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Abstract
We introduce a class of stochastic hybrid dynamical systems with

random jumps and develop a notion of input-to-state stability in

probability (ISSp) via an associated worst-case-input system. We

formulate stochastic hybrid systems with inputs, extend existing

solution concepts to this setting, and characterize the relationship

between solutions of worst-case-input and input-driven systems.

As part of this development, we prove a version of Filippov’s lemma

for deterministic hybrid inclusions, establishing the existence of

measurable input selections that realize worst-case solutions. Using

Lyapunov methods, we derive sufficient conditions for ISSp. To

illustrate the framework, we construct Gaussian process models of

unknown jump dynamics for hybrid systems and show that suitable

regularity of the learned model guarantees ISSp.

CCS Concepts
• Theory of computation → Mathematical optimization; •
Computer systems organization→ Robotic autonomy; • In-
formation systems→ Process control systems.
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1 Introduction
Input-to-state stability (ISS) was introduced for continuous-time

nonlinear differential equations as a framework for characteriz-

ing robustness to bounded disturbances [20]. Systems with this

property maintain bounded trajectories under bounded inputs and

recover asymptotic stability when disturbances vanish [21]. The

theory has since developed substantially. Foundational work ex-

tended ISS to discrete-time systems [10] and later to hybrid systems
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that combine continuous flows with discrete jumps [2]. Several

refinements have also been introduced to capture stronger conver-

gence requirements, including finite-time ISS and fixed-time ISS

[16], and prescribed-time ISS [17, 19]. A major theoretical milestone

was the ISS small-gain theorem [11], which enabled the system-

atic analysis of interconnected systems by decomposing robustness

through component-level ISS properties together with small-gain

conditions on the interconnection structure [3].

Input-to-state stability for stochastic nonlinear systems has also

been studied with applications to stochastic stabilization, robust-

ness analysis, and cascaded systems [22, 29]. Related notions such

as noise-to-state stability have been introduced in the context of

stochastic differential equations to handle unbounded random per-

turbations [4]. For discrete-time stochastic difference inclusions,

equivalent characterizations of ISS in probability have been es-

tablished, including Lyapunov-based formulations and robust ISS

properties [26]. These developments have established ISS as a cen-

tral framework in nonlinear control theory with broad applicability

across continuous-time and discrete-time models.

Despite the maturity of ISS theory for deterministic and sto-

chastic continuous-time and discrete-time systems, its extension to

stochastic hybrid systems remains largely unexplored [9, 15, 28].

When inputs act during both continuous flows and discrete jumps

in a deterministic setting, the theory is well-established [2]. How-

ever, extending this theory to stochastic jump mechanisms through

random resets, probabilistic switching, or inherent uncertainty in

discrete transitions presents unresolved challenges. For instance,

when randomness appears in both jumps and flows, results on se-

quential compactness of solution sets are missing [25, Sec. XIII], a

property known from the deterministic setting to be essential for

robustness of stability in hybrid dynamical systems [8, Ch. 7]. Even

when flows remain deterministic and only jumps are stochastic,

converse Lyapunov theorems characterizing the stability of com-

pact sets for stochastic hybrid systems modeled as hybrid inclusions

have not yet been established.

These foundational gaps make developing a complete theory of

ISS for stochastic hybrid systems a challenging task. This paper

takes a step toward this goal by establishing sufficient conditions for

input-to-state stability in probability for a class of stochastic hybrid

systemsmodeled as hybrid inclusions, where flows are deterministic

and jumps are stochastic. Specifically, the contributions of this paper

are as follows:

• We formulate stochastic hybrid systems with inputs and

extend the solution concept from [23] to this setting;
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• We prove a version of Filippov’s lemma for deterministic

hybrid inclusions that establishes the existence of measur-

able input selections realizing solutions to worst-case-input

systems;

• We study a notion of input-to-state stability in probability

for stochastic hybrid systems by considering a related worst-

case-input hybrid system and establishing the relationship

between solutions of these systems;

• Using Lyapunov methods, we provide sufficient conditions

for input-to-state stability in probability and illustrate the re-

sults by constructing Gaussian process models of unknown

discrete-time dynamics for hybrid dynamical systems with

fixed controllers, proving that suitable regularity of the learned

model as the dataset size grows, guarantees input-to-state

stability in probability.

2 Preliminaries
This section collects the notation and background concepts used

throughout the paper.

2.1 Notation and Definitions
We write N B {0, 1, 2, . . . }, R≥0 B [0,∞), and R>0 B (0,∞). For
𝜏 ∈ R>0, we define Γ≥𝜏 B {(𝑠, 𝑡) ∈ R2

: 𝑠 + 𝑡 ≥ 𝜏}, with Γ<𝜏 and

Γ≤𝜏 defined analogously.

For 𝑥 ∈ R𝑛 , 𝑥⊤ denotes its transpose and |𝑥 | its Euclidean norm;

given 𝑥,𝑦 ∈ R𝑛 , we write (𝑥,𝑦) = [𝑥⊤ 𝑦⊤]⊤ and ⟨𝑥,𝑦⟩ for the inner
product. We write S𝑛 for the set of 𝑛 × 𝑛 real symmetric matrices

and use S𝑛
>0

(resp. S𝑛≥0
) for its positive definite (resp. semidefinite)

elements. For 𝑃 ∈ R𝑛×𝑝 and 𝑄 ∈ R𝑚×𝑞
, 𝑃 ⊗ 𝑄 ∈ R𝑛𝑚×𝑝𝑞

denotes

their Kronecker product.

For a closed nonempty set A ⊂ R𝑛 , |𝑥 |A B inf𝑦∈A |𝑥 − 𝑦 |
denotes the distance from 𝑥 ∈ R𝑛 toA, and intA andA its interior

and closure. We denote by B (resp. B◦) the closed (resp. open) unit

ball in R𝑛 , and write 𝑥 + 𝜀B for the closed ball of radius 𝜀 > 0

centered at 𝑥 .

For a nonempty set 𝑆 ⊂ R𝑛 , I𝑆 : R𝑛 → {0, 1} is the indicator
function of 𝑆 . For a map 𝑥 : 𝐼 → R𝑛 with 𝐼 ⊂ R≥0, ¤𝑥 (𝑡) denotes
its time derivative at 𝑡 ∈ 𝐼 ; for 𝑥 : 𝐽 → R𝑛 with 𝐽 ⊂ N and

{ 𝑗, 𝑗 + 1} ⊂ 𝐽 , we write 𝑥+ ( 𝑗) B 𝑥 ( 𝑗 + 1).
A set-valued map 𝐹 : R𝑛 ⇒ R𝑚 assigns to each 𝑥 ∈ R𝑛 a set

𝐹 (𝑥) ⊂ R𝑚 . Its domain is dom 𝐹 B {𝑥 ∈ R𝑛 : 𝐹 (𝑥) ≠ ∅} and its

graph is gph 𝐹 B {(𝑥,𝑦) ∈ R𝑛×R𝑚 : 𝑦 ∈ 𝐹 (𝑥)}. The map 𝐹 is outer
semicontinuous (osc) at 𝑥 ∈ R𝑛 if, for every convergent sequence

𝑥𝑖 → 𝑥 and any 𝑦𝑖 → 𝑦 with 𝑦𝑖 ∈ 𝐹 (𝑥𝑖 ), one has 𝑦 ∈ 𝐹 (𝑥); it is osc
relative to 𝑆 ⊂ R𝑛 if the restriction of 𝐹 to 𝑆 (extended by ∅ outside

𝑆) is osc at each 𝑥 ∈ 𝑆 . Similarly, 𝐹 is locally bounded at 𝑥 ∈ R𝑛 if

there exists 𝛿 > 0 and 𝜌 > 0 such that 𝐹 (𝑥 + 𝛿B) ⊂ 𝜌B; it is locally
bounded relative to 𝑆 ⊂ R𝑛 if the same restriction is locally bounded

at each 𝑥 ∈ 𝑆 .
Finally, given a nonempty set A ⊂ R𝑛 , a function 𝑉 : R𝑛 →

R≥0 is positive definite with respect to A, written 𝑉 ∈ PD(A), if
𝑉 (R𝑛 \ A) ⊂ R>0 and 𝑉 (A) = {0}. A function 𝛼 : R≥0 → R≥0

is of class K , written 𝛼 ∈ K , if it is zero at zero, continuous, and

strictly increasing; it is of class K∞, written 𝛼 ∈ K∞, if 𝛼 ∈ K and

lim𝑠→∞ 𝛼 (𝑠) = ∞.

2.2 A Short Review of Probability Concepts
Relevant concepts from probability theory and stochastic processes

are reviewed here. For more details, we refer the reader to [18,

Ch. 14] and [6].

We write B(R𝑛) for the Borel 𝜎-algebra on R𝑛 . Given a mea-

surable space (Ω, F ), a set 𝑇 ⊂ Ω is F -measurable if 𝑇 ∈ F . A

map 𝐹 : R𝑛 ⇒ R𝑚 is F -measurable
1
if 𝐹−1 (O) B {𝑥 ∈ R𝑛 :

𝐹 (𝑥) ∩ O ≠ ∅} ∈ F for each open set O ⊂ R𝑚 . A 𝜎-algebra G on

Ω with G ⊂ F is called a sub-𝜎-algebra of F . A sequence {F𝑘 }∞𝑘=0

of sub-𝜎-algebras of F is a filtration of (Ω, F ) if, for each 𝑘 ∈ N,
F𝑘 ⊂ F𝑘+1

.

Let 𝑣 B {𝑣𝑘 }∞𝑘=1
be a sequence of random variables taking values

in R𝑚 . That is, for each 𝑘 ∈ N \ {0}, 𝑣𝑘 : Ω → R𝑚 is measurable.

The minimal filtration of 𝑣 is the sequence {F𝑘 }∞𝑘=0
where F𝑘 is

the 𝜎-field generated by {𝑣𝑖 }𝑘𝑖=1
, i.e., the 𝜎-algebra that makes all

𝑣𝑖 , 𝑖 ∈ {1, 2, . . . , 𝑘}, measurable, and F0 B {∅,Ω}. Equivalently, for
each 𝑘 ∈ N \ {0},

F𝑘 B
{
(𝑣1, 𝑣2, . . . , 𝑣𝑘 )−1 (𝐵) : 𝐵 ∈ B

(
R𝑚𝑘 )} ,

where

(𝑣1, 𝑣2, . . . , 𝑣𝑘 )−1 (𝐵) B
{
𝜔 ∈ Ω :

(
𝑣1 (𝜔), 𝑣2 (𝜔), . . . , 𝑣𝑘 (𝜔)

)
∈ 𝐵

}
.

3 Stochastic Hybrid Plants
This section introduces the class of stochastic hybrid systems that

we study by extending the systems presented in [23] to include

external inputs.

Consider a stochastic hybrid plant with state 𝑥 ∈ R𝑛 and input

𝑢 B (𝑢𝐶 , 𝑢𝐷 ) ∈ R𝑚𝐶+𝑚𝐷 = R𝑚 and dynamics given by

Ĥ𝑃 :

{
(𝑥,𝑢𝐶 ) ∈ 𝐶𝑃 ¤𝑥 ∈ 𝐹𝑃 (𝑥,𝑢𝐶 )
(𝑥,𝑢𝐷 ) ∈ 𝐷𝑃 𝑥+ ∈ 𝐺𝑃 (𝑥,𝑢𝐷 , 𝑣+) 𝑣 ∼ 𝜇,

(1)

where the flow map 𝐹𝑃 : R𝑛+𝑚𝐶 ⇒ R𝑛 describes the continuous

evolution of the system while in the flow set 𝐶𝑃 ⊂ R𝑛+𝑚𝐶
, and

the jump map 𝐺𝑃 : R𝑛+𝑚𝐷+𝑝 ⇒ R𝑛 its discrete evolution while in

the jump set 𝐷𝑃 ⊂ R𝑛+𝑚𝐷
. The symbol 𝑣+ represents a sequence

of independent, identically distributed (i.i.d.) random variables on

a probability space (Ω, F , P) with common distribution 𝜇. More

precisely, letting {𝑣𝑘 }∞𝑘=1
be the sequence of random variables 𝑣𝑘 :

Ω → R𝑝 , we have 𝜇 (𝐴) =
(
P ◦ 𝑣−1

𝑘

)
(𝐴) for each 𝑘 ∈ N \ {0} and

each 𝐴 ∈ B(R𝑝 ). We also write Ĥ𝑃 = (𝐶𝑃 , 𝐹𝑃 , 𝐷𝑃 ,𝐺𝑃 , 𝜇) to refer

to (1) by its data. For each ★ ∈ {𝐶, 𝐷}, we define the projection of

★𝑃 onto R𝑛 as

Π(★𝑃 ) := {𝜉 ∈ R𝑛 : ∃𝑢★ s.t. (𝜉,𝑢★) ∈ ★𝑃 }.

For the stochastic hybrid system with inputs in (1), we use a so-

lution concept similar to the one introduced in [23] for stochastic

hybrid systems without inputs, and inspired by the definitions of

solutions for deterministic hybrid systems with inputs in [2, Sec. 2].

Since solutions
2
to (3) can exhibit both continuous and discrete

behavior, we use ordinary time 𝑡 ∈ R≥0 to determine the amount

of flow elapsed and a counter 𝑗 ∈ N that keeps track of the number

1
If (Ω, F) = (R𝑛, B(R𝑛 ) ) , then we simply say that 𝐹 is measurable.

2
Note that solutions to (1) need not be unique. This comes from the fact that the

flow and jump map are set-valued, and the flow and jump sets may have a nonempty

overlap.
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of jumps that have occurred. Based on this parametrization of time,

we introduce the concept of hybrid time domain as follows:

Definition 3.1. (Hybrid time domain) A set 𝐸′ ⊂ R≥0 ×N is a
compact hybrid time domain if there exists 𝐽 ∈ N such that

𝐸′ =
𝐽⋃
𝑗=0

(
[𝑡 𝑗 , 𝑡 𝑗+1] × { 𝑗}

)
(2)

for some finite sequence of times {𝑡 𝑗 }𝐽 +1

𝑗=0
satisfying 0 = 𝑡0 ≤ 𝑡1 ≤

𝑡2 ≤ · · · ≤ 𝑡 𝐽 ≤ 𝑡 𝐽 +1. A set 𝐸 ⊂ R≥0 × N is a hybrid time domain if
it is the union of a nondecreasing sequence 𝐸1 ⊂ 𝐸2 ⊂ 𝐸3 ⊂ . . . of
compact hybrid time domains.

Notice that a hybrid time domain differs from (2) by allowing

for an infinite number of intervals or, if the number is finite, by

allowing for the last interval to be open, and possibly unbounded.

A hybrid signal 𝜙 : dom𝜙 → R𝑛 is a function whose domain

dom𝜙 is a hybrid time domain. Its graph is defined by gph𝜙 B{
(𝑡, 𝑗, 𝜙 (𝑡, 𝑗)) ∈ R𝑛+2

: (𝑡, 𝑗) ∈ dom𝜙
}
. For each 𝑗 ∈ N, we define

𝐼
𝑗

𝜙
B {𝑡 : (𝑡, 𝑗) ∈ dom𝜙} as the 𝑗-th interval of flow of 𝜙 .

Definition 3.2. (Hybrid arcs and inputs) A hybrid signal
𝜙 : dom𝜙 → R𝑛 is called a hybrid arc if, for each 𝑗 ∈ N, the function
𝑡 ↦→ 𝜙 (𝑡, 𝑗) is locally absolutely continuous on the interval 𝐼 𝑗

𝜙
.

A hybrid signal 𝑢 : dom𝑢 → R𝑚𝐶+𝑚𝐷 is a hybrid input if, for
each 𝑗 ∈ N, the function 𝑡 ↦→ 𝑢 (𝑡, 𝑗) is Lebesgue measurable and lo-
cally essentially bounded on the interval 𝐼 𝑗𝑢 . For each hybrid input the
maps 𝑢𝐶 : dom𝑢 → R𝑚𝐶 and 𝑢𝐷 : dom𝑢 → R𝑚𝐷 are defined com-
ponentwise defined by 𝑢𝐶 (𝑡, 𝑗) B (𝑢1 (𝑡, 𝑗), 𝑢2 (𝑡, 𝑗), . . . , 𝑢𝑚𝐶

(𝑡, 𝑗))
and 𝑢𝐷 (𝑡, 𝑗) B (𝑢𝑚𝐶+1 (𝑡, 𝑗), 𝑢𝑚𝐶+2 (𝑡, 𝑗), . . . , 𝑢𝑚𝐶+𝑚𝐷

(𝑡, 𝑗)) for all
(𝑡, 𝑗) ∈ dom𝑢.

We use X to denote the set of hybrid arcs and U to denote the set
of hybrid inputs.

Given maps 𝜙 : Ω → X and 𝑢 : Ω → U, for each 𝜔 ∈ Ω, we
write 𝜙𝜔 for the sample hybrid arc 𝜙 (𝜔) and 𝑢𝜔 for the sample

hybrid input 𝑢 (𝜔). Using these maps and notation, we formalize

the concept of a solution to a stochastic hybrid plants of the form

in (1) by adapting the notion presented in [27] for systems without

inputs. First, the maps 𝜙 and 𝑢 are said to be a candidate solution
pair (𝜙,𝑢) to Ĥ𝑃 if, for each 𝜔 ∈ Ω, dom𝜙𝜔 = dom𝑢𝜔 , and, for

each 𝑘 ∈ N, the set-valued map
3

𝜔 ↦→ gph

(
(𝜙𝜔 , 𝑢𝜔 )

)
∩

(
R≥0 × {0, 1, 2, . . . , 𝑘} × (R𝑛 × R𝑚)

)
is F𝑘 -measurable, where F0 = {∅,Ω} and {F1, F2, . . .} is the min-

imal filtration of 𝑣 = {𝑣𝑘 }∞𝑘=1
, where 𝑣𝑘 : Ω → R𝑚𝑣

are the i.i.d

random variables defined below (1).

Definition 3.3. (Solution pairs). A candidate solution pair (𝜙,𝑢)
to a stochastic hybrid systems with inputs Ĥ𝑃 is a solution to Ĥ𝑃 if,
for almost all 𝜔 ∈ Ω, the following conditions hold:

(S0) (𝜙𝜔 (0, 0), 𝑢𝜔 (0, 0)) ∈ Π(𝐶𝑃 ) ∪ Π(𝐷𝑃 ).

3
Given 𝜙 : Ω → X, 𝑢 : Ω → U, and 𝜔 ∈ Ω such that dom𝜙𝜔 = dom𝑢𝜔 , we write

gph

(
(𝜙𝜔 ,𝑢𝜔 )

)
= { (𝑡, 𝑗, 𝜒, 𝜈 ) : (𝑡, 𝑗 ) ∈ dom𝜙𝜔 , 𝜒 = 𝜙𝜔 (𝑡, 𝑗 ), 𝜈 = 𝑢𝜔 (𝑡, 𝑗 ) }.

(S1) For each 𝑗 ∈ N, such that 𝐼 𝑗
𝜙𝜔

has nonempty interior, we have

(𝜙𝜔 (𝑡, 𝑗), 𝑢𝐶𝜔 (𝑡, 𝑗)) ∈ 𝐶𝑃 for all 𝑡 ∈ int 𝐼
𝑗

𝜙𝜔
and

𝑑𝜙𝜔

𝑑𝑡
(𝑡, 𝑗) ∈ 𝐹𝑃

(
𝜙𝜔 (𝑡, 𝑗), 𝑢𝐶𝜔 (𝑡, 𝑗)

)
for almost all 𝑡 ∈ 𝐼 𝑗

𝜙𝜔
.

(S2) For each (𝑡, 𝑗) ∈ dom𝜙𝜔 such that (𝑡, 𝑗 +1) ∈ dom𝜙𝜔 , we have
(𝜙𝜔 (𝑡, 𝑗), 𝑢𝐷𝜔 (𝑡, 𝑗)) ∈ 𝐷𝑃 and

𝜙𝜔 (𝑡, 𝑗 + 1) ∈ 𝐺𝑃

(
𝜙𝜔 (𝑡, 𝑗), 𝑢𝐷𝜔 (𝑡, 𝑗), 𝑣 𝑗+1 (𝜔)

)
.

Given a nonempty set 𝑀 ⊂ R𝑛 , we denote by S𝑟 (𝑀) the set of
solution pairs (𝜙,𝑢) to Ĥ𝑃 satisfying (𝜙𝜔 (0, 0), 𝑢𝜔 (0, 0)) ∈ 𝑀 for
almost all 𝜔 ∈ Ω.

In words, a candidate solution (𝜙,𝑢) : Ω → X × U ensures

that, for each 𝜔 ∈ Ω, the sample hybrid arc 𝜙𝜔 and the sample

hybrid input 𝑢𝜔 share the same hybrid time domain, and that the

pair (𝜙𝜔 , 𝑢𝜔 ), up to discrete index 𝑗 , depends only on the random

variables {𝑣1, 𝑣2, . . . , 𝑣 𝑗 } realized up to that point, excluding any

dependence on future values. A solution pair is a candidate solution

pair for which, for almost every 𝜔 ∈ Ω, the sample pair (𝜙𝜔 , 𝑢𝜔 )
satisfies the flow and jump conditions of Ĥ𝑃 in the determinis-

tic sense, where the jump updates are further influenced by the

stochastic realizations of the random variables 𝑣𝑘 .

Now, we present mild regularity conditions on the data of the

stochastic hybrid system (1). These conditionswere originally stated

for systems without inputs in [25] and [23], where they yield results

on the existence of solutions and robustness of stability properties

for suitable compact sets [23, Thm. 3.1]. Here, we extend them to

accommodate inputs (𝑢𝐶 , 𝑢𝐷 ).

Assumption 3.4. (Stochastic hybrid basic conditions) A sto-
chastic hybrid plant Ĥ𝑃 = (𝐶𝑃 , 𝐹𝑃 , 𝐷𝑃 ,𝐺𝑃 , 𝜇) is said to satisfy the
stochastic hybrid basic conditions if its data satisfies the following
properties:
(A1) The sets 𝐶𝑃 and 𝐷𝑃 are closed.
(A2) 𝐹𝑃 is osc and locally bounded, 𝐶𝑃 ⊂ dom 𝐹𝑃 , and 𝐹𝑃 (𝑥,𝑢𝐶 ) is

convex for each (𝑥,𝑢𝐶 ) ∈ 𝐶𝑃 .
(A3) For each 𝑣 ∈ R𝑝 , (𝑥,𝑢𝐷 ) ↦→ 𝐺𝑃 (𝑥,𝑢𝐷 , 𝑣) is osc and locally

bounded, and 𝐷𝑃 × R𝑝 ⊂ dom𝐺𝑃 .
(A4) The set-valued map 𝑣 ↦→ gph𝐺𝑃 (·, ·, 𝑣) is measurable.

As stated in the following lemma, the measurability condition in

(A4), together with outer semicontinuity of (𝑥,𝑢𝐷 ) ↦→ 𝐺𝑃 (𝑥,𝑢𝐷 , 𝑣)
for each 𝑣 ∈ R𝑝 in (A3), implies that 𝑣 ↦→ 𝐺𝑃 (𝑥,𝑢𝐷 , 𝑣) is measurable

for all (𝑥,𝑢𝐷 ) ∈ 𝐷𝑃 .

Lemma 3.5. (Measurability of 𝐺𝑃 from its graph) Consider the
set-valued map 𝐺𝑃 : R𝑛+𝑚𝐷+𝑝 ⇒ R𝑛 . Suppose that (𝑥,𝑢𝐷 ) ↦→
𝐺𝑃 (𝑥,𝑢𝐷 , 𝑣) is outer semicontinuous for each 𝑣 ∈ R𝑝 , and that 𝑣 ↦→
gph𝐺𝑃 (·, ·, 𝑣) is measurable. Then, 𝑣 ↦→ 𝐺𝑃 (𝑥,𝑢𝐷 , 𝑣) is measurable
for each (𝑥,𝑢𝐷 ) ∈ 𝐷𝑃 .

To study input-to-state stability for systems of the form in (1),

following [26], we consider explicit worst-case inputs that satisfy

𝑢 ∈ 𝜂 (𝑥)B, where 𝜂 : R𝑛 → R≥0 is a continuous function. Specifi-

cally, we consider the following hybrid closed-loop system

Ĥ :

{
𝑥 ∈ 𝐶 ¤𝑥 ∈ 𝐹𝑃

(
𝑥, 𝜂 (𝑥)B

)
C 𝐹 (𝑥)

𝑥 ∈ 𝐷 𝑥+ ∈ 𝐺𝑃

(
𝑥, 𝜂 (𝑥)B, 𝑣+

)
C 𝐺 (𝑥, 𝑣+) 𝑣 ∼ 𝜇,

(3)
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where, for each ★ ∈ {𝐶, 𝐷},
★ B {𝑥 ∈ R𝑛 : ∃𝑢★ ∈ 𝜂 (𝑥)B s.t. (𝑥,𝑢★) ∈ ★𝑃 }. (4)

Solutions to systems of the form (3) are defined in [23, Sec. 2.2]

and [25, Sec. VIII] by following the same logic as in Definition 3.3,

but dispensing with the conditions on the input 𝑢. In particular, the

map 𝜙 : Ω → X is a solution to Ĥ as in (3) if, for each 𝑘 ∈ N, the
set-valued map

𝜔 ↦→ gph𝜙 (𝜔) ∩
(
R≥0 × {0, 1, 2, . . . , 𝑘} × R𝑛

)
(5)

is F𝑘 -measurable, where F0 = {∅,Ω} and {F1, F2, . . .} is the mini-

mal filtration of {𝑣𝑖 }∞𝑘=1
, and, for almost all 𝜔 ∈ Ω, the following

conditions hold:

(P0) 𝜙𝜔 (0, 0) ∈ 𝐶 ∪ 𝐷 ;
(P1) For each 𝑗 ∈ N, such that 𝐼

𝑗

𝜙𝜔
has nonempty interior, we have

𝜙𝜔 (𝑡, 𝑗) ∈ 𝐶 for all 𝑡 ∈ int 𝐼
𝑗

𝜙𝜔
and

𝑑𝜙𝜔

𝑑𝑡
(𝑡, 𝑗) ∈ 𝐹

(
𝜙𝜔 (𝑡, 𝑗)

)
for almost all 𝑡 ∈ 𝐼 𝑗

𝜙𝜔
.

(P2) For each (𝑡, 𝑗) ∈ dom𝜙𝜔 such that (𝑡, 𝑗 + 1) ∈ dom𝜙𝜔 ,

𝜙𝜔 (𝑡, 𝑗) ∈ 𝐷 and

𝜙𝜔 (𝑡, 𝑗 + 1) ∈ 𝐺
(
𝜙𝜔 (𝑡, 𝑗), 𝑣 𝑗+1 (𝜔)

)
.

To understand how solutions to (1) and to (3) are related, we

consider the restricted stochastic hybrid system with inputs Ĥ𝜂

𝑃
=(

𝐶
𝜂

𝑃
, 𝐹𝑃 , 𝐷

𝜂

𝑃
,𝐺𝑃 , 𝜇

)
, where

★
𝜂

𝑃
B {(𝑥,𝑢★) ∈ ★𝑃 : 𝑢★ ∈ 𝜂 (𝑥)B} for each ★ ∈ {𝐶, 𝐷}. (6)

By definition, every solution pair (𝜙,𝑢) to Ĥ𝜂

𝑃
is also a solution pair

to Ĥ𝑃 . The following lemma relates Ĥ𝜂

𝑃
to the worst-case-input

system Ĥ , showing that the 𝜙-component of any solution pair to

Ĥ𝜂

𝑃
is a solution to Ĥ .

Lemma 3.6. (Worst-case and norm-constrained inputs) Let Ĥ =

(𝐶, 𝐹, 𝐷,𝐺, 𝜇) be as in (3). Given a continuous function𝜂 : R𝑛 → R≥0,
consider Ĥ𝜂

𝑃
=

(
𝐶
𝜂

𝑃
, 𝐹𝑃 , 𝐷

𝜂

𝑃
,𝐺𝑃 , 𝜇

)
with𝐶𝜂

𝑃
and 𝐷𝜂

𝑃
as in (6). If (𝜙,𝑢)

is a solution pair to Ĥ𝜂

𝑃
, then 𝜙 is a solution to Ĥ .

The converse of Lemma 3.6 would establish that every solution

𝜙 : Ω → X to the worst-case input system Ĥ can be realized

by an explicit input 𝑢 : Ω → U to Ĥ𝜂

𝑃
satisfying, for almost all

𝜔 ∈ Ω, the bound 𝑢𝜔 (𝑡, 𝑗) ∈ 𝜂
(
𝜙𝜔 (𝑡, 𝑗)

)
B for all (𝑡, 𝑗) ∈ dom𝑢𝜔 .

In the case of deterministic nonlinear systems of the form ¤𝑥 =

𝑓 (𝑥,𝑢), Filippov’s lemma [7, Ex. 5.3] provides sufficient conditions

to guarantee that such a result holds. A similar result holds for a

subset of deterministic hybrid equations where 𝐹 and𝐺 are single

valued [2, Claim 3.7]. To understand the subtleties of establishing

this type of result for stochastic hybrid systems of the form (1), we

first introduce a generalization of the result in [2, Claim 3.7] for

deterministic hybrid inclusions, which, to our knowledge, has not

appeared explicitly in the literature. For definitions of solutions to

deterministic hybrid systems with and without inputs, we refer the

reader to [2] and [8], respectively.

Lemma 3.7. (Filippov’s lemma for deterministic hybrid inclu-

sions) Consider a continuous function𝜂 : R𝑛 → R≥0 and a set-valued

map 𝐹𝑃 : R𝑛 × R𝑚𝐶 ⇒ R𝑛 . For each ★ ∈ {𝐶, 𝐷}, let ★𝜂
𝑃
be as de-

fined in (6), where ★𝑃 ⊂ R𝑛 × R𝑚★ . Suppose that (A1) and (A2) in
Assumption 3.4 are satisfied. Let𝐺𝑃 : R𝑛 × R𝑚𝐷 ⇒ R𝑛 and consider
the deterministic hybrid plant given by

H𝜂

𝑃
:

{
(𝑥,𝑢𝐶 ) ∈ 𝐶

𝜂

𝑃
¤𝑥 ∈ 𝐹𝑃 (𝑥,𝑢𝐶 )

(𝑥,𝑢𝐷 ) ∈ 𝐷
𝜂

𝑃
𝑥+ ∈ 𝐺𝑃 (𝑥,𝑢𝐷 ),

(7)

as well as the deterministic worst-case-input hybrid closed-loop system
defined by

H :

{
𝑥 ∈ 𝐶 ¤𝑥 ∈ 𝐹 (𝑥)

𝑥 ∈ 𝐷 𝑥+ ∈ 𝐺 (𝑥) B 𝐺𝑃

(
𝑥, 𝜂 (𝑥)B

)
,

(8)

where the map 𝐹 is defined in (3), and 𝐶 and 𝐷 are as given in (4).
Then, for each solution 𝜙 : dom𝜙 → R𝑛 toH , there exists a hybrid
input 𝑢 : dom𝑢 → R𝑚 such that (𝜙,𝑢) is a solution pair toH𝜂

𝑃
.

Remark 3.8. (On a version of Filippov’s lemma for stochastic

hybrid systems with inputs) Adapting the result of Lemma 3.7 to
the stochastic setting remains, to the best of our knowledge, an open
problem. To see why, let 𝜙 be a solution to Ĥ as in (3), and define
the set-valued maps (𝜔, 𝑡, 𝑗) ↦→ 𝑈𝐶 (𝜔, 𝑡, 𝑗) B

{
𝑢𝐶 ∈ 𝜂 (𝜙𝜔 (𝑡, 𝑗))B :

¤𝜙𝜔 (𝑡, 𝑗) ∈ 𝐹𝑃 (𝜙𝜔 (𝑡, 𝑗), 𝑢𝐶 )
}
and

(𝜔, 𝑡, 𝑗) ↦→ 𝑈𝐷 (𝜔, 𝑡, 𝑗) B
{
𝑢𝐷 ∈ 𝜂 (𝜙𝜔 (𝑡, 𝑗))B :

𝜙𝜔 (𝑡, 𝑗 + 1) ∈ 𝐺𝑃 (𝜙𝜔 (𝑡, 𝑗), 𝑢𝐷 , 𝑣 𝑗+1 (𝜔))
}
.

Since 𝜙 is a solution to Ĥ , these sets are nonempty when defined, and
measurable selection theorems guarantee the existence of ameasurable
function 𝑢𝐶 selecting from𝑈𝐶 . However, any 𝑢𝐷𝜔 (𝑡, 𝑗) selected from
𝑈𝐷 (𝜔, 𝑡, 𝑗) depends on both 𝜙𝜔 (𝑡, 𝑗 + 1) and 𝑣 𝑗+1 (𝜔), making it
F𝑗+1-measurable but not F𝑗 -measurable. This violates the causality
structure imposed by Definition 3.3, which requires that (𝜙𝜔 , 𝑢𝜔 ), up
to index 𝑗 , depends only on the realization of the random variables
{𝑣1, 𝑣2, . . . , 𝑣 𝑗 }. In short, solutions to Ĥ carry no causality constraints
on how jumps are realized, whereas solution pairs to Ĥ𝑃 encode a
joint causality structure; these two concepts are therefore incompatible
for establishing the reverse inclusion.

Lemma 3.6 shows that every 𝜙 arising from a solution pair (𝜙,𝑢)
to Ĥ𝜂

𝑃
is a solution to Ĥ , so stability certificates for Ĥ transfer

to Ĥ𝑃 with inputs restricted to 𝜂 (𝑥)B. As noted in Remark 3.8,

establishing the reverse inclusion remains an open problem, so these

certificates may be conservative. Thus, rather than certifying Ĥ𝑃

directly, the remainder of this paper establishes sufficient conditions

for stability in probability of suitable sets for Ĥ , from which we

derive guarantees for Ĥ𝑃 with inputs restricted to 𝜂 (𝑥)B. Whether

such certificates can be obtained directly for Ĥ𝑃 without passing

through Ĥ is left for future work.

4 A Notion of Input-to-State Stability for
Stochastic Hybrid Dynamical Systems

The following stability definitions are adapted from [23, Sec. 2.3]. A

comparison of stochastic stability definitions and their connection

to their deterministic counterpart can be found in [14].



On Input-to-State Stability for a
Class of Stochastic Hybrid Systems HSCC ’26, May 11–14, 2026, Saint Malo, France

At times, to save on notation, we will suppress the𝜔 dependence

of a random solution 𝜙 when working with probabilities. For in-

stance, we use P
(
gph𝜙 ⊂ 𝑋

)
to denote P

({
𝜔 ∈ Ω : gph𝜙 (𝜔) ⊂

𝑋
})
, for some 𝑋 ⊂ R𝑛+2

. Moreover, given 𝑆 ⊂ R𝑛 , we often

write “𝜙 (𝑡, 𝑗) ∈ 𝑆 for (𝑡, 𝑗) ∈ dom𝜙” in place of “𝜙𝜔 (𝑡, 𝑗) ∈ 𝑆

for (𝑡, 𝑗) ∈ dom𝜙𝜔 ”, where 𝜙𝜔 B 𝜙 (𝜔) for all 𝜔 ∈ Ω.

Definition 4.1. (Stability in probability) Consider a stochastic
hybrid closed-loop system Ĥ = (𝐶, 𝐹, 𝐷,𝐺, 𝜇), a closed set A ⊂ R𝑛 ,
and suppose that there exists 𝜀∗ > 0 such that, for each solution to

¤𝑥 ∈ 𝐹 (𝑥) 𝑥 ∈ 𝐶 ∩ (A + 𝜀∗B),

there are no finite escape times. The set A is said to be

• Lyapunov stable in probability (Sp) for Ĥ if, for each 𝜀 > 0

and each bounded sequence {𝜉𝑖 }𝑖∈N satisfying lim𝑖→∞ |𝜉𝑖 |A =

0, for every {𝜙𝑖 }𝑖∈N, with 𝜙𝑖 ∈ S𝑟 (𝜉) for all 𝑖 ∈ N, we have
that

lim

𝑖→∞
P
(
gph𝜙𝑖 ⊂ (R2 × (A + 𝜀B))

)
= 1.

• Uniformly Lyapunov stable in probability (USp) for Ĥ if, for
each 𝜀 > 0 and each 𝜌 ∈ (0, 1), there exists 𝛿 > 0 such that

P
(
gph𝜙 ⊂ R2 × (A + 𝜀B)

)
≥ 1 − 𝜌 ∀𝜙 ∈ S𝑟 (A + 𝛿B). (9)

The next result establishes a connection between stability in

probability and uniform stability in probability for compact sets.

Lemma 4.2. (Sp ⇐⇒ USp) Consider a stochastic hybrid closed-
loop system Ĥ = (𝐶, 𝐹, 𝐷,𝐺, 𝜇) and a closed setA ⊂ R𝑛 . IfA is USp
for Ĥ , then it is Sp for Ĥ . In addition, if A is also bounded and Sp
for Ĥ , then it is USp for Ĥ .

Before introducing the notion of input-to-state stability in prob-

ability, we first examine a closely related but weaker property:

uniform global recurrence in probability. This property has a partic-

ular importance in the stochastic setting, where a system can have

a recurrent, open, and bounded set without necessarily admitting

an asymptotically stable set [24, Sec. 13.5.5].

Definition 4.3. (Uniform global recurrence) Consider a sto-
chastic hybrid closed-loop system Ĥ = (𝐶, 𝐹, 𝐷,𝐺, 𝜇), an open set
O ⊂ R𝑛 , and suppose that, for each solution to

¤𝑥 ∈ 𝐹 (𝑥) 𝑥 ∈ 𝐶,

there are no finite escape times. The set O is said to be uniformly

globally recurrent (UGR) for Ĥ if, for each 𝜌 ∈ (0, 1) and each 𝛿 > 0,
there exists 𝜏 ≥ 0 such that

P
(
Ω
(1)
𝜙

∪ Ω
(2)
𝜙

)
≥ 1 − 𝜌 ∀𝜙 ∈ S𝑟 (O + 𝛿B), (10)

where Ω (1)
𝜙

:= {𝜔 ∈ Ω : gph𝜙 (𝜔) ⊂ (Γ<𝜏 ×R𝑛)} and Ω (2)
𝜙

:= {𝜔 ∈
Ω : gph𝜙 (𝜔) ∩ (Γ≤𝜏 × O) ≠ ∅}.

In words, fix any 𝛿 > 0, any 𝜙 ∈ S𝑟 (O +𝛿B), and let 𝜙𝜔 := 𝜙 (𝜔)
for each 𝜔 ∈ Ω. The event Ω

(1)
𝜙

∪ Ω
(2)
𝜙

holds if and only if either

every (𝑡, 𝑗) ∈ dom𝜙𝜔 satisfies 𝑡 + 𝑗 < 𝜏 , or there exists (𝑡, 𝑗) ∈
dom𝜙𝜔 with 𝑡 + 𝑗 ≤ 𝜏 and 𝜙𝜔 (𝑡, 𝑗) ∈ O. Thanks to [18, Prop. 14.11;

Thm. 14.3(a),(h)], we have that Ω
(1)
𝜙

∪ Ω
(2)
𝜙

is measurable.

Extending the notions in [26], input-to-state stability (ISS) in

probability for Ĥ𝑃 as in (1) is expressed in terms of stability prop-

erties for the stochastic hybrid closed-loop system Ĥ .

Definition 4.4. (Input-to-state stability in probability) Let
A ⊂ R𝑛 be compact, Ĥ𝑃 be as in (1), and Ĥ be the stochastic hybrid
closed-loop system in (3) defined using a continuous 𝜂 : R𝑛 → R≥0.
The stochastic hybrid plant Ĥ𝑃 is input-to-state stable in probability

(ISSp) with respect to A if

(I1) A is USp for Ĥ when 𝜂 ≡ 0.
(I2) There exists 𝛾 ∈ K∞ such that, for each 𝑐 > 0, (A + 𝛾 (𝑐)B◦) ∩

(𝐶 ∪ 𝐷) is UGR for Ĥ when 𝜂 ≡ 𝑐 .

Remark 4.5. (Equivalent condition for ISSp) In (I2), recurrence
of (A +𝛾 (𝑐)B◦) ∩ (𝐶 ∪𝐷) is equivalent to recurrence ofA+𝛾 (𝑐)B◦.
The forward direction is immediate, since (A +𝛾 (𝑐)B◦) ∩ (𝐶 ∪𝐷) ⊂
A + 𝛾 (𝑐)B◦. For the converse, let 𝜙 be a random solution to Ĥ as in
(3) and let 𝜙𝜔 := 𝜙 (𝜔) for each 𝜔 ∈ Ω. By (P0)–(P2), for each 𝜏 > 0

and 𝜔 ∈ Ω, if (𝑡, 𝑗) ∈ dom𝜙𝜔 satisfies 𝑡 + 𝑗 ≤ 𝜏 and 𝜙𝜔 (𝑡, 𝑗) ∈
A +𝛾 (𝑐)B◦, then either we have 𝜙𝜔 (𝑡, 𝑗) ∈ (A +𝛾 (𝑐)B◦) ∩ (𝐶 ∪𝐷)
or gph𝜙𝜔 ⊂ Γ<𝜏+1 × R𝑛 ; that is, if the solution has not entered
(A + 𝛾 (𝑐)B◦) ∩ (𝐶 ∪ 𝐷) by hybrid time 𝜏 , its domain terminates
before Γ≥𝜏+1, which corresponds to Definition 4.3.

5 A Sufficient Lyapunov Condition
This section presents sufficient conditions for ISSp based on Lya-

punov functions. We first define the class of ISS-Lyapunov func-

tion candidates and characterize how it changes during flows and

at jumps. We then show that the existence of an ISS-Lyapunov

function satisfying strict decrease along flows almost surely and

decrease on average at jumps is sufficient to conclude ISSp of Ĥ𝑃

with respect to a compact set A.

Definition 5.1. (ISS-Lyapunov function candidate) The set
A ⊂ R𝑛 and the function𝑉 : dom𝑉 → R≥0 define an ISS-Lyapunov
function (ISS-LF) candidate for the stochastic hybrid plant Ĥ𝑃 =

(𝐶𝑃 , 𝐹𝑃 , 𝐷𝑃 ,𝐺𝑃 , 𝜇) with respect toA if the following conditions hold:
(C1) Π(𝐶𝑃 ) ∪ Π(𝐷𝑃 ) ∪𝐺𝑃 (𝐷𝑃 × V) ⊂ dom𝑉 , where we define

V :=
⋃
𝑘∈N

𝑣𝑘+1
(Ω)

and {𝑣𝑘 }∞𝑘=1
is the sequence of i.i.d. random variables entering

the jumps of Ĥ𝑃 , defined on some probability space (Ω, F , P).4
(C2) 𝑉 is continuous and locally Lipschitz on an open set containing

Π(𝐶𝑃 ).
(C3) There exist 𝛼1, 𝛼2 ∈ K∞ such that

𝛼1 ( |𝑥 |A ) ≤ 𝑉 (𝑥) ∀𝑥 ∈ Π(𝐶𝑃 ) ∪ Π(𝐷𝑃 ) ∪𝐺𝑃 (𝐷𝑃 × V)
𝑉 (𝑥) ≤ 𝛼2 ( |𝑥 |A ) ∀𝑥 ∈ Π(𝐶𝑃 ) ∪ Π(𝐷𝑃 ) .

Given a set A ⊂ R𝑛 and an ISS-LF candidate 𝑉 with respect to

A for Ĥ𝑃 = (𝐶𝑃 , 𝐹𝑃 , 𝐷𝑃 ,𝐺𝑃 , 𝜇), we define the change of 𝑉 along

the flows of Ĥ𝑃 by

¤𝑉 (𝑥,𝑢𝐶 ) := sup

𝜒∈𝐹𝑃 (𝑥,𝑢𝐶 )
𝑉 ◦ (𝑥, 𝜒) ∀(𝑥,𝑢𝐶 ) ∈ 𝐶𝑃 , (11)

4
See the discussion below (1).
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where 𝑉 ◦ (𝑥, 𝜒) is the Clarke generalized directional derivative of

𝑉 at 𝑥 in the direction of 𝜒 (see [7, Thm. 9.4]). Similarly, the change

of 𝑉 at jumps is given by∫
R𝑝

sup

𝜒∈𝐺𝑃 (𝑥,𝑢𝐷 ,𝑣)
𝑉 (𝜒)𝜇 (𝑑𝑣) −𝑉 (𝑥) ∀(𝑥,𝑢𝐷 ) ∈ 𝐷𝑃 . (12)

For (12) to be well defined, for each (𝑥,𝑢𝐷 ) ∈ 𝐷𝑃 , the map 𝑣 ↦→
sup𝜒∈𝐺𝑃 (𝑥,𝑢𝐷 ,𝑣) 𝑉 (𝜒) has to be measurable. The next result, in-

spired by [23, Lem. 4.1], provides sufficient conditions to satisfy

this condition.

Proposition 5.2. (Measurability of the change of 𝑉 at jumps)

Let 𝐷𝑃 ⊂ R𝑛+𝑚𝐷 , let 𝑉 : Π(𝐷𝑃 ) ⊃ dom𝑉 → R≥0 be upper semi-
continuous5, and let 𝐺𝑃 : R𝑛+𝑚𝐷+𝑝 ⇒ R𝑛 . Suppose that, for each
𝑣 ∈ R𝑝 , the map (𝑥,𝑢𝐷 ) ↦→ 𝐺𝑃 (𝑥,𝑢𝐷 , 𝑣) is osc and that (A4) in
Assumption 3.4 is satisfied. Then, for each (𝑥,𝑢𝐷 ) ∈ 𝐷𝑃 , the map

𝑣 ↦→ sup

𝜒∈𝐺𝑃 (𝑥,𝑢𝐷 ,𝑣)
𝑉 (𝜒)

is measurable.

Corollary 5.3. (Consequences of Proposition 5.2) Under the
assumption in Proposition 5.2, the set-valued map 𝑣 ↦→ 𝐺𝑃 (𝑥,𝑢𝐷 , 𝑣) is
measurable with closed values for each (𝑥,𝑢𝐷 ) ∈ 𝐷𝑃 from Lemma 3.5.
Given a continuous function 𝜂 : R𝑛 → R≥0, consider the set-valued
map (𝑥, 𝑣) ↦→ 𝐺𝑃 (𝑥, 𝜂 (𝑥)B, 𝑣) =: 𝐺 (𝑥, 𝑣). Then, 𝑣 ↦→ gph𝐺 (·, 𝑣) is
measurable with closed values [26, Prop. 1].

The following results will help us introduce a sufficient condition

for guaranteeing ISSp of a compact setA bymeans of ISS-Lyapunov

function candidates that satisfy strict decrease conditions along

flows almost surely, and on average at jumps. This is shown in

Theorem 5.5.

Lemma 5.4. (Absence of finite escape times) Let A ⊂ R𝑛 be
compact. Consider Ĥ𝑃 = (𝐶𝑃 , 𝐹𝑃 ,∅,★, 𝜇), namely

Ĥ𝑃 : ¤𝑥 ∈ 𝐹𝑃 (𝑥,𝑢𝐶 ) (𝑥,𝑢) ∈ 𝐶𝑃 ,

and suppose that 𝑉 is an ISS-LF candidate for Ĥ𝑃 with respect to A.
If, for each 𝜂 : R𝑛 → R≥0, we have that

sup

𝜒∈𝐹𝑃 (𝑥,𝜂 (𝑥 )B)
𝑉 ◦ (𝑥, 𝜒) ≤ 0 ∀𝑥 ∈ 𝐶 \ A (13)

with 𝐶 defined in (4), then there are no finite escape times for each
solution to

Ĥ : ¤𝑥 ∈ 𝐹𝑃 (𝑥, 𝜂 (𝑥)B) 𝑥 ∈ 𝐶. (14)

We are ready to present the main result of the paper.

Theorem 5.5. (ISS-LF implies ISSp) Let A ⊂ R𝑛 be compact,
Ĥ𝑃 = (𝐶𝑃 , 𝐹𝑃 , 𝐷𝑃 ,𝐺𝑃 , 𝜇) be a stochastic hybrid plant satisfying
Assumption 3.4, and 𝑉 be an ISS-LF candidate for Ĥ𝑃 with respect to
A. If there exist 𝜎 ∈ K∞ and a lower semicontinuous 𝜚 ∈ PD(A)

5
A function 𝑓 : R𝑛 → R is upper semicontinuous if lim sup𝑖→∞ 𝑓 (𝑥𝑖 ) ≤ 𝑓 (𝑥 )
whenever lim𝑖→∞ 𝑥𝑖 = 𝑥 .

such that

sup

𝜒∈𝐹𝑃 (𝑥,𝜎 ( |𝑥 |A )B)
𝑉 ◦ (𝑥, 𝜒) ≤ −𝜚 (𝑥) ∀𝑥 ∈ 𝐶 \ A∫

R𝑝

sup

𝜒∈𝐺𝑃 (𝑥,𝜎 ( |𝑥 |A )B,𝑣)
𝑉 (𝜒)𝜇 (𝑑𝑣) ≤ 𝑉 (𝑥) − 𝜚 (𝑥) ∀𝑥 ∈ 𝐷,

(15)

where𝐶 and 𝐷 are as in (4) with 𝜂 = 𝜎 ◦ | · |A , then Ĥ𝑃 is ISSp with
respect to A and 𝑉 is an ISS-LF for Ĥ𝑃 with respect to A.

Theorem 5.5 extends the Lyapunov stability conditions of [23,

Thm. 4.2] to the input-driven setting, and those of [2, Thm. 3.1,

2⇒3] from deterministic to stochastic jumps. Together with the

solution theory and worst-case input analysis of Section 3 and Sec-

tion 4, it forms the main theoretical contribution of this paper. In

the deterministic setting, ISS underpins robustness analysis and

the study of interconnected systems; we expect ISSp to play an

analogous role in the stochastic hybrid case. The next section il-

lustrates the theory on a concrete problem class and motivates its

applicability through a numerical example.

6 Learning-Based Hybrid Dynamical Systems
Gaussian process (GP) learning for hybrid dynamical systems is a

natural setting where stochastic jump maps arise, since uncertainty

in a learned model is carried forward as randomness in the discrete

transitions, producing jump maps of precisely the form covered by

Ĥ𝑃 in (1). This section presents this problem class, identifies the

structure of the sufficient conditions of Theorem 5.5, and provides

a numerical illustration in a concrete setting.

In particular, we begin by considering a deterministic hybrid

plants with state 𝑥 ∈ R𝑛 , input 𝑢𝐶 ∈ R𝑚 , and dynamics

H𝑃 :

{
¤𝑥 = 𝑓𝑃 (𝑥,𝑢𝐶 ) (𝑥,𝑢𝐶 ) ∈ 𝐶𝑃

𝑥+ = 𝑔𝑃 (𝑥) 𝑥 ∈ 𝐷𝑃 ,
(16)

where the flow set 𝐶𝑃 ⊂ R𝑛+𝑚 and jump set 𝐷𝑃 ⊂ R𝑛 are closed,

the flow and jump maps 𝑓𝑃 : R𝑛 × R𝑚 → R𝑛 and 𝑔𝑃 : R𝑛 → R𝑛
are continuous, and 𝑢𝐶 ∈ R𝑚 represents actuation disturbances.

The jump map 𝑔𝑃 is assumed unknown.

Our objective is to learn 𝑔𝑃 from data, where a prior belief over

the jump map is updated through Bayesian conditioning on ob-

served pre- and post-jump state pairs, and to certify that the learned

model inherits suitable stability properties fromH𝑃 . Stability prop-

erties serve here as a measure of consistency of the learned model

with the true system, ensuring that learning does not merely fit

observed data but also captures the dynamical behavior of the data-

generating system. Gaussian processes are a natural choice for this

purpose, as the posterior distribution over 𝑔𝑃 yields a stochastic

jump map of precisely the form covered by Ĥ𝑃 in (1), enabling the

direct application of the ISSp framework developed in the previous

sections. The underlying premise is that, as the dataset grows, the

learned model may converge to 𝑔𝑃 , and stability certificates estab-

lished forH𝑃 transfer to the stochastic hybrid system Ĥ (𝑁 )
𝑃

in a

suitable probabilistic sense.

To learn 𝑔𝑃 , we require measurements of pre-jump states 𝑥 ∈ 𝐷𝑃

and their corresponding post-jump values 𝑔𝑃 (𝑥), as formalized

below.
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Definition 6.1. (Dataset) Let H𝑃 = (𝐶𝑃 , 𝑓𝑃 , 𝐷𝑃 , 𝑔𝑃 ) be as in
(16). Given𝑁 ∈ N\{0}, a dataset is a collectionD𝑁 B

{
(𝑥𝑖 , 𝑦𝑖 )

}𝑁
𝑖=1

⊂
R2𝑛 , where 𝑥𝑖 ∈ 𝐷𝑃 and 𝑦𝑖 B 𝑔𝑃 (𝑥𝑖 ) + 𝜀𝑖 for each 𝑖 ∈ {1, . . . , 𝑁 },
with noise samples 𝜀𝑖

i.i.d.∼ N(0, 𝜎2

𝜀 𝑃) for some 𝑃 ∈ S𝑛
>0

and 𝜎𝜀 > 0.

Remark 6.2. (Collecting data from solutions) Data satisfying
Definition 6.1 can be collected from solutions to H𝑃 . Specifically,

given solutions {𝜙 (𝑘 ) , 𝑢 (𝑘 ) }𝑘
𝑘=1

to H𝑃 as in (16) with 𝑘 ∈ N \ {0},
one constructs D𝑁 by sampling hybrid times (𝑡, 𝑗) ∈ dom𝜙 (𝑘 )

such that (𝑡, 𝑗 + 1) ∈ dom𝜙 (𝑘 ) , setting 𝑥𝑖 B 𝜙 (𝑘 ) (𝑡, 𝑗) and 𝑦𝑖 B
𝑔𝑃 (𝜙 (𝑘 ) (𝑡, 𝑗)) + 𝜀𝑖 , and repeating until 𝑁 pairs are collected.

To formalize the learning approach, following [5, 30], we first

introduce the notion of a multivariate Gaussian process, which will

serve as our nonparametric model for 𝑔𝑃 .

Definition 6.3. (Multivariate GP) Let 𝐷𝑃 ⊂ R𝑛 be nonempty
and

(
Ω̂, F̂ , P̂

)
be a probability space. Consider 𝜗 : R𝑛 → R𝑛 , a kernel

𝜌 : R2𝑛 → R>0 and 𝑃 ∈ S𝑛
>0

. An 𝑛-multivariate GP (MVGP) on 𝐷𝑃

with parameters (𝜗, 𝜌, 𝑃) is a map 𝜒 : 𝐷𝑃 × Ω̂ → R𝑛 such that:

• For each 𝑥 ∈ 𝐷𝑃 , the map Ω̂ ∋ 𝜔 ↦→ 𝜒 (𝑥, 𝜔) is F̂ -measurable.
• For each 𝑥 ∈ 𝐷𝑃 , it follows that

E
[
𝜒 (𝑥, ·)

]
= 𝜗 (𝑥)

and, for each 𝑥, 𝑥 ′ ∈ 𝐷𝑃 , we have that

Cov

[
𝜒 (𝑥, ·), 𝜒 (𝑥 ′, ·)

]
= 𝑃𝜌 (𝑥, 𝑥 ′).

• For any {𝑥1, 𝑥2, . . . , 𝑥𝑞} ⊂ 𝐷𝑃 , 𝑞 ∈ N \ {0}, we have that6

P̂ ◦𝜛−1

(𝑥1,𝑥2,...,𝑥𝑞 ) = N
©­­­­«

𝜇 (𝑥1)
𝜇 (𝑥2)
.
.
.

𝜇 (𝑥𝑞)


,
[
𝜌 (𝑥𝑖 , 𝑥𝑘 )

]𝑞
𝑖,𝑘=1

⊗ 𝑃
ª®®®®¬

where, for each 𝜔 ∈ Ω,

𝜛 (𝑥1,𝑥2,...,𝑥𝑞 ) (𝜔) :=
(
𝜒 (𝑥1, 𝜔), 𝜒 (𝑥2, 𝜔), . . . , 𝜒 (𝑥𝑞, 𝜔)

)
.

In addition, for each 𝜔 ∈ Ω̂, the map 𝑥 ↦→ 𝜒 (𝑥,𝜔) is called a sample

function of the MVGP7. If 𝜗 ≡ 0, we say that the MVGP is centered.
Finally, we denote an MVGP by 𝜒 ∼ GP

(
𝜇, 𝑃𝜌

)
.

The MVGP structure allows us to encode prior beliefs about the
unknown jump map 𝑔𝑃 through the choice of a kernel function
𝜌 : R2𝑛 → R≥0, which specifies the expected correlation between

function values at different states, and a matrix 𝑃 ∈ S𝑛
>0
, which

specifies the covariance structure across the 𝑛 output dimensions

of 𝑔𝑃 .

Given a dataset D𝑁 =
{
(𝑥𝑖 , 𝑦𝑖 )

}𝑁
𝑖=1

as in Definition 6.1, this

prior can be updated via Bayesian conditioning to yield a poste-
rior multivariate Gaussian process, characterized in the following

lemma. Hereafter, we assume 𝜌 is continuous.

6
For {𝑥1, 𝑥2, . . . , 𝑥𝑞 } ⊂ 𝐷𝑃 , we denote by [𝜌 (𝑥𝑖 , 𝑥𝑘 ) ]𝑞𝑖,𝑘=1

the matrix whose (𝑖, 𝑘 )-
th entry, 𝑖, 𝑘 ∈ {1, 2, . . . , 𝑞}, corresponds to 𝜌 (𝑥𝑖 , 𝑥𝑘 ) .
7
For ease of notation, when it is clear from context, we will drop the argument 𝜔 in

𝜒 (𝑥,𝜔 ) . Thus, we will refer to 𝐷𝑃 ∋ 𝑥 ↦→ 𝜒 (𝑥 ) as a sample path as well.

Lemma 6.4. (Posterior MVGP) LetH𝑃 = (𝐶𝑃 , 𝑓𝑃 , 𝐷𝑃 , 𝑔𝑃 ) be as in
(16), and let 𝑔𝑃 ∼ GP(0, 𝑃𝜌) be a centered MVGP for some 𝑃 ∈ S𝑛

>0

and kernel 𝜌 : R2𝑛 → R≥0. Given a dataset D𝑁 =
{
(𝑥𝑖 , 𝑦𝑖 )

}𝑁
𝑖=1

as
in Definition 6.1, let 𝑦 B (𝑦1, 𝑦2, . . . , 𝑦𝑁 ). For each 𝑥, 𝑥 ′ ∈ 𝐷𝑃 , define

𝜗𝑁 (𝑥) B 𝑦

(
𝐾 + 𝜎2

𝜀 𝐼𝑁

)−1

𝜌 (𝑥) (17)

𝜌𝑁 (𝑥, 𝑥 ′) B 𝜌 (𝑥, 𝑥 ′) − 𝜌 (𝑥)⊤
(
𝐾 + 𝜎2

𝜀 𝐼𝑁

)−1

𝜌 (𝑥 ′) (18)

with 𝜎𝜀 > 0, 𝐾 B
[
𝜌 (𝑥𝑖 , 𝑥𝑘 )

]𝑁
𝑖,𝑘=1

, and

𝜌 (𝑥) B
(
𝜌 (𝑥, 𝑥1), 𝜌 (𝑥, 𝑥2), . . . , 𝜌 (𝑥, 𝑥𝑁 )

)⊤ ∀𝑥 ∈ R𝑛 .
Then the posterior MVGP 𝑔𝑃 satisfies

𝑔𝑃 ∼ GP(𝜗𝑁 , 𝑃𝜌𝑁 ) . (19)

Now, given the posterior Gaussian process from Lemma 6.4, we

define a stochastic hybrid plant suitable for stability analysis that

captures the learning process via Bayesian conditioning on D𝑁
.

Define the function 𝛾
(𝑁 )
𝑃

: 𝐷𝑃 × R𝑛 → R𝑛 by

𝛾
(𝑁 )
𝑃

(𝑥, 𝑣) B 𝜗𝑁 (𝑥) + Γ𝑁 (𝑥)𝑣, (20)

where 𝑥 ↦→ Γ𝑁 (𝑥) B (𝑃𝜌𝑁 (𝑥, 𝑥))1/2
. Consider a random variable

𝛼 : Ω′ → R𝑛 defined on a probability space (Ω′, F ′, P′) and satis-

fying 𝛼 ∼ N(0, 𝐼𝑛). Note that the function 𝛾 (𝑁 )
𝑃

is not necessarily

a random variable itself. However, for each 𝑥 ∈ 𝐷𝑃 , by composing

𝛾
(𝑁 )
𝑃

with 𝛼 , the map

𝜔 ′ ↦→ 𝛾
(𝑁 )
𝑃

(𝑥, 𝛼 (𝜔 ′)) C 𝛾
(𝑁 )
𝑃

(𝑥, 𝜔 ′),
constitutes a valid random variable on (Ω′, F ′, P′). By the prop-

erties of the expected value and the covariance, it follows that

E[𝛾 (𝑁 )
𝑃

(𝑥, ·)] = E[𝑔𝑃 (𝑥, ·)] = 𝜗𝑁 (𝑥) for all 𝑥 ∈ 𝐷𝑃 , and

Cov[𝛾 (𝑁 )
𝑃

(𝑥, ·), 𝛾 (𝑁 )
𝑃

(𝑥 ′, ·)] = 𝑃𝜌𝑁 (𝑥, 𝑥 ′) ∀𝑥, 𝑥 ′ ∈ 𝐷𝑃 .

Using this fact, we define the following stochastic hybrid dynamical

system with inputs:

Ĥ (𝑁 )
𝑃

:

{ ¤𝑥 = 𝑓𝑃 (𝑥,𝑢𝐶 ) (𝑥,𝑢𝐶 ) ∈ 𝐶𝑃
𝑥+ = 𝛾

(𝑁 )
𝑃

(𝑥, 𝑣+) 𝑥 ∈ 𝐷𝑃 𝑣 ∼ N(0, 𝐼𝑛) .
(21)

System Ĥ (𝑁 )
𝑃

is of the form in (1), with jump map 𝛾
(𝑁 )
𝑃

driven

by i.i.d. noise 𝑣 ∼ N(0, 𝐼𝑛). A natural approach to achieving the ob-

jective stated above is to assumeH𝑃 is ISS with Lyapunov function

𝑉 , replace the unknown 𝑔𝑃 with the GP posterior to obtain Ĥ (𝑁 )
𝑃

,

and certify that the latter is ISSp. By Theorem 5.5, this reduces to

verifying that 𝑉 satisfies the jump decrease condition for Ĥ (𝑁 )
𝑃

, a

condition that is expected to hold as 𝛾
(𝑁 )
𝑃

approaches 𝑔𝑃 and the

nominal decrease of 𝑉 under the true jump map transfers to the

learned GP model.

In standard GP regression, if the kernel is continuous and the

sampling points are suitably dense in a compact set 𝐷𝑃 , the pos-

terior variance 𝑥 ↦→ 𝜌𝑁 (𝑥, 𝑥) converges to zero and the posterior

mean 𝜗𝑁 converges uniformly in the 𝐿1
-sense to 𝑔𝑃 as 𝑁 → ∞

[13, Thm. 3, Thm. 8]. Under i.i.d. sampling from a distribution

supported on 𝐷𝑃 , this density condition holds almost surely [13,

Prop. 4]. Transferring these results to the hybrid setting, where
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data arises from jumps of solutions rather than arbitrary sampling,

and making the limit argument precise in sufficient generality to

apply Theorem 5.5, requires additional technical development that

is deferred to future work. The following example illustrates the

structure of the sufficient conditions in a concrete numerical setting.

6.1 Numerical Example
Consider the deterministic hybrid plantH𝑃 given by

H𝑃 :


¤𝑥 = 𝑓𝑃 (𝑥,𝑢𝐶 )B

[
𝑥2

−𝛿2𝑥1 − 2𝜁𝛿𝑥2 + 𝑢𝐶

]
(𝑥,𝑢𝐶 ) ∈ 𝐶 × R

𝑥+ = 𝑔𝑃 (𝑥) B
[

𝑥1

−𝜀 (𝑥2)𝑥2

]
𝑥 ∈ 𝐷𝑃 ,

(22)

where 𝛿 ∈ R>0, 𝜁 ∈ (0, 1), 𝜀 : R→ [0, 𝜀max] is defined by 𝜀 (𝑥2) B
𝜀max exp

(
−𝜆𝑥2

2

)
for some 𝜀max ∈ (0, 1) and some 𝜆 > 0, 𝐶 B

R≥0 × R, and 𝐷𝑃 B {0} × [−𝑣, 0] for some 𝑣 ∈ R>0. Consider

A B {(0, 0)} and the function

𝑉 (𝑥) B 1

2

𝑥⊤
[
𝛿2 𝑐

𝑐 1

]
𝑥 C 𝑥⊤𝑄𝑥 ∀𝑥 ∈ R2,

with 𝑐 ∈
(
0, 2𝜁𝛿/(1 + 𝜁 2)

)
. Notice that 𝑉 is smooth, dom𝑉 = R2

and that
8

𝜆min (𝑄)
2

|𝑥 |2 ≤ 𝑉 (𝑥) ≤ 𝜆max (𝑄)
2

|𝑥 |2 ∀𝑥 ∈ R2 .

From this construction, for all (𝑥,𝑢𝐶 ) ∈ 𝐶 × R𝑚 , we have〈
𝑄𝑥, 𝑓𝑃 (𝑥,𝑢𝐶 )

〉
= −𝑥⊤

[
𝑐𝛿2 𝑐𝜁𝛿

𝑐𝜁𝛿 2𝜁𝛿 − 𝑐

]
︸              ︷︷              ︸

=:𝑀

𝑥 + (𝑐𝑥1 + 𝑥2)𝑢𝐶

≤ −
(
𝜆min (𝑀) −

√
𝑐2 + 1

2𝛽

)
︸                      ︷︷                      ︸

C𝑐3

|𝑥 |2 + 𝛽
√
𝑐2 + 1

2︸     ︷︷     ︸
C𝑐4

𝑢2

𝐶

where we have used Cauchy-Schwarz and Young’s inequality for

𝛽 >
√
𝑐2 + 1/

(
2𝜆min (𝑀)

)
. Similarly, for all 𝑥 ∈ 𝐷𝑃 , notice that

𝑉
(
𝑔𝑃 (𝑥)

)
−𝑉 (𝑥) = 1

2

(
𝜀 (𝑥2)2 − 1

)
𝑥2

2
≤ −

1 − 𝜀2

max

2

|𝑥 |2,

where we have used 𝜀max exp

(
−𝜆𝑥2

2

)
≤ 𝜀max for all 𝑥2 ∈ R. Thus,

𝑉 satisfies the conditions in [2, Prop. 2.6] with

𝛼3 (𝑠) B min

{
𝜆min (𝑀) −

√
𝑐2 + 1

2𝛽
,

1 − 𝜀2

max

2

}
𝑠2

𝜌 (𝑠) B 𝛽
√
𝑐2 + 1

2

𝑠2

for all 𝑠 ∈ R≥0. This, in turn implies, by [2, Prop. 2.7], thatH𝑃 in

(22) is ISS with respect to A in the sense of [2, Def. 2.1].

Having established ISS for H𝑃 when 𝑔𝑃 is known, we now con-

sider the setting where 𝑔𝑃 must be learned from data. We model

𝑔𝑃 using an MVGP and show that the resulting stochastic hy-

brid plant is ISSp with respect to A. To this end, fix any 𝜃 ∈
8
For a given symmetric positive definite matrix Q, we denote by𝜆min (𝑄 ) and𝜆max (𝑄 )
its minimum and maximum eigenvalues, respectively.

(
0,

√︁
𝑐3𝑐4/(𝑐2 + 1)

)
, let 𝜒 B 𝛼−1

3
◦ 𝜌 , and define 𝜎 B 𝜃 𝜒−1 ∈ K∞.

Then, it readily follows that, for all 𝑥 ∈ 𝐶 ,

sup

𝜒∈ 𝑓𝑃 (𝑥,𝜎 ( |𝑥 | )B)

〈
𝑄𝑥, 𝜒

〉
= sup

|𝑢𝐶 | ≤𝜃 𝜒−1 ( |𝑥 | )

〈
𝑄𝑥, 𝑓𝑃 (𝑥,𝑢𝐶 )

〉
≤ −𝑐3 |𝑥 |2 + 𝜃 |𝑐𝑥1 + 𝑥2 |

√︂
𝑐3

𝑐4

|𝑥 |

≤ −𝑐3 |𝑥 |2 + 𝜃

√︄
𝑐3 (𝑐2 + 1)

𝑐4

|𝑥 |2

≤ −𝑐3

©­«1 − 𝜃

√︄
𝑐2 + 1

𝑐3𝑐4

ª®¬ |𝑥 |2 C −𝜚 (𝑥)

(23)

Therefore, the condition in (15) is satisfied during flows. With this

condition verified, we turn to specifying an MVGP prior for the

unknown jump map 𝑔𝑃 . Since it vanishes at the origin and it is

smooth, a natural choice for the kernel is 𝜌 (𝑥, 𝑥 ′) B 𝑥⊤𝑥 ′𝜌
SE
(𝑥, 𝑥 ′)

for all 𝑥, 𝑥 ′ ∈ R2
, where 𝜌SE : R2 × R2 → R>0 is given by

𝜌
SE
(𝑥, 𝑥 ′) B exp

(
− |𝑥 − 𝑥 ′ |2

2ℓ2

)
∀𝑥, 𝑥 ′ ∈ R2 . (24)

Restricting to the jump set 𝐷𝑃 , where every 𝑥 satisfies 𝑥1 = 0, the

kernel 𝜌 simplifies to

𝜌
(
(0, 𝑥2), (0, 𝑥 ′2)

)
= 𝑥⊤

2
𝑥 ′

2
exp

(
−
(𝑥2 − 𝑥 ′

2
)2

2ℓ2

)
(25)

for all 𝑥2, 𝑥
′
2
∈ [−𝑣, 0]. We now assume access to a dataset D𝑁

as in Definition 6.1, which can be collected from solutions toH𝑃

as described in Remark 6.2. Conditioning the MVGP prior on D𝑁

yields a posterior distribution as in Lemma 6.4.

As stated above, a consistency condition on the posterior mean

is desirable, as convergence of 𝜗𝑁 to 𝑔𝑃 provides a mechanism

for transferring the jump decrease of 𝑉 from H𝑃 to Ĥ (𝑁 )
𝑃

. Uni-

form 𝐿1
convergence is guaranteed when 𝑔𝑃 lies in the reproducing

kernel Hilbert space (RKHS) of the chosen kernel
9
. We verify this

membership below.

Specifically, on𝐷𝑃 , the kernel 𝜌 is the product of the linear kernel

𝜌
lin
(𝑥2, 𝑥

′
2
) B 𝑥⊤

2
𝑥 ′

2
and 𝜌SE (𝑥2, 𝑥

′
2
) B 𝜌

SE

(
(0, 𝑥2), (0, 𝑥 ′

2
)
)
for all

𝑥2, 𝑥
′
2
∈ 𝐷𝑃 , see (25). For 𝜌

lin
, its RKHS is the one-dimensional

space H𝜌
lin

= {𝑥2 ↦→ 𝑎 𝑥2 : 𝑎 ∈ R}. Consequently, every element

of H𝜌 on 𝐷𝑃 takes the form 𝑥2 ↦→ 𝑥2 ℎ(𝑥2) with ℎ ∈ H𝜌SE
, where

HSE denotes the RKHS of 𝜌SE. On 𝐷𝑃 , the first component of 𝑔𝑃
vanishes and the second is the map 𝑥2 ↦→ −𝜀max exp

(
− 𝜆𝑥2

2

)
𝑥2, so

a necessary and sufficient condition for 𝑔𝑃 to belong toH𝜌 on 𝐷𝑃 is

that 𝑥2 ↦→ 𝜀 (𝑥2)𝑥2 ∈ H𝜌SE
. For the squared-exponential kernel onR,

the RKHS norm of 𝜀 ∈ H𝜌SE
admits the following characterization

[12, Thm. 2.1]

∥𝜀∥2

H𝜌
SE

=

∫
R

|̂𝜀 (𝜔) |2

𝜌SE (𝜔)
𝑑𝜔, (26)

9
Recall that the reproducing kernel Hilbert space (RKHS) H𝜌 of a positive-definite

kernel 𝜌 : 𝑋 × 𝑋 → R≥0 is the unique Hilbert space of functions on 𝑋 satisfying the

reproducing property 𝑓 (𝑥 ) = ⟨𝑓 , 𝜌 (𝑥, · ) ⟩H𝜌 for all 𝑓 ∈ H𝜌 and 𝑥 ∈ 𝑋 ; see [1] for a

comprehensive treatment.
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Figure 1: Verification of decrease of 𝑉 during the jumps of Ĥ (𝑁 )
𝑃

.

The expected change of𝑉 at jumps,

∫
R2
𝑉

(
𝛾
(𝑁 )
𝑃

(𝑥, 𝑣)
)
𝜇 (𝑑𝑣) −𝑉 (𝑥)

(solid), lies below −𝜚 (𝑥) (dashed) for all 𝑥 ∈ 𝐷𝑃 , where 𝜚 (𝑥) =

𝑐3

(
1 − 𝜃

√︁
(𝑐2 + 1)/(𝑐3𝑐4)

)
|𝑥 |2 is the decrease rate from (23). The

shaded region indicates the margin between the two quantities.

where 𝜀̂ and 𝜌SE denote the Fourier transforms of the functions 𝜀

and 𝑥2 ↦→ 𝜌SE (𝑥2, 0), respectively, and 𝜀 ∈ H𝜌SE
if and only if the

right-hand side of (26) is finite. Direct computation gives

𝜀̂ (𝜔) = −𝜀max√
2𝜆

exp

(
−𝜔

2

4𝜆

)
, 𝜌SE (𝜔) = ℓ

√
2𝜋 exp

(
− ℓ

2 𝜔2

2

)
.

Substituting into (26) yields

∥𝜀∥2

H𝜌
SE

=
𝜀2

max

2ℓ𝜆
√

2𝜋

∫
R

exp

(
−𝜔

2

4𝜆
+ ℓ

2 𝜔2

2

)
𝑑𝜔

=
𝜀2

max

2ℓ𝜆
√

2𝜋

∫
R

exp

(
−1 − 2𝜆ℓ2

4𝜆
𝜔2

)
𝑑𝜔,

(27)

and we see that the integral in (27) converges if and only if

ℓ <
1

√
2𝜆
. (28)

Provided (28) holds, 𝑔𝑃 belongs to the RKHS of 𝜌 on 𝐷𝑃 , so the

posterior consistency conditions are satisfied. With this kernel and

dataset D𝑁
, we have the stochastic hybrid plant Ĥ (𝑁 )

𝑃
in (21).

It remains to verify decrease condition at jumps in Theorem 5.5

for Ĥ (𝑁 )
𝑃

. In particular, if, for all 𝑥 ∈ 𝐷𝑃 , with 𝜇 = N(0, 𝐼2), the
following inequality is satisfied∫
R2

𝑉
(
𝜗𝑁 (𝑥) + Γ𝑁 (𝑥)𝑣

)
𝜇 (𝑑𝑣)

=

∫
R2

(
𝜗𝑁 (𝑥) + Γ𝑁 (𝑥)𝑣

)⊤
𝑄

(
𝜗𝑁 (𝑥) + Γ𝑁 (𝑥)𝑣

)
𝜇 (𝑑𝑣)

= 𝜗𝑁 (𝑥)⊤𝑄𝜗𝑁 (𝑥) + tr

©­­«Γ⊤𝑁 (𝑥)𝑄 Γ𝑁 (𝑥)
∫
R2

𝑣𝑣⊤𝜇 (𝑑𝑣)
ª®®¬

= 𝜗𝑁 (𝑥)⊤𝑄𝜗𝑁 (𝑥) + tr

(
Γ⊤𝑁 (𝑥)𝑄 Γ𝑁 (𝑥)

)
≤ 𝑉 (𝑥) − 𝜚 (𝑥).
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Figure 2: Evolution of𝑉 along 100 sample solutions of Ĥ (𝑁 )
𝑃

under

the input 𝑢𝐶 = 𝜃 𝜒−1 ( |𝑥 |) during flows. Flow segments are shown

in blue and jumps in red, with solid lines corresponding to the

true deterministic hybrid plantH𝑃 as in (22); the inset details the

behavior near a jump.

The last inequality is verified numerically
10

in Figure 1 for the

posterior obtained from D𝑁
, confirming that the jump decrease

condition of Theorem 5.5 holds for this dataset and kernel. Figure 2

shows the evolution of 𝑉 along sample solution pairs of Ĥ (𝑁 )
𝑃

,

illustrating the decrease of 𝑉 both during flows and at jumps.

7 Conclusion
In this paper, we introduce a class of stochastic hybrid dynamical

systems with random jumps and develop a notion of input-to-state

stability in probability (ISSp) via an associated worst-case-input

system. We prove a version of Filippov’s lemma for deterministic

hybrid inclusions, establishing the existence of measurable input

selections that realize solutions of worst-case-input systems. Using

Lyapunov methods, we derive sufficient conditions for ISSp for sto-

chastic hybrid systems with inputs. To illustrate the framework, we

consider hybrid systems with GP-learned jump dynamics, identify

the sufficient conditions in a concrete example, and verify them

numerically.

Directions for future research include establishing a general

connection between GP posterior consistency and ISSp, showing

that ISS certificates for the true system transfer to ISSp certificates

for the learned model as the dataset grows, as well as converse

Lyapunov theorems for ISSp and a theory of practical stability in

probability for stochastic hybrid systems.
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