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Abstract

We introduce a class of stochastic hybrid dynamical systems with
random jumps and develop a notion of input-to-state stability in
probability (ISSp) via an associated worst-case-input system. We
formulate stochastic hybrid systems with inputs, extend existing
solution concepts to this setting, and characterize the relationship
between solutions of worst-case-input and input-driven systems.
As part of this development, we prove a version of Filippov’s lemma
for deterministic hybrid inclusions, establishing the existence of
measurable input selections that realize worst-case solutions. Using
Lyapunov methods, we derive sufficient conditions for ISSp. To
illustrate the framework, we construct Gaussian process models of
unknown jump dynamics for hybrid systems and show that suitable
regularity of the learned model guarantees ISSp.
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1 Introduction

Input-to-state stability (ISS) was introduced for continuous-time
nonlinear differential equations as a framework for characteriz-
ing robustness to bounded disturbances [20]. Systems with this
property maintain bounded trajectories under bounded inputs and
recover asymptotic stability when disturbances vanish [21]. The
theory has since developed substantially. Foundational work ex-
tended ISS to discrete-time systems [10] and later to hybrid systems

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than the
author(s) must be honored. Abstracting with credit is permitted. To copy otherwise, or
republish, to post on servers or to redistribute to lists, requires prior specific permission
and/or a fee. Request permissions from permissions@acm.org.

HSCC °26, Saint Malo, France

© 2026 Copyright held by the owner/author(s). Publication rights licensed to ACM.
ACM ISBN 978-x-xxxx-xxxx-x/YYYY/MM
https://doi.org/10.1145/nnnnnnn.nnnnnnn

Daniel E. Ochoa
University of California, Santa Cruz,
Santa Cruz, CA 95064, USA
dochoatamayo@ucsc.edu

Ricardo G. Sanfelice
University of California, Santa Cruz,
Santa Cruz, CA 95064, USA
ricardo@ucsc.edu

that combine continuous flows with discrete jumps [2]. Several
refinements have also been introduced to capture stronger conver-
gence requirements, including finite-time ISS and fixed-time ISS
[16], and prescribed-time ISS [17, 19]. A major theoretical milestone
was the ISS small-gain theorem [11], which enabled the system-
atic analysis of interconnected systems by decomposing robustness
through component-level ISS properties together with small-gain
conditions on the interconnection structure [3].

Input-to-state stability for stochastic nonlinear systems has also
been studied with applications to stochastic stabilization, robust-
ness analysis, and cascaded systems [22, 29]. Related notions such
as noise-to-state stability have been introduced in the context of
stochastic differential equations to handle unbounded random per-
turbations [4]. For discrete-time stochastic difference inclusions,
equivalent characterizations of ISS in probability have been es-
tablished, including Lyapunov-based formulations and robust ISS
properties [26]. These developments have established ISS as a cen-
tral framework in nonlinear control theory with broad applicability
across continuous-time and discrete-time models.

Despite the maturity of ISS theory for deterministic and sto-
chastic continuous-time and discrete-time systems, its extension to
stochastic hybrid systems remains largely unexplored [9, 15, 28].
When inputs act during both continuous flows and discrete jumps
in a deterministic setting, the theory is well-established [2]. How-
ever, extending this theory to stochastic jump mechanisms through
random resets, probabilistic switching, or inherent uncertainty in
discrete transitions presents unresolved challenges. For instance,
when randomness appears in both jumps and flows, results on se-
quential compactness of solution sets are missing [25, Sec. XIII], a
property known from the deterministic setting to be essential for
robustness of stability in hybrid dynamical systems [8, Ch. 7]. Even
when flows remain deterministic and only jumps are stochastic,
converse Lyapunov theorems characterizing the stability of com-
pact sets for stochastic hybrid systems modeled as hybrid inclusions
have not yet been established.

These foundational gaps make developing a complete theory of
ISS for stochastic hybrid systems a challenging task. This paper
takes a step toward this goal by establishing sufficient conditions for
input-to-state stability in probability for a class of stochastic hybrid
systems modeled as hybrid inclusions, where flows are deterministic
and jumps are stochastic. Specifically, the contributions of this paper
are as follows:

e We formulate stochastic hybrid systems with inputs and
extend the solution concept from [23] to this setting;
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e We prove a version of Filippov’s lemma for deterministic
hybrid inclusions that establishes the existence of measur-
able input selections realizing solutions to worst-case-input
systems;

e We study a notion of input-to-state stability in probability
for stochastic hybrid systems by considering a related worst-
case-input hybrid system and establishing the relationship
between solutions of these systems;

e Using Lyapunov methods, we provide sufficient conditions
for input-to-state stability in probability and illustrate the re-
sults by constructing Gaussian process models of unknown
discrete-time dynamics for hybrid dynamical systems with
fixed controllers, proving that suitable regularity of the learned
model as the dataset size grows, guarantees input-to-state
stability in probability.

2 Preliminaries

This section collects the notation and background concepts used
throughout the paper.

2.1 Notation and Definitions

We write N := {0,1,2,...}, R>¢ := [0,), and R~¢ := (0, o). For
7 € Rog, we define Is.; == {(s,#) € R? : s+t > 7}, with [, and
I'<; defined analogously.

For x € R™, xT denotes its transpose and |x| its Euclidean norm;
given x,y € R™, we write (x,y) = [x" y7]T and (x, y) for the inner
product. We write S™ for the set of n X n real symmetric matrices
and use SZ (resp. S ) for its positive definite (resp. semidefinite)
elements. For P € R™P and Q € R™*4, P ® Q € R"*Pq denotes
their Kronecker product.

For a closed nonempty set A C R", |x|g = infyecq lx - yl

denotes the distance from x € R" to A, and int A and A its interior
and closure. We denote by B (resp. B°) the closed (resp. open) unit
ball in R”, and write x + ¢B for the closed ball of radius ¢ > 0
centered at x.

For a nonempty set S ¢ R", I : R — {0, 1} is the indicator
function of S. For a map x : I — R™ with I C R, x(¢) denotes
its time derivative at t € I; for x : J] — R" with J ¢ N and
{j,j+1} C J, we write x*(j) = x(j + 1).

A set-valued map F : R" =3 R™ assigns to each x € R" a set
F(x) ¢ R™. Its domain is dom F := {x € R" : F(x) # @} and its
graphis gph F := {(x,y) € R"XR™ : y € F(x)}. The map F is outer
semicontinuous (osc) at x € R™ if, for every convergent sequence
x; — x and any y; — y with y; € F(x;), one has y € F(x); it is osc
relative to S C R if the restriction of F to S (extended by @ outside
S) is osc at each x € S. Similarly, F is locally bounded at x € R if
there exists § > 0 and p > 0 such that F(x + dB) C pB; it is locally
bounded relative to S C R" if the same restriction is locally bounded
ateachx € S.

Finally, given a nonempty set A C R”, a function V : R" —
Ryxq is positive definite with respect to A, written V € PD(A), if
V(R"\ A) c Ry and V(A) = {0}. A function @ : R>¢g — Rxg
is of class K, written a € K, if it is zero at zero, continuous, and
strictly increasing; it is of class Koo, written o € Koo, if @ € K and
lims_— 00 () = o0.
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2.2 A Short Review of Probability Concepts

Relevant concepts from probability theory and stochastic processes
are reviewed here. For more details, we refer the reader to [18,
Ch. 14] and [6].

We write B(R") for the Borel o-algebra on R". Given a mea-
surable space (Q,F), aset T C Q is F-measurable if T € F. A
map F : R® =3 R™ is F-measurable! if F~1(0) = {x € R" :
F(x) N O + @} € F for each open set O C R™. A g-algebra G on
Q with G C ¥ is called a sub-o-algebra of . A sequence {F;};
of sub-o-algebras of ¥ is a filtration of (Q, F) if, for each k € N,
Fr € Fr+1-

Leto := {vk}/‘:’: | be a sequence of random variables taking values
in R™. That is, for each k € N\ {0}, v : Q — R™ is measurable.
The minimal filtration of v is the sequence {ﬁ};"zo where 7} is

the o-field generated by {v,-}i?zl, i.e., the o-algebra that makes all
v, i € {1,2,...,k}, measurable, and Fy := {@, Q}. Equivalently, for

each k € N'\ {0},
Tio = @000 7 (B) : B e BERMN)),
where

(01,02, ..., 9%) " (B) = {w € Q: (01(0),02(), ..., 05 (w)) € B}.

3 Stochastic Hybrid Plants

This section introduces the class of stochastic hybrid systems that
we study by extending the systems presented in [23] to include
external inputs.

Consider a stochastic hybrid plant with state x € R" and input
u = (uc,up) € R™C*MD = R™ and dynamics given by

where the flow map Fp : R"™™Cc =3 R" describes the continuous
evolution of the system while in the flow set Cp ¢ R™™C and
the jump map Gp : R"Mb*P =3 R™ jts discrete evolution while in
the jump set Dp C R™™D_The symbol v* represents a sequence
of independent, identically distributed (i.i.d.) random variables on
a probability space (Q, 7, P) with common distribution . More
precisely, letting {0z }}> | be the sequence of random variables vy :
Q — RP, we have pu(A) = (Po v;l)(A) for each k € N\ {0} and

each A € B(RP). We also write ﬁp = (Cp, Fp, Dp, Gp, ) to refer
to (1) by its data. For each x € {C, D}, we define the projection of
*p onto R™ as

O(*p) :={ € R™ : Juy s.t. (£, ux) € xp}.

(x,uc) € Cp x € Fp(x,uc)

1)

(x,up) € Dp xt € Gp(x,up, ") v~ U,

For the stochastic hybrid system with inputs in (1), we use a so-
lution concept similar to the one introduced in [23] for stochastic
hybrid systems without inputs, and inspired by the definitions of
solutions for deterministic hybrid systems with inputs in [2, Sec. 2].
Since solutions? to (3) can exhibit both continuous and discrete
behavior, we use ordinary time ¢t € R>( to determine the amount
of flow elapsed and a counter j € N that keeps track of the number

f (Q, F) = (R, B(R™)), then we simply say that F is measurable.

2Note that solutions to (1) need not be unique. This comes from the fact that the
flow and jump map are set-valued, and the flow and jump sets may have a nonempty
overlap.
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of jumps that have occurred. Based on this parametrization of time,
we introduce the concept of hybrid time domain as follows:

DEeFINITION 3.1.  (Hybrid time domain) A set E’ C R>g XN isa
compact hybrid time domain if there exists ] € N such that

J
E' = (1t tjm] x {j}) ®)

J=0

for some finite sequence of times {t; }{:(1) satisfying 0 = ty < t1 <
tp < -+ <ty <tyy1. Aset EC Ryg X N is a hybrid time domain if
it is the union of a nondecreasing sequence Ey C Ey C E3 C ... of
compact hybrid time domains.

Notice that a hybrid time domain differs from (2) by allowing
for an infinite number of intervals or, if the number is finite, by
allowing for the last interval to be open, and possibly unbounded.

A hybrid signal ¢ : dom¢ — R" is a function whose domain
dom ¢ is a hybrid time domain. Its graph is defined by gph ¢ =
{(t.j.$(t,j)) € R™2: (¢, j) € dom $}. For each j € N, we define
I;S = {t: (t,j) € dom ¢} as the j-th interval of flow of ¢.

DEFINITION 3.2. (Hybrid arcs and inputs) A hybrid signal
¢ : dom ¢ — R" is called a hybrid arc if, for each j € N, the function
t > ¢(t, j) is locally absolutely continuous on the intervallé).

A hybrid signal u : domu — R™c*™D js g hybrid input if; for
each j € N, the function t — u(t, j) is Lebesgue measurable and lo-
cally essentially bounded on the interval I,. For each hybrid input the
maps u€ : domu — R™C and uP : domu — R™P are defined com-
ponentwise defined by u€(t, j) = (ui(t, j), uz(t, j), .. S ume (L))
and uD(ta 7) = (Umer1 (8 ), umes2(8 J)s - - - Umetmp (8, ) for all
(t,j) € domu.

We use X to denote the set of hybrid arcs and U to denote the set
of hybrid inputs.

Givenmaps ¢ : Q — Xandu : Q — U, for each v € Q, we
write ¢, for the sample hybrid arc ¢(w) and u,, for the sample
hybrid input u(w). Using these maps and notation, we formalize
the concept of a solution to a stochastic hybrid plants of the form
in (1) by adapting the notion presented in [27] for systems without
inputs. First, the maps ¢ and u are said to be a candidate solution
pair (¢, u) to ‘ﬁp if, for each w € Q, dom ¢, = domu,, and, for
each k € N, the set-valued map3

© = gph((¢os ) N (R0 X {0,1,2,...,k} X (R" x R™))

is Fr.-measurable, where ¥y = {@, Q} and {F1, F, ...} is the min-
imal filtration of v = {v};? |, where o : Q@ — R™ are the iid
random variables defined below (1).

DEFINITION 3.3. (Solution pairs). A candidate solution pair (¢, u)
to a stochastic hybrid systems with inputs Hp is a solution to Hp if,
for almost all v € Q, the following conditions hold:

(50) ($0r(0,0),u,(0,0)) € TI(Cp) UII(Dp).

3Giveng: Q » X, u: Q — U, and 0 € Q such that dom ¢, = dom u,,, we write
gPh((Po, o)) = {(£, 4, X, v) : (£,)) € domy,, x = Poo (£, ), v = e (2, /) }.
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(S1) For each j € N, such that r has nonempty interior, we have

2 )
(¢w(t,j),ug(t,j)) € Cp forallt eintl’, and

)
dg;:)(t’j) € FP(¢w(t, j),ug(tj)) for almost all ¢ € I;; )

(S2) Foreach (t,j) € dom ¢, such that(t, j+1) € dom ¢, we have
(doo (1, ), ug (¢, j)) € Dp and

Bt +1) € Gp g (t. ). ub (1. ). 01 (0)).

Given a nonempty set M C R™, we denote by S, (M) the set of
solution pairs (¢, u) to Hp satisfying (P (0,0),u,(0,0)) € M for
almost all v € Q.

In words, a candidate solution (¢,u) : Q@ — X X U ensures
that, for each w € Q, the sample hybrid arc ¢, and the sample
hybrid input u,, share the same hybrid time domain, and that the
pair (@w, Uw), up to discrete index j, depends only on the random
variables {v1,02,...,0;} realized up to that point, excluding any
dependence on future values. A solution pair is a candidate solution
pair for which, for almost every w € Q, the sample pair (P, ue)
satisfies the flow and jump conditions of ﬁp in the determinis-
tic sense, where the jump updates are further influenced by the
stochastic realizations of the random variables vy.

Now, we present mild regularity conditions on the data of the
stochastic hybrid system (1). These conditions were originally stated
for systems without inputs in [25] and [23], where they yield results
on the existence of solutions and robustness of stability properties
for suitable compact sets [23, Thm. 3.1]. Here, we extend them to
accommodate inputs (uc, up).

AssuMPTION 3.4. (Stochastic hybrid basic conditions) A sto-
chastic hybrid plant ‘]’:{p = (Cp, Fp, Dp,Gp, ) is said to satisfy the
stochastic hybrid basic conditions if its data satisfies the following
properties:

(A1) The sets Cp and Dp are closed.

(A2) Fp is osc and locally bounded, Cp C dom Fp, and Fp(x,uc) is
convex for each (x,uc) € Cp.

(A3) For eachv € RP, (x,up) — Gp(x,up,v) is osc and locally
bounded, and Dp x R? C dom Gp.

(A4) The set-valued map v — gph Gp(-,-,v) is measurable.

As stated in the following lemma, the measurability condition in
(A4), together with outer semicontinuity of (x,up) — Gp(x,up,v)
for eachv € R? in (A3), implies that v > Gp(x, up, v) is measurable
for all (x,up) € Dp.

LEMMA 3.5. (Measurability of Gp from its graph) Consider the
set-valued map Gp : RPM™MD*P = R™, Suppose that (x,up) +—
Gp(x,up,v) is outer semicontinuous for eachv € RP, and that v
gph Gp(-, -,v) is measurable. Then, v — Gp(x,up,v) is measurable
for each (x,up) € Dp.

To study input-to-state stability for systems of the form in (1),
following [26], we consider explicit worst-case inputs that satisfy
u € n(x)B, where n : R — R is a continuous function. Specifi-
cally, we consider the following hybrid closed-loop system

i xeC % € Fp(x,n(x)B) = F(x)
’ x €D

x* € Gp(x,n(x)B,0%) = G(x,0") v~p, ®
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where, for each x € {C, D},
* = {x € R" : Juy € n(x)B s.t. (x,ux) € *p}. (4)
Solutions to systems of the form (3) are defined in [23, Sec. 2.2]
and [25, Sec. VIII] by following the same logic as in Definition 3.3,
but dispensing with the conditions on the input u. In particular, the

map ¢ : Q — X is a solution to H as in (3) if, for each k € N, the
set-valued map

@ gphg(w) N (Rxo x{0,1,2,...,k} xR") (5)

is Fr.-measurable, where Fy = {@, Q} and {F7, F3, .. .} is the mini-
mal filtration of {vi}:’:l, and, for almost all w € Q, the following
conditions hold:

(P0) ¢, (0,0) € CUD;

(P1) For each j € N, such that I;; has nonempty interior, we have

¢dw(t,j) e Clorallt e intF and

¢w —(t,j) € F((f)w(t ])) for almost all ¢t € Ié

(P2) For each (t,j) € domg, such that (¢,j + 1) € dom¢,,
$o(t, j) € D and

$o(t,j+1) € G (fo(t, ), vjs1(0)) .
To understand how solutions to (1) and to (3) are related, we
consider the restricted stochastic hybrid system with inputs ‘H
(CZ,, Fp, DP’ Gp, y), where

*;7, = {(x,ux) € xp: ux € n(x)B} foreach e {C,D}. (6)

By (ieﬁnition, every solution pair (¢, u) io H 1',7 is also a solution pair
to Hp. The following lemma relates 7 to the worst-case-input

system H, showing that the ¢-component of any solution pair to
W” is a solution to H.

LEMMA 3.6. (Worst-case and norm-constrained inputs) Let H =
(C,F,D,G, ) be as in(3). Givenacontinuousfunctionn R™ — R,
constder?f ( Fp,D ,Gp, i) with C’7 andD” as in (6). If (¢, u)

is a solution pair to H, then ¢ is a solution to H.

The converse of Lemma 3.6 would establish that every solution
¢ : Q — X to the worst-case input system H can be realized
by an explicit input u : Q — U to ‘]’:{g satisfying, for almost all
o € Q, the bound u, (t, j) € 7(¢e(t, j))B for all (¢, j) € domug,.
In the case of deterministic nonlinear systems of the form x =
f(x,u), Filippov’s lemma [7, Ex. 5.3] provides sufficient conditions
to guarantee that such a result holds. A similar result holds for a
subset of deterministic hybrid equations where F and G are single
valued [2, Claim 3.7]. To understand the subtleties of establishing
this type of result for stochastic hybrid systems of the form (1), we
first introduce a generalization of the result in [2, Claim 3.7] for
deterministic hybrid inclusions, which, to our knowledge, has not
appeared explicitly in the literature. For definitions of solutions to
deterministic hybrid systems with and without inputs, we refer the
reader to [2] and [8], respectively.

LemMa 3.7. (Filippov’s lemma for deterministic hybrid inclu-
sions) Consider a continuous functionn : R™ — R and a set-valued
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map Fp : R" x R"™C 3 R". For each x € {C, D}, let *Z be as de-
fined in (6), where xp C R™ X R"™*. Suppose that (A1) and (A2) in
Assumption 3.4 are satisfied. Let Gp : R" x R™P =3 R" and consider
the deterministic hybrid plant given by

v { (x,uc) € C}

n
(x,up) € Dp

x € Fp(x,uc)
)

x* € Gp(x,up),

as well as the deterministic worst-case-input hybrid closed-loop system
defined by

xeC x € F(x)
; { A ®
x€eD x" € G(x) =Gp (x, n(x)B),

where the map F is defined in (3), and C and D are as given in (4).
Then, for each solution ¢ : dom ¢ — R™ to H, there exists a hybrid
input u : domu — R such that (¢, u) is a solution pair to ‘H}’Z.

REMARK 3.8. (On a version of Filippov’s lemma for stochastic
hybrid systems with inputs) Adapting the result of Lemma 3.7 to
the stochastic setting remains, to the best of our knowledge, an open
problem. To see why, let ¢ be a solution to H as in (3), and define
the set-valued maps (w, t, j) — Uc(w, t, j) = {uc € n(gw(t,j))B:
$or(t.J) € Fp(do(t, ), uc)} and

(0,1, j) = Up(@,t, j) = {up € n(¢o (8, ))B :
¢(A)(t’j + 1) € GP(¢w(ts j)$uD’Uj+1 ((,0))}

Since ¢ is a solution to H, these sets are nonempty when defined, and
measurable selection theorems guarantee the existence of a measurable
function uC selecting from Uc. However, any uD (t, j) selected from
Up(w,t,j) depends on both ¢, (t,j + 1) and vji1(w), making it
¥ j+1-measurable but not Fj-measurable. This violates the causality
structure imposed by Definition 3.3, which requires that ($e, Ue), up
to index j, depends only on the realization of the random variables
{01, U2, ...,
on how jumps are realized, whereas solution pairs to ﬁp encode a
Jjoint causality structure; these two concepts are therefore incompatible
for establishing the reverse inclusion.

vj}. In short, solutions to H carry no causality constraints

Lemma 3.6 shows that  every ¢ arising from a solution pair (¢, u)
to 7{’7 is a solution to H, so stability certificates for H transfer
to ‘Hp with inputs restricted to 7(x)B. As noted in Remark 3.8,
establishing the reverse inclusion remains an open problem, so these
certificates may be conservative. Thus, rather than certifying H, p
directly, the remainder of this paper establishes sufficient conditions
for stability in probability of suitable sets for H, from which we
derive guarantees for ﬁp with inputs restricted to (x)B. Whether
such certificates can be obtained directly for ﬁp without passing
through H is left for future work.

4 A Notion of Input-to-State Stability for
Stochastic Hybrid Dynamical Systems

The following stability definitions are adapted from [23, Sec. 2.3]. A
comparison of stochastic stability definitions and their connection
to their deterministic counterpart can be found in [14].
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At times, to save on notation, we will suppress the o dependence
of a random solution ¢ when working with probabilities. For in-
stance, we use P(gph¢ C X) to denote P({w € Q:gph¢(w) C
X }), for some X C R"™2. Moreover, given S ¢ R”", we often
write “¢(t,j) € S for (t,j) € dom¢” in place of “¢,,(t,j) € S
for (¢, j) € dom¢,,”, where ¢, = ¢(w) forall w € Q.

DEFINITION 4.1. (Stability in probability) Consider a stochastic
hybrid closed-loop system H = (C, F, D, G, 1), a closed set A c R",
and suppose that there exists €* > 0 such that, for each solution to

x € F(x) x €CN(A+B),

there are no finite escape times. The set A is said to be

e Lyapunov stable in probability (Sp) for?—A( if, for each ¢ > 0
and each bounded sequence{&; }icn satisfyinglim; o0 |&i| 7 =
0, for every {¢i}ien, with ¢; € Sy () foralli € N, we have
that

lim P(gph¢; C (R? X (A +€B))) = 1.

o Uniformly Lyapunov stable in probability (USp) for‘ﬁ if, for
each ¢ > 0 and each p € (0,1), there exists § > 0 such that

P(gph¢ CR*x (A+¢B)) >1-p Vo € S,(A+B). (9)

The next result establishes a connection between stability in
probability and uniform stability in probability for compact sets.

LEMMA 4.2. (Sp &= USp) Consider a stochastic hybrid closed-
loop system‘ﬁ = (C,F,D,G, p) and a closed set A C R™. If A is USp
for H, then it is Sp for H. In addition, if A is also bounded and Sp
for H, then it is USp for H.

Before introducing the notion of input-to-state stability in prob-
ability, we first examine a closely related but weaker property:
uniform global recurrence in probability. This property has a partic-
ular importance in the stochastic setting, where a system can have
a recurrent, open, and bounded set without necessarily admitting
an asymptotically stable set [24, Sec. 13.5.5].

DEFINITION 4.3. (Uniform global recurrence) Consider a sto-
chastic hybrid closed-loop system H = (C,F,D, G, 1), an open set
O c R", and suppose that, for each solution to

x € F(x) x €C,

there are no finite escape times. The set O is said to be uniformly
globally recurrent (UGR) for H if, for each p € (0,1) and each § > 0,
there exists T > 0 such that

p (Q;:) U Q;f)) >1-p VHeS(0+5B),  (10)
where Q;l) ={w € Q:gphd(w) C (T<z xR™)} and Q;SZ) ={we
Q:gph¢(w) N (T<; X0) # @}.

In words, fix any § > 0, any ¢ € Sy (O +6B), and let bw = P(w)
for each w € Q. The event Qéjl) v Q;Z) holds if and only if either

every (t,j) € dom¢,, satisfies t + j < 7, or there exists (¢, j) €
dom ¢, with t+ j < 7and @, (t, j) € O. Thanks to [18, Prop. 14.11;

Thm. 14.3(a),(h)], we have that Q;l) U Q;Z) is measurable.
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Extending the notions in [26], input-to-state stability (ISS) in
probability for Hp as in (1) is expressed in terms of stability prop-
erties for the stochastic hybrid closed-loop system H.

DEFINITION 4.4. (Input-to-state stability in probability) Let
A c R" be compact, ﬁp be as in (1), and H be the stochastic hybrid
closed-loop system in (3) defined using a continuousn : R* — Rx.
The stochastic hybrid plantﬁp is input-to-state stable in probability
(ISSp) with respect to A if
(I1) A is USpfor?-? when n = 0.
(I2) There existsy € Koo such that, for eachc > 0, (A +y(c)B°) N

(CUD)is UGRfor?? whenn = c.

REMARK 4.5. (Equivalent condition for ISSp) In (12), recurrence
of (A+y(c)B°) N (CUD) is equivalent to recurrence of A +y(c)B°.
The forward direction is immediate, since (A +y(c)B°) N (CUD) C
A +y(c)BC. For the converse, let ¢ be a random solution to H as in
(3) and let ¢ = ¢(w) for each w € Q. By (P0)—(P2), for eacht > 0
and w € Q, if (t,j) € dom¢,, satisfiest + j < 7 and ¢, (t,j) €
A +y(c)BC, then either we have ¢, (¢, j) € (A+y(c)B°)N(CUD)
or gph ¢, C Tery1 X R"; that is, if the solution has not entered
(A +y(c)B°) N (C U D) by hybrid time , its domain terminates
before I's 141, which corresponds to Definition 4.3.

5 A Sufficient Lyapunov Condition

This section presents sufficient conditions for ISSp based on Lya-
punov functions. We first define the class of ISS-Lyapunov func-
tion candidates and characterize how it changes during flows and
at jumps. We then show that the existence of an ISS-Lyapunov
function satisfying strict decrease along flows almost surely and
decrease on average at jumps is sufficient to conclude ISSp of ‘ﬁp
with respect to a compact set A.

DEFINITION 5.1. (ISS-Lyapunov function candidate) The set
A c R™ and the functionV : domV — R define an1SS-Lyapunov
function (ISS-LF) candidate for the stochastic hybrid plant ﬁp =
(Cp, Fp, Dp, Gp, i1) with respect to A if the following conditions hold:

(C1) II(Cp) UII(Dp) U Gp(Dp x V) C dom V, where we define
Vi= | o (@)
keN
and {v} | is the sequence of i.i.d. random variables entering
the jumps Ofﬁp, defined on some probability space (Q, F,P).*
(C2) V is continuous and locally Lipschitz on an open set containing
I1(Cp).
(C3) There exist a1, az € Koo such that
a1(|x|a) < V(x) Vx € II(Cp) UII(Dp) U Gp(Dp X V)
V(x) < a2(lx|n)  Vx € II(Cp) VII(Dp).
Given a set A C R" and an ISS-LF candidate V with respect to

A for ﬁp = (Cp, Fp, Dp, Gp, i), we define the change of V along
the flows of Hp by

V(x,uc) = sup  V°(x,x) VY(x,uc) € Cp, (11)

X€Fp(x,uc)

4See the discussion below (1).
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where V°(x, y) is the Clarke generalized directional derivative of
V at x in the direction of y (see [7, Thm. 9.4]). Similarly, the change
of V at jumps is given by

[ s voouan-ve)  Vxup)edr (2)
B x€Gp(x,up,v)

For (12) to be well defined, for each (x,up) € Dp, the map v —
SUP e Gp (x,up,0) V (X) has to be measurable. The next result, in-
spired by [23, Lem. 4.1], provides sufficient conditions to satisfy
this condition.

PROPOSITION 5.2. (Measurability of the change of V at jumps)
Let Dp C R™™D let V : TI(Dp) D domV — Ry be upper semi-
continuous®, and let Gp : R™™>*P 3 R™. Suppose that, for each
v € RP, the map (x,up) +— Gp(x,up,v) is osc and that (A4) in
Assumption 3.4 is satisfied. Then, for each (x,up) € Dp, the map

v sup V(y)

x€Gp (x,up,v)

is measurable.

CoROLLARY 5.3. (Consequences of Proposition 5.2) Under the
assumption in Proposition 5.2, the set-valued mapov +— Gp(x, up,v) is
measurable with closed values for each (x,up) € Dp from Lemma 3.5.
Given a continuous function nj : R* — Rx, consider the set-valued
map (x,v) — Gp(x,n(x)B,v) =: G(x,v). Then, v — gphG(-,0) is
measurable with closed values [26, Prop. 1].

The following results will help us introduce a sufficient condition
for guaranteeing ISSp of a compact set A by means of ISS-Lyapunov
function candidates that satisfy strict decrease conditions along
flows almost surely, and on average at jumps. This is shown in
Theorem 5.5.

LEMMA 5.4. (Absence of finite escape times) Let A C R" be

compact. Consider??p = (Cp, Fp, @, %, 1), namely
ﬁp : x € Fp(x,uc) (x,u) € Cp,

and suppose that V is an ISS-LF candidate for ﬁp with respect to A.
If, for each  : R"® — Rx(, we have that

sup Ve(x,x) <0
XEFp(x,n(x)B)

VxeC\ A (13)

with C defined in (4), then there are no finite escape times for each
solution to

H: xeFp(x,p(x)B) xeC. (14)
We are ready to present the main result of the paper.

THEOREM 5.5. (ISS-LF implies ISSp) Let A C R" be compact,
‘ﬁp = (Cp, Fp, Dp,Gp, j1) be a stochastic hybrid plant satisfying
Assumption 3.4, and V be an ISS-LF candidate for ‘ﬁp with respect to
A. If there exist o € Ko and a lower semicontinuous o € PD(A)

SA function f : R” — R is upper semicontinuous if limsup;_,, f(x;) < f(x)
whenever lim; o x; = x.
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such that
sup VO(x, x) < —o(x) VxeC\A
XEFp(x,0(]x|7)B)
/ sup V(x)p(dv) < V(x) —o(x) Vx € D,
g X€GP(x0(|x]7)B.0)
(15)

where C and D are as in (4) withn = oo |- |4, then ﬁp is ISSp with
respect to A and V is an ISS-LF for Hp with respect to A.

Theorem 5.5 extends the Lyapunov stability conditions of [23,
Thm. 4.2] to the input-driven setting, and those of [2, Thm. 3.1,
2=3] from deterministic to stochastic jumps. Together with the
solution theory and worst-case input analysis of Section 3 and Sec-
tion 4, it forms the main theoretical contribution of this paper. In
the deterministic setting, ISS underpins robustness analysis and
the study of interconnected systems; we expect ISSp to play an
analogous role in the stochastic hybrid case. The next section il-
lustrates the theory on a concrete problem class and motivates its
applicability through a numerical example.

6 Learning-Based Hybrid Dynamical Systems

Gaussian process (GP) learning for hybrid dynamical systems is a
natural setting where stochastic jump maps arise, since uncertainty
in a learned model is carried forward as randomness in the discrete
transitions, producing jump maps of precisely the form covered by
(ﬁp in (1). This section presents this problem class, identifies the
structure of the sufficient conditions of Theorem 5.5, and provides
a numerical illustration in a concrete setting.

In particular, we begin by considering a deterministic hybrid
plants with state x € R", input uc € R™, and dynamics

{ x = fp(x,uc)
-

x* =gp(x)

(x,uc) € Cp
(16)
x € Dp,

where the flow set Cp € R and jump set Dp C R™ are closed,
the flow and jump maps fp : R” XxR™ — R" and gp : R" — R”
are continuous, and uc € R™ represents actuation disturbances.
The jump map gp is assumed unknown.

Our objective is to learn gp from data, where a prior belief over
the jump map is updated through Bayesian conditioning on ob-
served pre- and post-jump state pairs, and to certify that the learned
model inherits suitable stability properties from Hp. Stability prop-
erties serve here as a measure of consistency of the learned model
with the true system, ensuring that learning does not merely fit
observed data but also captures the dynamical behavior of the data-
generating system. Gaussian processes are a natural choice for this
purpose, as the posterior distribution over gp yields a stochastic
jump map of precisely the form covered by 'ﬁp in (1), enabling the
direct application of the ISSp framework developed in the previous
sections. The underlying premise is that, as the dataset grows, the
learned model may converge to gp, and stability certificates estab-
lished for Hp transfer to the stochastic hybrid system (I?(}SN) ina
suitable probabilistic sense.

To learn gp, we require measurements of pre-jump states x € D p
and their corresponding post-jump values gp(x), as formalized
below.
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DEFINITION 6.1. (Dataset) Let Hp = (Cp, fp, Dp,gp) be as in
(16). Given N € N\{0}, a dataset is a collection DN = {(xi, yl-)}fil C
R2" where x; € Dp and y; = gp(x;) + ¢; foreachi € {1,...,N},
with noise samples ¢; bid N(0,02P) for some P € St and oz > 0.

REMARK 6.2. (Collecting data from solutions) Data satisfying
Definition 6.1 can be collected from solutions to Hp. Specifically,
given solutions {d)(k), u(k)}é=1 to Hp as in (16) with k € N\ {0},
one constructs DN by sampling hybrid times (t,j) € dom ¢7(k)
such that (t,j +1) € domgb(k), setting x; = ¢®) (1, j) and y; =
gp (95 (¢, })) + &;, and repeating until N pairs are collected.

To formalize the learning approach, following [5, 30], we first

introduce the notion of a multivariate Gaussian process, which will
serve as our nonparametric model for gp.

DEFINITION 6.3. (Multivariate GP) Let Ep Cc R be nonempty
and (SAQ % ﬁli) be a probability space. Consider § : R™ — R", a kernel
p:R¥*™ 5 RugandP e SZ . An n-multivariate GP (MVGP) on Bp
with parameters (9, p, P) isa map y : 5p x Q — R" such that:

e Foreachx € ﬁp, the map RENEE x(x, ) is %—measurable.
e For each x € Dp, it follows that

E[x(x.)] = 9(x)
and, for each x,x’ € 513, we have that
Cov[x(x,), x(x',)] = Pp(x,x").

e Forany {x1,x2, .. .,xq} C ﬁp, q € N\ {0}, we have that®

H(x1)

- p(x2)

Po w(xll,xz,.“,xq) = 4 [p(xi’xk)]Zkzl ®P
ll(xq)

where, for each w € Q,
O s ) (©) = (11,0, Y (X2, @) ., 3 (g, @)

In addition, for each v € Q, the map x — x(x,w) is called a sample
function of the MVGP'. If § = 0, we say that the MVGP is centered.
Finally, we denote an MVGP by y ~ GP (i, Pp).

The MVGP structure allows us to encode prior beliefs about the
unknown jump map gp through the choice of a kernel function
p : R?" — Ry, which specifies the expected correlation between
function values at different states, and a matrix P € SZO, which
specifies the covariance structure across the n output dimensions
of gp.

Given a dataset DN = {(x,', yi)}ﬁ\il as in Definition 6.1, this
prior can be updated via Bayesian conditioning to yield a poste-
rior multivariate Gaussian process, characterized in the following
lemma. Hereafter, we assume p is continuous.

q

iy the matrix whose (i, k)-

For {x1, %3, ..., Xq} C Dp, we denote by [ p(x;, xx) |
thentry, i,k € {1,2,..., q}, corresponds to p(x;, X ).
7For ease of notation, when it is clear from context, we will drop the argument « in

x(x, w). Thus, we will refer to 51: 5 x > x(x) as a sample path as well.
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LEMMA 6.4. (Posterior MVGP) Let Hp = (Cp, fp, Dp, gp) be asin
(16), and let gp ~ GP (0, Pp) be a centered MVGP for some P € ST |
and kernel p : R?" — Rxq. Given a dataset DN = {(xi, yl-)}f.\il as
in Definition 6.1, lety == (y1,y2,...,yN)- Foreach x,x” € Dp, define

_IA
NG =y (K+ agzN) 5(x) (17)
pn (3, x7) = p(x,x") —ﬁ(x)T(K+ agzN)_l,a‘(x’) (18)
withoe > 0,K = [p(xi,xk)]l{i:l, and

p(x) = (,o(x,xl),,o(x,xz),...,p(x,xN))-r Vx € R™.

Then the posterior MVGP gp satisfies
gp ~ GP (N, PpN). (19)

Now, given the posterior Gaussian process from Lemma 6.4, we
define a stochastic hybrid plant suitable for stability analysis that
captures the learning process via Bayesian conditioning on DV,

Define the function yl(JN) : Dp xR™ — R" by

yV) (x,0) = 9n(x) + In (x)o, (20)

where x — Iy (x) = (Ppn(x, x))1/2. Consider a random variable
a: Q" — R™ defined on a probability space (Q’, ’,P’) and satis-
fying & ~ N(0,1,). Note that the function yI(JN) is not necessarily
a random variable itself. However, for each x € Dp, by composing

y}(,N) with a, the map

o - yi(,N) (x, a(0))) = )71(,N) (x, "),

constitutes a valid random variable on (Q’, F/,P’). By the prop-
erties of the expected value and the covariance, it follows that

E[FN) (x, )] = E[gp(x,-)] = In(x) for all x € Dp, and
_(N)

—(N
Cov[py" ()7 ()] = Ppn (')
Using this fact, we define the following stochastic hybrid dynamical
system with inputs:

Vx,x’ € Dp.

—y [ %= fr(x,uc) (x,uc) € Cp

H,

P {x"’ = yl(JN) (x,0™) x € Dp v~ N(0,I).
(21)

System H ;N) is of the form in (1), with jump map yf()N) driven

by ii.d. noise v ~ N(0, I,). A natural approach to achieving the ob-
jective stated above is to assume Hp is ISS with Lyapunov function

V, replace the unknown gp with the GP posterior to obtain ﬁéN) ,
and certify that the latter is ISSp. By Theorem 5.5, this reduces to

verifying that V satisfies the jump decrease condition for ﬁISN), a

condition that is expected to hold as yl(,N) approaches gp and the

nominal decrease of V under the true jump map transfers to the
learned GP model.

In standard GP regression, if the kernel is continuous and the
sampling points are suitably dense in a compact set Dp, the pos-
terior variance x — pn(x, x) converges to zero and the posterior
mean dy converges uniformly in the L!-sense to gp as N — oo
[13, Thm. 3, Thm. 8]. Under i.i.d. sampling from a distribution
supported on Dp, this density condition holds almost surely [13,
Prop. 4]. Transferring these results to the hybrid setting, where
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data arises from jumps of solutions rather than arbitrary sampling,
and making the limit argument precise in sufficient generality to
apply Theorem 5.5, requires additional technical development that
is deferred to future work. The following example illustrates the
structure of the sufficient conditions in a concrete numerical setting.

6.1 Numerical Example

Consider the deterministic hybrid plant Hp given by
X2

—5ZX1 —2{dxy +uc

Hp : (x,uc) e CxR

+ _ o X
=gp(x) = [_g(xlz)xz]
(22)

where § € Ry, { € (0,1), ¢ : R — [0, emax] is defined by e(xz) =
Emax exp(—/lxg) for some emax € (0,1) and some A > 0, C =
R>0 X R, and Dp := {0} X [—3,0] for some & € Rs(. Consider
A = {(0,0)} and the function
T8 ¢
c 1

X = fp(xuc)=

x € Dp,

V(x) ==

] X = xTQx Vx € Rz,

with ¢ € (0,2¢8/(1 + {?)). Notice that V is smooth, dom V = R?
and that®

Am“;&w <V(x) < Ama’z‘&w Vx € R%.
From this construction, for all (x, uc) € C x R™, we have
<stfP(xs uc)> =—x' [E?; zgcg(i o| X T (ex1 +x2)uc
—_—
<- (Ammw) - %) NYAGEZ]

\_ﬂ/___/
=icy

=iC3
where we have used Cauchy-Schwarz and Young’s inequality for

B> V2 +1/(2Amin(M)). Similarly, for all x € Dp, notice that
1

2
~ Emax |x|2

V(gp(x) = V(x) = .

1
E(E(xZ)Z —1)x < - ,

where we have used epax exp(—)txg) < é&max for all x € R. Thus,
V satisfies the conditions in [2, Prop. 2.6] with

Ve2+1 1-— smax 2
T2 0 2
pVet+1 ,

ﬁ(S) = TS

for all s € Rx. This, in turn implies, by [2, Prop. 2.7], that Hp in
(22) is ISS with respect to A in the sense of [2, Def. 2.1].

Having established ISS for Hp when gp is known, we now con-
sider the setting where gp must be learned from data. We model
gp using an MVGP and show that the resulting stochastic hy-
brid plant is ISSp with respect to A. To this end, fix any 6 €

a3(s) = min {/lmin(M) -

8For a given symmetric positive definite matrix Q, we denote by Apmin (Q) and Apax (Q)
its minimum and maximum eigenvalues, respectively.
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0,v/c3ca/(c? + 1)), let y := @7 ! o p, and define o := Oy ™! € K.
X 3 °p X
Then, it readily follows that, for all x € C,

wn {onx)

xefe(xo(lx))B)
= sup
[ucl<6x~'(IxI)

<Qx, fr(x, uc)>

A
I
o
Ll
el
+
D
T
=
+
>
<l
=

IA
|
i}
el
=
o
+
e
(e}
o
£
2%
+
:
=
— S
= ol
o

/cz +1
< —c3|1-04)—|Ix]? = —o(x)
C3C4

(23)

Therefore, the condition in (15) is satisfied during flows. With this
condition verified, we turn to specifying an MVGP prior for the
unknown jump map gp. Since it vanishes at the origin and it is
smooth, a natural choice for the kernelis p(x, x") := x " x"pgg (x, x”)
for all x, x” € R%, where pgg : R? x R? — Ry is given by

|x — x'|?
202

Restricting to the jump set Dp, where every x satisfies x; = 0, the
kernel p simplifies to

psp(x,x") = exp (— ) Vx, x' € R2. (24)

(25)

(32 — x3)*
202

p((0,x2), (0, xé)) = x;xé exp (—

for all xg,xé € [—0,0]. We now assume access to a dataset DN
as in Definition 6.1, which can be collected from solutions to Hp
as described in Remark 6.2. Conditioning the MVGP prior on DN
yields a posterior distribution as in Lemma 6.4.

As stated above, a consistency condition on the posterior mean
is desirable, as convergence of dn to gp provides a mechanism
for transferring the jump decrease of V from Hp to ‘i‘ZISN). Uni-
form L! convergence is guaranteed when gp lies in the reproducing
kernel Hilbert space (RKHS) of the chosen kernel ?. We verify this
membership below.

Specifically, on Dp, the kernel p is the product of the linear kernel
piin (x2,x35) = x; x}, and psg (x2,x35) = psg ((0,x2), (0,x7)) for all
x2,x, € Dp, see (25). For pyy, its RKHS is the one-dimensional
space Hp,,, = {x2 — axz : a € R}. Consequently, every element
of Hy, on Dp takes the form x2 + x3 h(xz) with h € Hjg;, where
Hgg denotes the RKHS of psg. On Dp, the first component of gp
vanishes and the second is the map xz = —emax exp ( - )Lxg) X2, SO
a necessary and sufficient condition for gp to belong to H, on Dp is
that xz > e(x2)x2 € Hyg; . For the squared-exponential kernel on R,
the RKHS norm of ¢ € Hg; admits the following characterization

(12, Thm. 2.1]
lel,, = [ '““El'))d (20
R

Recall that the reproducing kernel Hilbert space (RKHS) H,, of a positive-definite
kernel p : X X X — Ry is the unique Hilbert space of functions on X satisfying the
reproducing property f(x) = (f, p(x, ) >Hp forall f € Hj, and x € X; see [1] fora

comprehensive treatment.
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N N
\\ E— Vv <71(D )(m,q,r)> pu(dv) —V(x)
TR B e
s} \\ ——_ (:E)
N 4
N
N
\\

1.0 N

0.0

Figure 1: Verification of decrease of V during the jumps of 771}(,N).
The expected change of V at jumps, /RZ V()/IS,N) (x,0))pu(do) = V(x)
(solid), lies below —p(x) (dashed) for all x € Dp, where po(x) =
c3(1 = 0+/(c2 +1)/(cscq))|x|? is the decrease rate from (23). The
shaded region indicates the margin between the two quantities.

where ¢ and psg, denote the Fourier transforms of the functions ¢
and xp > psg (x2,0), respectively, and ¢ € Hyg; if and only if the
right-hand side of (26) is finite. Direct computation gives

~ 2 N 22 02
e(w):—gmﬁ exp(—%), pSE(w):[\/Eexp(— Zw)

Substituting into (26) yields

2 2 2
9 Emax W ° w
£ = exp|—— + do
I ”HPSE p( 4 2 )

27)

2 2

1-2M¢

= fmax [ o (__ w2) do,
20027 J 42

and we see that the integral in (27) converges if and only if
1
< —. (28)
V22

Provided (28) holds, gp belongs to the RKHS of p on Dp, so the
posterior consistency conditions are satisfied. With this kernel and

dataset DN, we have the stochastic hybrid plant ‘ﬁI(,N) in (21).
It remains to verify decrease condition at jumps in Theorem 5.5

for ﬁ}SN). In particular, if, for all x € Dp, with g = N(0, I5), the
following inequality is satisfied

/V(&N(x) +In (x)0) p(do)
R? T
= [ (om0 1w 10) Q30 + Ty (01 (o)

R2

= o (0T QIN ) + 15| I () QTiy (o) [ 0T
RZ

= In (%) TQIN(x) +tr (Ty (x) QT (x))
< V(x) —o(x).
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2.0

Figure 2: Evolution of V along 100 sample solutions of H I(,N) under
the input uc = 0y~ 1(|x|) during flows. Flow segments are shown
in blue and jumps in red, with solid lines corresponding to the
true deterministic hybrid plant Hp as in (22); the inset details the
behavior near a jump.

The last inequality is verified numerically'? in Figure 1 for the
posterior obtained from DN, confirming that the jump decrease
condition of Theorem 5.5 holds for this dataset and kernel. Figure 2

shows the evolution of V along sample solution pairs of ﬁf(,N),
illustrating the decrease of V both during flows and at jumps.

7 Conclusion

In this paper, we introduce a class of stochastic hybrid dynamical
systems with random jumps and develop a notion of input-to-state
stability in probability (ISSp) via an associated worst-case-input
system. We prove a version of Filippov’s lemma for deterministic
hybrid inclusions, establishing the existence of measurable input
selections that realize solutions of worst-case-input systems. Using
Lyapunov methods, we derive sufficient conditions for ISSp for sto-
chastic hybrid systems with inputs. To illustrate the framework, we
consider hybrid systems with GP-learned jump dynamics, identify
the sufficient conditions in a concrete example, and verify them
numerically.

Directions for future research include establishing a general
connection between GP posterior consistency and ISSp, showing
that ISS certificates for the true system transfer to ISSp certificates
for the learned model as the dataset grows, as well as converse
Lyapunov theorems for ISSp and a theory of practical stability in
probability for stochastic hybrid systems.
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