12). Let A be as defined in (15) and choose τmin and τmax such that 0 <
τmin ≤ τmax < 1

K , where K is the Lipschitz constant of ∇L from Assumption 1.
Then, the set A is globally exponentially stable for H defined in (11)-(12), namely,
for each maximal solution ϕ to H, for all (t, j) ∈ dom ϕ, we have

∣∣ϕ(t, j)
∣∣
A ≤ max

{ √
2

exp(−ρτmax) ,

√
1 + 2K2τ2

max
exp(−ρτmax) ,

√
2K(N + 1)

β

}
exp(−ρt)

∣∣ϕ(0, 0)
∣∣,

where β is the PL constant of L from Assumption 2, we have 1 − Kτmax > 0 from
the upper bound on τmax, and ρ = β

N+1 (1 − Kτmax).

Proof: By Lemma 4 we know that any maximal solution ϕ is also complete. Consider
any t such that (t, 0) ∈ dom ϕ. We first seek to bound

∣∣ϕ(t, 0)
∣∣
A with some constant.

Define x̄0 := arg minx∗∈X ∗

∣∣ϕx(t, 0)−x∗
∣∣. Note that ϕηi (t, 0) = ϕηi (0, 0) for all i ∈ [N ]

and define x̂i := arg minx∗∈X ∗

∣∣ϕηi (t, 0) − x∗
∣∣ = arg minx∗∈X ∗

∣∣ϕηi (0, 0) − x∗
∣∣ for

all i ∈ [N ]. We begin by expanding
∣∣ϕ(t, 0)

∣∣2
A, where∣∣ϕ(t, 0)

∣∣2
A =

∣∣ϕx(t, 0) − x̄0∣∣2 +
∑

i∈[N ]

∣∣ϕηi (t, 0) − x̂i
∣∣2

. (16)

We now define x̂0 := arg minx∗∈X ∗

∣∣ϕx(0, 0) − x∗
∣∣. Note that by definition of x̄0,∣∣ϕx(t, 0) − x̄0

∣∣2 ≤
∣∣ϕx(t, 0) − x̂0

∣∣2. Along with ϕηi (t, 0) = ϕηi (0, 0) for all i ∈ [N ],
this allows us to rewrite (16) as∣∣ϕ(t, 0)

∣∣2
A ≤

∣∣ϕx(t, 0) − x̂0∣∣2 +
∑

i∈[N ]

∣∣ϕηi (0, 0) − x̂i
∣∣2

. (17)

We first upper bound
∣∣ϕxi (t, 0)− x̂0

i

∣∣2 by applying Lemma 5 and using
∣∣a− b

∣∣2 ≤
2
∣∣a∣∣2 + 2

∣∣b∣∣2, resulting in∣∣ϕxi (t, 0) − x̂0
i

∣∣2 =
∣∣ϕxi (0, 0) − t∇iL

(
ϕηi (0, 0)

)
− x̂0

i

∣∣2

≤ 2
∣∣ϕxi (0, 0) − x̂0

i

∣∣2 + 2t2∣∣∇iL
(
ϕηi (0, 0)

)
− ∇iL

(
x̂i

)∣∣2

≤ 2
∣∣ϕxi (0, 0) − x̂0

i

∣∣2 + 2K2τ2
max

∣∣ϕηi (0, 0) − x̂i
∣∣2

, (18)

where the first equality applies Lemma 5, the first inequality uses ∇L(x̂i) = 0, and
the final inequality applies Lemma 8. Summing over all i on both sides of (18) gives∣∣ϕx(t, 0) − x̂0∣∣2 ≤ 2

∣∣ϕx(0, 0) − x̂0∣∣2 + 2K2τ2
max

∑
i∈[N ]

∣∣ϕηi (0, 0) − x̂i
∣∣2

.

Applying this inequality to (17) gives∣∣ϕ(t, 0)
∣∣2
A ≤ 2

∣∣ϕx(0, 0) − x̂0∣∣2 +
(
1 + 2K2τ2

max
) ∑

i∈[N ]

∣∣ϕηi (0, 0) − x̂i
∣∣2

≤ max{2, 1 + 2K2τ2
max}

∣∣ϕ(0, 0)
∣∣2
A.

Taking the square root and combining with Proposition 2 gives the final result.
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5 Robustness to Timing Errors

In this section, we show that the hybrid system H is robust to a class of model errors,
in particular that it is robust to errors in the dynamics of the timer. By “robust” we
mean that there exists a maximum nonzero perturbation level such that all solutions
under such perturbations converge to a neighborhood of the set A, where the size
of the neighborhood depends on the size of the perturbation. Formally, we consider
perturbed timer dynamics of the form

τ̇p = −1 + κ, τ+
p ∈ [τmin + θmin, τmax + θmax], (19)

where τp denotes the perturbed timer, κ ∈ (−∞, 1) is a constant that models skew
on the timer dynamics, and the terms θmin ∈ R and θmax ∈ R are perturbations
to τmin and τmax, respectively, that satisfy

0 < τmin + θmin ≤ τmax + θmax. (20)

The full perturbation of the hybrid system model in (11)-(12) has state vector de-
noted ξp = (x, η, τp) whose flow dynamics are given by

ξ̇p =

 −h(η)
0nN

−1 + κ

 =: fp(ξp), ξp ∈ Cp := Rn × RnN × [0, τmax + θmax],

where h and η are from (11), and κ and θmax are from (19). Its jump dynamics are
given by

ξ+
p =

 x
col(x, . . . , x)[

τmin + θmin, τmax + θmax
]

 =: Gp(ξp), ξp ∈ Dp := {ξp ∈ Xp : τp = 0}.

We use
Hp := (Cp, fp, Dp, Gp) (21)

to denote the full hybrid system with the perturbed timer dynamics.
To enable the desired robustness result, we first require the following assumption.

Assumption 3 The set of optimizers X ∗ is compact.

Assumption 3 is required here so that agents’ computations do not converge to
a solution that is arbitrarily far away from their current iterates. It is known to
hold under mild conditions, such as the condition that the objective function L is
coercive [3, Proposition 2.1.1]. We have the following robustness result.

Theorem 2 Let Assumptions 1-3 hold. Then, for the hybrid system Hp from (21),
there exists a function β ∈ KL such that for every ϵ > 0 there exists ρ∗ ∈ (0, ∞)
such that if max

{
|κ|, |θmin|, |θmax|

}
≤ ρ∗, then each solution ϕp to Hp satisfies

|ϕp(t, j)|A ≤ β
(
|ϕp(0, 0)|A, t + j

)
+ ϵ

for all (t, j) ∈ dom ϕ, where A is given in (15).
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Proof: By Lemma 3, the nominal hybrid system H satisfies the hybrid basic condi-
tions. By Assumption 3 the set X ∗ is compact and thus the set A is compact. The
function x 7→ |x|A is a proper indicator for the set A viewed as a subset of Rn. That
is, we have both |x|A → ∞ as |x| → ∞ and |x|A = 0 if and only if x ∈ A. Theorem 1
provides a class-KL function β such that

|ϕ(t, j)|A ≤ β
(
|ϕ(0, 0)|A, t + j

)
for each solution ϕ to H and all (t, j) in the domain of ϕ.

The system Hp in (21) can be modeled as a ρ-perturbation of H in (11)-(12) —
see Section 2.3.5 of [31] and [31, Exercise 25]. The perturbed flow map is equal to the
nominal one plus (0, 0, κ). Then, given κ ∈ (−∞, 1), there exists ρa > 0 such that
fp(ξ) ⊂ f(ξ) + (0, 0, ρa)B for all ξ, where B denotes the closed Euclidean unit ball.
Given θmin and θmax satisfying (20) there exists ρb > 0 such that Cp ⊂ C + ρbB and
[τmin + θmin, τmax + θmax] ⊂ [τmin, τmax] + ρbB. The jump map Gp satisfies Gp(ξ) ⊂
G(ξ) + (0, 0, ρb)B for all ξ, and the jump set is simply Dp = D. The perturbed
quantities fp, Cp, Gp, and Dp satisfy Assumption 3.25 in [31] by inspection. Then
all conditions in [31, Theorem 3.26] hold with ρ := max{ρa, ρb}, and the theorem
follows. ⊓⊔

6 Numerical Validation

Three different applications are considered in this section: quadratic programs, lin-
ear neural networks (inspired by [7]), logistic regression, and the Rosenbrock prob-
lem [30]. In all cases, the HyEq Toolbox (Version 2.04) [32] was used for simulation.
Code for all simulations is available on GitHub1.

Application 1 (Quadratic Program) We consider N agents for the values N ∈
{5, 100, 500, 1000, 5000}. Each agent updates a scalar and they collaboratively mini-
mize a quadratic function of the form

L1(x) := 1
2x⊤Qx + b⊤x, (22)

where x ∈ RN , Q is an N × N symmetric, positive definite matrix, and b ∈ [1, 5]N .
For all experiments, τmax = 1

K+0.001 and τmin = 1
5 τmax.

The function L1 in (22) from Application 1 is strongly convex and smooth, hence
Assumptions 1 and 2 hold with parameters β = min λ(Q) and K = max λ(Q),
where λ(Q) denotes the set of eigenvalues of the matrix Q.

We consider β = 2 and K = 4 and initialize ϕx = ϕηi for all i ∈ [N ]. Matlab’s
Optimization Toolbox was used to find L∗

1, which is compared to L1(η), the objective
function evaluated at the shared value of η, throughout the experiment. As shown
in Figure 1, expanding the network size does not have a significant impact on con-
vergence. This demonstrates our algorithm’s scalability and convergence that holds
regardless of network size.

1 Figures 1, 3, and 4 are from simulations generated with code at http://github.com/
kathendrickson/DistrHybridGD. Figure 2 is from simulations generated with code at https:
//github.com/corelabgt/DistrHybridGDComparison.

http://github.com/kathendrickson/DistrHybridGD
http://github.com/kathendrickson/DistrHybridGD
https://github.com/corelabgt/DistrHybridGDComparison
https://github.com/corelabgt/DistrHybridGDComparison
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Fig. 1: Effect of network size on convergence for a strongly convex quadratic pro-
gram. This is a semi-log plot, so straight lines imply exponential convergence. The
horizontal axis is continuous time, and jumps are demonstrated by the sudden drops
as they occur in discrete time. We see that exponential convergence is attained for
all network sizes, demonstrating the scalability of our algorithm.

The preceding simulations compare problems of variable size because x ∈ RN

for N ∈ {5, 100, 500, 1000, 5000}. To assess scalability, we also compare problems of
the same size parallelized among different numbers of agents. We consider x ∈ R5000

and again consider N agents for N ∈ {5, 100, 500, 1000, 5000}, where each agent is
responsible for updating 5000/N decision variables. The problem setup and choices
of problem parameters are the same as in the preceding simulation runs, and the
results are shown in Figure 2. The curves for each run overlap almost entirely, and
there is negligible impact in changing the number of agents across which the problem
is partitioned, which further demonstrates that the convergence rate of our algorithm
scales well.

Fig. 2: Additional runs of Application 1 in which the problem size is fixed and the
number of agents is variable. Changes in the number of agents have a negligible
impact on the convergence rate, which further illustrates the scalability of our algo-
rithm.
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Application 2 (Logistic Regression) We consider N = 100 agents collabora-
tively minimizing a logistic regression cost function of the form

L3(x) := 1
5

5∑
i=1

log(1 + exp bia
⊤
i x),

where x ∈ RN , bi ∈ [0, 10], and ai ∈ {0, 1}N for i = 1, . . . , 5. The parameters τmax
and τmin take various values that are shown on the plots below.
While the logistic regression problem given by L3 is smooth (satisfying Assumption 1)
and convex, it is not strongly convex. However, according to [19, Section 2.3], L3
satisfies the PL condition, which is Assumption 2, over any compact set. We therefore
define the set

{
ξ = (x, η, τ) : |ξ|A ≤ |ϕ(0, 0)|A

}
, which is compact by construction,

and we know that L3 satisfies Assumption 1 over this set. Then, Theorem 1 implies
that system trajectories remain in this set for all time, and thus our convergence
reuslts apply to it.

A benchmark value for τmax is set to τmax = 1
K+0.001 . As shown in Figure 3a,

smaller values of τmax may result in slower convergence. While it may seem counter-
intuitive that larger bounds on delays may help convergence, this observation echoes
work in discrete-time optimization by two of the authors [17] that found it necessary
to balance between (i) delaying communications to allow agents to make progress
with their current state values and (ii) communicating more often to reduce dis-
agreements among agents. In this problem, the interpretation of this idea is that a
larger τmax allows agents’ computations to make progress toward a minimizer before
their next communication, which produces a net benefit to the overall convergence of
the algorithm. Next, various choices of τmin are compared. Results shown in Figure 3b
suggest that the choice of τmin does not significantly impact convergence.
Application 3 (Rosenbrock Problem [30]) Consider N = 2 agents minimizing
the Rosenbrock function given by

L4(x) := (1 − x1)2 + 100(x2 − x2
1)2,

where x = (x1, x2) ∈ R2. Here, the values τmax = 0.001 and τmin = 1
5 τmax were used.

The non-convex problem given by L4 is often used as a benchmark problem for
optimization algorithms as it is difficult to solve due to the problem’s geometry.
However, it satisfies Assumptions 1 and 2 in the region [−1, 1]2 and has a global
optimum at the point (1, 1) [5]. Figure 4 plots the distance of the shared value η from
the global optimum at (1, 1) throughout the simulation. While convergence is slower
than the previous examples and the bound on τmax is relatively small compared to
previous examples, exponential convergence is still achieved.

7 Conclusion

This paper presented a hybrid systems framework for analyzing continuous-time
multi-agent optimization with discrete-time communications. Using this framework,
we were able to establish that every maximal solution is complete, as well as the
global exponential convergence of a block coordinate descent law to a minimizer of
a smooth, possibly nonconvex, objective function that satisfies the PL inequality.
Finally, three applications were considered with simulation results demonstrating
the scalability and performance of our framework.
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(a) Effect of τmax on convergence demonstrat-
ing that larger values of τmax may help con-
vergence. The largest value of τmax, indicated
with the blue line, achieves the best perfor-
mance.
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(b) Effect of τmin on convergence demon-
strating the insignificant impact it appears
to have on convergence. In contrast to the
choice of τmax, for at least some problems,
the choice of τmin does not seem significant.
The plot here shows that both the smallest
(blue line) and largest (purple line) choices
for τmin have similar performance.

Fig. 3: Effects of τmax and τmin on convergence for the logistic regression problem in
Application 3.
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Fig. 4: Distance from the optimizer for the Rosenbrock problem, which decreases
exponentially.
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A Appendix

A.1 Section 3 Proofs

Proof of Lemma 4:
All gradients in (11) are well-defined under Assumption 1. Using Proposition 6.10 in [15]
with U = C, let ξ = (x, η, τ) ∈ C\D. Because C = Rn × RnN × T , we see that the tangent
cone to ξ ∈ C\D is

TC(ξ) =
{

(−∞, ∞)n × (−∞, ∞)nN × (−∞, ∞) τ ∈ (0, τmax)
(−∞, ∞)n × (−∞, ∞)nN × (−∞, 0] τ = τmax

.
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Then f(ξ) ⊂ TC(ξ). Because G(D) ⊂ C, case (c) in Proposition 6.10 does not apply. We avoid
case (b) of Proposition 6.10 by showing that there is no finite escape time for any solution. To
that end, consider a maximal solution ϕ. Then ϕx(0, 0) and ϕηi (0, 0) denote the initial values
of ϕx and ϕηi for all i ∈ [N ], respectively. Denote the time at which agents perform their first
jump as (t1, 0). First, consider ϕ(0, 0) ∈ C. Then ϕ(t1, 0) = ϕ(0, 0) + t1f

(
ϕ(0, 0)

)
, where f is

from (11). At the first jump, ϕxi remains the same for all i ∈ [N ] (i.e., we have ϕx(t1, 1) =
ϕx(t1, 0)), we set ϕηi = col(ϕx1 , . . . , ϕxN ) for all i ∈ [N ], and ϕτ is reset to [τmin, τmax],
all of which imply that |ϕ(t1, 1)| < ∞. A similar argument proves the boundedness of ϕ(t1, 1)
when ϕ(0, 0) ∈ D. Iterating this argument forward in time, we see that the flow map is piecewise
constant over flow intervals and the jump map simply copies certain entries of ϕx into ϕη in the
appropriate way, while ϕτ is always reset to a compact interval. Thus, repeating the preceding
argument proves the finiteness of solutions across flow intervals and at jump times, which rules
out finite escape time. Therefore, dom ϕ is unbounded and case (b) of Proposition 6.10 in [15]
does not apply, which means that case (a) of that result must hold, namely, any maximal
solution ϕ is complete. Finally, Zeno behavior is ruled out by noting that τmin > 0.

A.2 Section 4 Proofs

Towards proving Lemma 7, we first state and prove several intermediate results. We note that
given Assumption 1, the function ∇iL is also Lipschitz, where ∇iL := ∂

∂xi
L is the derivative

of L with respect to the ith block of x.

Lemma 8 Let ∇L be K-Lipschitz. Then ∇iL is also K-Lipschitz for all i ∈ [N ], i.e., the
inequality

∣∣∇iL(x) − ∇iL(y)
∣∣ ≤ K

∣∣x − y
∣∣ holds for all x, y ∈ Rn.

Proof: From the definition of K-Lipschitz, we may write
∣∣∇L(x) − ∇L(y)

∣∣ ≤ K
∣∣x − y

∣∣ for
all x, y ∈ Rn. Noting that

∣∣∇iL(x) − ∇iL(y)
∣∣ ≤

∣∣∇L(x) − ∇L(y)
∣∣ gives the desired result. ⊓⊔

Furthermore, based on Proposition A.32 in [4], the smoothness of L allows us to apply the
Descent Lemma given in Lemma 9.

Lemma 9 (Descent Lemma, Proposition A.32 in [4]) Let L : Rn → R be continuously
differentiable and have the Lipschitz property

∣∣∇L(x)−∇L(y)
∣∣ ≤ K

∣∣x−y
∣∣ for every x, y ∈ Rn.

Then for all x, y in Rn,

L(y) ≤ L(x) + ∇L(x)⊤(y − x) +
K

2

∣∣y − x
∣∣2

. (23)

Proof of Lemma 7:
By construction, V (ξ) is zero only for ξ ∈ A and is positive otherwise. By Assumption 2, for
any x∗ ∈ X ∗, we have L(x∗) = L∗. For a fixed ξ = (x, η, τ), we define

x̂0 := arg min
x∗∈X ∗

∣∣x − x∗
∣∣ and x̂i := arg min

x∗∈X ∗

∣∣ηi − x∗
∣∣ for all i ∈ [N ].

Then V (ξ) is equivalent to V (ξ) =
(

L(x) − L(x̂0)
)

+
∑

i∈[N ]

(
L(ηi) − L(x̂i)

)
. Because ∇L

is K-Lipschitz, Lemma 9 implies that L(x) − L(x̂0) ≤ K
2

∣∣x − x̂0
∣∣2

for all x ∈ Rn. For the same
reason, we have L(ηi) − L(x̂i) ≤ K

2

∣∣ηi − x̂i
∣∣ for all ηi ∈ Rn. Thus, V (ξ) may be bounded as

V (ξ) ≤
K

2

(∣∣x − x̂0
∣∣2

+
∑

i∈[N ]

∣∣ηi − x̂i
∣∣2

)
=

K

2

∣∣ξ∣∣2
A

.

Therefore, we set α2(s) = K
2 s2 ∈ K∞ for all s ≥ 0.

Because L is β-PL and has a Lipschitz gradient, it also satisfies the quadratic growth
condition (QG) with constant β (see Theorem 2 in [19]). In particular, given any x ∈ Rn, we
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have L(x) − L∗ ≥ β
2 minx∗∈X ∗

∣∣x − x∗
∣∣2

. Thus, using the definitions of x̂0 and x̂i above, we

can write L(x) − L∗ ≥ β
2

∣∣x − x̂0
∣∣2

and L(ηi) − L∗ ≥ β
2

∣∣ηi − x̂i
∣∣2

for all i ∈ [N ]. This leads to

V (ξ) ≥
β

2

(∣∣x − x̂0
∣∣2

+
∑

i∈[N ]

∣∣ηi − x̂i
∣∣2

)
=

β

2

∣∣ξ∣∣2
A

.

Setting α1(s) = β
2 s2 ∈ K∞ for all s ≥ 0 completes the proof. ⊓⊔

Proof of Proposition 1:
We first consider ξ ∈ C and the Lyapunov function V defined in Lemma 7, where

∇V (ξ) =

[
∇L(x)

col
(

∇L(η1), . . . , ∇L(ηN )
)

0

]
.

This leads to〈
∇V (ξ), f(ξ)

〉
= −∇L(x)⊤h(η) = −

∑
i∈[N ]

∇iL(x)⊤∇iL(ηi) for all ξ ∈ C, (24)

where h is from (10). By Lemma 4, we know that every maximal solution is complete, and we
now pick a maximal solution ϕ initialized such that ϕx(0, 0) = ϕηi (0, 0) for all i ∈ [N ].
For each Ij := {t : (t, j) ∈ dom ϕ} with nonempty interior and with tj+1 > tj such
that [tj , tj+1] = Ij , the initialization of ϕ leads to a common value of ηi across all agents
for all time, i.e., ϕηi (t, j) = ϕηℓ (t, j) for all pairs of agents i and ℓ and all times (t, j). For
simplicity, we denote this shared value with η̄. This allows us to rewrite (24) as〈

∇V
(

ϕ(t, j)
)

, f
(

ϕ(t, j)
)〉

= −
∑

i∈[N ]

∇iL
(

ϕx(t, j)
)⊤

∇iL
(

ϕη̄(t, j)
)

= −∇L
(

ϕx(t, j)
)⊤

∇L
(

ϕη̄(t, j)
)

. (25)

We now apply Lemma 9 with x = ϕx(t, j) and y = ϕη̄(t, j), giving

L
(

ϕη̄(t, j)
)

≤ L
(

ϕx(t, j)
)

+ ∇L
(

ϕx(t, j)
)⊤(

ϕη̄(t, j) − ϕx(t, j)
)

+
K

2

∣∣ϕη̄(t, j) − ϕx(t, j)
∣∣2

= L
(

ϕx(t, j)
)

+
∑

i∈[N ]

∇iL
(

ϕx(t, j)
)⊤(

ϕη̄i (t, j) − ϕxi (t, j)
)

+
K

2

∑
i∈[N ]

∣∣ϕη̄i (t, j) − ϕxi (t, j)
∣∣2

.

Applying the relationships (13) and (14) from Lemma 5, we find

L
(

ϕη̄(t, j)
)

≤ L
(

ϕx(t, j)
)

+
K

2

∑
i∈[N ]

∣∣ϕη̄i (tj , j) − ϕη̄i (tj , j) + (t − tj)∇iL
(

ϕη̄(tj , j)
∣∣2

+
∑

i∈[N ]

∇iL
(

ϕx(t, j)
)⊤

(
ϕη̄i (tj , j) − ϕη̄i (tj , j) + (t − tj)∇iL

(
ϕη̄(tj , j)

))
= L

(
ϕx(t, j)

)
+ (t − tj)∇L

(
ϕx(t, j)

)⊤
∇L

(
ϕη̄(t, j)

)
+

K

2
(t − tj)2

∣∣∇L
(

ϕη̄(t, j)
)∣∣2

.

Rearranging gives

− (t − tj)∇L
(

ϕx(t, j)
)⊤

∇L
(

ϕη̄(t, j)
)

≤(
L

(
ϕx(t, j)

)
− L

(
ϕη̄(t, j)

))
+

K

2
(t − tj)2

∣∣∇L
(

ϕη̄(t, j)
)∣∣2

. (26)
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We now apply (23) from Lemma 9 once more, using x = ϕη̄(t, j) and y = ϕx(t, j) to write

L
(

ϕx(t, j)
)

− L
(

ϕη̄(t, j)
)

≤ ∇L
(

ϕη̄(t, j)
)⊤(

ϕx(t, j) − ϕη̄(t, j)
)

+
K

2

∣∣ϕx(t, j) − ϕη̄(t, j)
∣∣2

=
∑

i∈[N ]

∇iL
(

ϕη̄(t, j)
)⊤(

ϕxi (t, j) − ϕη̄i (t, j)
)

+
K

2

∑
i∈[N ]

∣∣ϕxi (t, j) − ϕη̄i (t, j)
∣∣2

= −(t − tj)
∑

i∈[N ]

∇iL
(

ϕη̄(t, j)
)⊤

∇iL
(

ϕη̄(t, j)
)

+
K

2
(t − tj)2

∣∣∇L
(

ϕη̄(t, j)
)∣∣2

= −(t − tj)
∣∣∇L

(
ϕη̄(t, j)

)∣∣2
+

K

2
(t − tj)2

∣∣∇L
(

ϕη̄(t, j)
)∣∣2

, (27)

where the second equality applies Lemma 5. Applying the last inequality to (26) and grouping
terms, we find

−(t − tj)∇L
(

ϕx(t, j)
)⊤

∇L
(

ϕη̄(t, j)
)

≤ −(t − tj)(1 − Kτmax)
∣∣∇L

(
ϕη̄(t, j)

)∣∣2
.

Dividing by t − tj , which is positive by definition, gives

−∇L
(

ϕx(t, j)
)⊤

∇L
(

ϕη̄(t, j)
)

≤ −(1 − Kτmax)
∣∣∇L

(
ϕη̄(t, j)

)∣∣2
, (28)

where the right hand side is negative for 1 − Kτmax > 0, which is satisfied for τmax < 1
K

.
Furthermore, the right hand side of (28) will be zero only when an optimum of L has been
reached, namely at a point at which ∇L is zero. Finally, applying the β-PL condition from
Assumption 2 allows us to write

−∇L
(

ϕx(t, j)
)⊤

∇L
(

ϕη̄(t, j)
)

≤ −2β(1 − Kτmax)
(

L
(

ϕη̄(t, j)
)

− L∗
)

. (29)

Looking once more at (27), we note that

L
(

ϕx(t, j)
)

− L
(

ϕη̄(t, j)
)

≤ −(t − tj)
(

1 −
K

2
(t − tj)

)∣∣∇L
(

ϕη̄(t, j)
)∣∣2

≤ −τmin

(
1 −

K

2
τmax

)∣∣∇L
(

ϕη̄(t, j)
)∣∣2

, (30)

where the right hand side is negative since τmax < 1
K

. Thus, L
(

ϕx(t, j)
)

≤ L
(

ϕη̄(t, j)
)

and

V
(

ϕ(t, j)
)

=
(

L
(

ϕx(t, j)
)

− L∗
)

+
∑

i∈[N ]

(
L

(
ϕηi (t, j)

)
− L∗

)
≤ (N + 1)

(
L

(
ϕη̄(t, j)

)
− L∗

)
.

Combining this inequality with (29), we have

−∇L
(

ϕx(t, j)
)⊤

∇L
(

ϕη̄(t, j)
)

≤ −
2

N + 1
β(1 − Kτmax)V

(
ϕ(t, j)

)
.

Combined with (25), we conclude that

⟨V (ϕ(t, j)), f(ϕ(t, j))⟩ ≤ −
2

N + 1
β(1 − Kτmax)V

(
ϕ(t, j)

)
≤ 0. (31)

Next consider the change of V at jumps. For a maximal solution ϕ such that ϕx(0, 0) =
ϕηi (0, 0) for all i ∈ [N ], we may write the change at jump j + 1 as

V
(

G(ϕ(tj+1, j)
))

−V
(

ϕ(tj+1, j)
)

=
(

L
(

ϕx(tj+1, j+1)
)

−L∗
)

+N

(
L

(
ϕη̄(tj+1, j+1)

)
− L∗

)
−

(
L

(
ϕx(tj+1, j)

)
− L∗

)
− N

(
L

(
ϕη̄(tj+1, j)

)
− L∗

)
= N

(
L

(
ϕη̄(tj+1, j + 1)

)
− L

(
ϕη̄(tj+1, j)

))
= N

(
L

(
ϕx(tj+1, j)

)
− L

(
ϕη̄(tj+1, j)

))
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for all (tj+1, j), (tj+1, j + 1) ∈ dom ϕ. For this quantity to be nonpositive, it is sufficient
to show that L

(
ϕx(tj+1, j)

)
≤ L

(
ϕη̄(tj+1, j)

)
. This inequality follows directly from (30) by

setting t = tj+1, where

L
(

ϕx(tj+1, j)
)

− L
(

ϕη̄(tj+1, j)
)

≤ −τmin

(
1 −

K

2
τmax

)∣∣∇L
(

ϕη̄(tj+1, j)
)∣∣2

.

For τmax < 1
K

, the term 1 − K
2 τmax is positive. Then L

(
ϕx(tj+1, j)

)
≤ L

(
ϕη̄(tj+1, j)

)
and

V
(

G(ϕ(tj+1, j)
))

− V
(

ϕ(tj+1, j)
)

≤ 0. (32)

Following the work done in [6] and [15], we are able to perform direct integration in order
to upper bound V

(
ϕ(t, j)

)
in terms of V

(
ϕ(0, 0)

)
using (31) and (32) as bounds. Thus,

V
(

ϕ(t, j)
)

≤ exp
(

−
2

N + 1
β(1 − Kτmax)t

)
V

(
ϕ(0, 0)

)
.

Using the comparison functions given in Lemma 7, we find a bound for
∣∣ϕ(t, j)

∣∣2
via∣∣ϕ(t, j)

∣∣2
A

≤
2
β

exp
(

−
2

N + 1
β(1 − Kτmax)t

)
V

(
ϕ(0, 0)

)
≤

K

β
exp

(
−

2
N + 1

β(1 − Kτmax)t
)∣∣ϕ(0, 0)

∣∣2
A

,

where taking the square root gives the final bound. ⊓⊔
Proof of Proposition 2:
Two initialization scenarios must be considered: ϕx(0, 0) = ϕηi (0, 0) for all i ∈ [N ] and
ϕx(0, 0) ̸= ϕηi (0, 0) for at least one i ∈ [N ]. For the first case, ϕx(0, 0) = ϕηi (0, 0) for
all i ∈ [N ], Proposition 1 applies in its original form. This is the best-case scenario that
results in the smallest upper bound on the distance to A.

Now consider the second case, when ϕx(0, 0) ̸= ϕηi (0, 0) for at least one i ∈ [N ]. After
agents have completed at least one jump, all assumptions of Proposition 1 hold. Denote the
time at which the first jump occurs as (t1, 1). Thus, for any maximal solution ϕ (which is
complete by Lemma 4), for any (t, j) ∈ dom ϕ such that j ≥ 1, the following holds:∣∣ϕ(t, j)

∣∣
A

≤

√
K

β
exp

(
−

β

N + 1
(1 − Kτmax)t

)∣∣ϕ(t1, 1)
∣∣
A

. (33)

We now seek to bound
∣∣ϕ(t1, 1)

∣∣
A

in terms of
∣∣ϕ(0, 0)

∣∣
A

. We first define the point x̄0 :=
arg minx∗∈X ∗

∣∣ϕx(t1, 1)−x∗
∣∣, and, for each i ∈ [N ], we define x̄i := arg minx∗∈X ∗

∣∣ϕηi (t1, 1)−

x∗
∣∣. We begin by expanding

∣∣ϕ(t1, 1)
∣∣2
A

to find∣∣ϕ(t1, 1)
∣∣2
A

=
∣∣ϕx(t1, 1) − x̄0

∣∣2
+

∑
i∈[N ]

∣∣ϕηi (t1, 1) − x̄i
∣∣2

. (34)

We now define x̂0 := arg minx∗∈X ∗
∣∣ϕx(0, 0) − x∗

∣∣. Note that by definition of x̄0 and x̄i, the
following inequalities hold:∣∣ϕx(t1, 1) − x̄0

∣∣2
≤

∣∣ϕx(t1, 1) − x̂0
∣∣2

=
∑

i∈[N ]

∣∣ϕxi (t1, 1) − x̂0
i

∣∣2

∣∣ϕηi (t1, 1) − x̄i
∣∣2

≤
∣∣ϕηi (t1, 1) − x̂0

∣∣2
.

These inequalities allow us to rewrite (34) as∣∣ϕ(t1, 1)
∣∣2
A

≤
∑

i∈[N ]

∣∣ϕxi (t1, 1) − x̂0
i

∣∣2
+

∑
i∈[N ]

∣∣ϕηi (t1, 1) − x̂0
∣∣2

. (35)
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Define x̂i := arg minx∗∈X ∗
∣∣ϕηi (0, 0) − x∗

∣∣ for all i ∈ [N ]. We first upper bound
∣∣ϕxi (t1, 1) −

x̂0
i

∣∣2
by applying Lemma 5 and using

∣∣a − b
∣∣2

≤ 2
∣∣a∣∣2

+ 2
∣∣b∣∣2

, resulting in∣∣ϕxi (t1, 1) − x̂0
i

∣∣2
=

∣∣ϕxi (t1, 0) − x̂0
i

∣∣2
=

∣∣ϕxi (0, 0) − t1∇iL
(

ϕηi (0, 0)
)

− x̂0
i

∣∣2

≤ 2
∣∣ϕxi (0, 0) − x̂0

i

∣∣2
+ 2K2τ2

max
∣∣ϕηi (0, 0) − x̂i

∣∣2
, (36)

where the first equality applies (12), the second equality applies Lemma 5, the first inequality
uses ∇L(x̂i) = 0, and the final inequality applies Lemma 8. Summing over all i on both sides
of (36) gives∣∣ϕx(t1, 1) − x̂0

∣∣2
≤ 2

∣∣ϕx(0, 0) − x̂0
∣∣2

+ 2K2τ2
max

∑
i∈[N ]

∣∣ϕηi (0, 0) − x̂i
∣∣2

. (37)

An upper bound on
∣∣ϕηi (t1, 1) − x̂0

∣∣2
also needs to be derived to upper bound the

right hand side of (35). Recall that at any jump j, we have ϕηi (tj , j) = ϕx(tj , j) for all i.
Thus, ϕηi (t1, 1) = ϕx(t1, 1) for all i. We use this to expand and upper bound the following:∑

i∈[N ]

∣∣ϕηi (t1, 1) − x̂0
∣∣2

= N
∣∣ϕx(t1, 1) − x̂0

∣∣2

≤ 2N
∣∣ϕx(0, 0) − x̂0

∣∣2
+ 2NK2τ2

max

∑
i∈[N ]

∣∣ϕηi (0, 0) − x̂i
∣∣2

, (38)

where the inequality applies (37). Summing (37) and (38) gives∣∣ϕx(t1, 1) − x̂0
∣∣2

+
∑

i∈[N ]

∣∣ϕηi (t1, 1) − x̂0
∣∣2

≤ 2
∣∣ϕx(0, 0) − x̂0

∣∣2

+ 2K2τ2
max

∑
i∈[N ]

∣∣ϕηi (0, 0) − x̂i
∣∣2

+ 2N
∣∣ϕx(0, 0) − x̂0

∣∣2
+2NK2τ2

max

∑
i∈[N ]

∣∣ϕηi (0, 0) − x̂i
∣∣2

= 2(N +1)
∣∣ϕx(0, 0) − x̂0

∣∣2
+ 2(N +1)K2τ2

max

∑
i∈[N ]

∣∣ϕηi (0, 0) − x̂i
∣∣2

≤ 2(N +1)
(∣∣ϕx(0, 0) − x̂0

∣∣2
+

∑
i∈[N ]

∣∣ϕηi (0, 0) − x̂i
∣∣2

)
,

where the first equality groups terms and the second inequality uses τmax < 1
K

to simplify.
Applying (35) on the left-hand side and the definition of | · |2A on the right-hand side gives∣∣ϕ(t1, 1)

∣∣2
A

≤ 2(N + 1)
∣∣ϕ(0, 0)

∣∣2
A

.

Taking the square root and applying the resulting inequality to (33) gives a bound for all j ≥ 1.
⊓⊔
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