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Abstract— Motivated by applications of systems interacting the periodic orbits characterizing the desired walking be-
with their environments, we study the design of passivity- havior. In [16], the authors consider dissipativity thedoy
based controllers for a class of hybrid systems. Classicalnd a class of impulsive dynamical systems. In particular, the

hybrid-specific notions of passivity along with detectabity and . . . .
solution conditions are linked to asymptotic stability. These fr@mework in [16] considers different inputs and outputs

results are used to design passivity-based controllers folving ~Maps for respectively the continuous-time evolution ared th
classical passivity theory. An application, pertaining toa point  instantaneous changes, and results linking observaldity

mass physically interacting with the environment, illustrates the  asymptotic stability for the design of feedback contraler

definitions and the results obtained throughout this work. are presented. More recently, a general notion of dissipati

for a class of hybrid systems was linked to detectability

and used to establish asymptotic stability for large-scale
Dissipativity and its special case, passivity, provide d@nterconnections of hybrid systems in [17].

useful physical interpretation to stability and stabiltiity Building from the ideas in [16] and [17], and driven

problems as they establish a relationship between the gneltyy an application of a mechanical system interacting with

injected in and dissipated by a system. Their application ithe environment, this paper studies the design of passivity

both the analysis and the design of control systems has bdeased controllers for a class of hybrid systems. In padigul

the subject of several textbooks [1], [2], [3], [4] and sealin we study the case of hybrid systems in which the energy

papers [5], [6], [7], [8], [9]. Moreover, the passivity-leas  dissipation may only happen along either the continuous or

control design technique has been shown to be particularlye discrete dynamics. For such systems, a weaker notion

useful in designing controllers that can be well understoodf passivity, encompassing the definition given in [16], is

from an energetic perspective. The problem of stabilizinghtroduced and shown how it can be linked to asymptotic sta-

a system to a given equilibrium point, in particular, ishility. For this purpose, a notion of detectability is emyzd.

addressed by designing a feedback controller such that tfe result is then applied to an application that consists of

overall energy function has the desired form and minimunma mechanical system capturing the dynamics of a simple

and by selecting the input so that the energy of the systerobotic manipulator (see also [18], [19]) that is required t

is dissipated (see, e.g., [7]). interact physically with the environment through the efffec
Dissipativity and passivity have been recently considereaf a control input affecting the continuous dynamics.

for several types of hybrid systems. Passivity of switching The remainder of the paper is organized as follows. In

systems was investigated in [10]. Motivated by haptic an&ection I, the application is presented. Section Il prése

teleoperation applications, a notion of passivity for eys¢ the general definition of passivity and the conditions to

in which the controller switches between different opemati link this property to asymptotic stability. In Section IV, a

modes was proposed in [11]. Results about dissipativity gfassivity-based control result is given and then applieti¢o

switching systems appeared also in [12], where multiplepecial passivity case of the application. Numerical tesul

storage functions were considered. Passivity and pagsivitare then presented in Section V.

based control for systems undertaking impacts and urélater [I. MOTIVATIONAL APPLICATION

constraints have been investigated in [13]. The results are

applied to mechanical systems including robotic manipu-

lators with rigid or flexible joints. In [14], passivity-bed input

control techniques are employed to regulate walking for O—>

a class of bipedal robots (see also [15]). Impact Poincaré

maps are considered as a tool to investigate stability of

|. INTRODUCTION

1
b |
-3 2 -1 0
This research has been framed within the collaborative eptoj position
AlRobots (Innovative Aerial Service Robots for Remote #tpns
by contact, ICT 248669) supported by the European Commuwmity Fig 1. Motivational application: a point mass interactimgth the
der the 7th Framework Programme. Corresponding author:ef®®b environment.
Naldi, email: roberto.naldi@unibo.it . R. G. Sanfelice is
with the Department of Aerospace and Mechanical Enginggerldni- . . . . .
versity of Arizona, 1130 N. Mountain Ave, AZ 85721, USA, einai We consider the mechanical system deplcted in Figure

sricardo@u.arizona.edu 1, which consists of a point mass driven by a controlled




force. The mass is constrained to move horizontally andhe system with inputv. and outputy. := x5. However, a
during its motion, it may come into contact with a surfacesimilar passivity property does not seem to hold at jumps for
located at the origin of the line of motion. The position andhis storage function. This motivates to investigate pétysi

the velocity of the mass have been denoted withand based control design methods for hybrid systems that are
x4, respectively. In order to model collisions between thapplicable when passivity holds only during one regime only
ball and the surface, inspired also by [20], we consider a
discontinuous contact model that depends on the velocity
of the system at impacts. More specifically, when the impact
velocity is lower than a certain threshold, denotedas- 0, A. Passivity Notions

the mass is subject to a contact force that depends on i@, -onsider hybrid systen® as in [21] given by
viscoelastic properties of the contact material. Assuming

IIl. GENERAL DEFINITIONS AND RESULTS

unitary mass for sake of simplicity, the system is described T € F(z,v) (z,v.) € C
by the following equations: H zt e G(z,vq) (r,v9) €D (3)
y = h(=z,v)
5'51 = T2, ':'CQZUC_fC(I)a (1)

with statex € R”, inputv = [v/, U;HT € R™ in which
wherev, € R denotes the input forcg.(z) the contact force 4, ¢ R™< andvy € R™¢ are respectively the inputs acting
ko1 + bois if 2, >0 on the flows and jumps, and ogtpylte RP. The §etsC C
fe(z) = { 0 if 2, <0 R™ xR™e andD C R™xR™ define the flow and jump sets,
. ) o . respectively; the set-valued mappings R" x R = R"
in which k. > 0 andb. > 0 are, respectively, the elastic andgnq ¢ . R x R« — R" define the flow map and jump
damping coefficients of the compliant contact model. map, respectively; finally the functioh : R x R™ — RP
'On the other hand, when a collision with the surface ocCUf§efines the output. Since only some components of the output
with a velocity of the mass greater or equal than the  might be involved in the changes of energy during flows
impact is assumed to be impulsive and, accordingly, the,q jumps, we defing. = h.(z,v.) € R™ andy, =
rigid .b.ody instantaneously rebounds or jumps. The contagtd(x’vd) € R™4, which corresponds to the case when the
condition can be modeled as size of inputsy, anduvy coincide with the size of the outputs
21 >0 andzy > 7y 2 Ye andyg, respectively (property that in [4] is callethality
. . N . of the output and input space).
in which z; = 0 denotes the position of the vertical surface, For this class of hybrid systems we consider the following
while the new value of the state variables after the impacgoncept of passivity. Below;., hy and a compact setl C
denoted in the following with the superscript, can be Rn satisfy 4, (A, 0) = hy(A,0) = 0.
described by the reset law:) = z1, 77 = —ows, Where  pefinition 1: A hybrid system{ for which there exists a
o € [0, 1] represents the restitution coefficient. function V : R — R
Suppose that the control goal is to stabilize this simple .
mechanical system to a fixed position in contact with the
vertical surface, say, the origin. Consider the quadratic{
tion V(z) = 227 + 23 and note that the following holds:
1) For eachr such that (2) holds, since; =0 andp €
[0, 1], (VV(2),8) <we(ve,z) Y(z,v.) € C, & € Fx,v.) (4)
V(&) —V(z) <wg(va, ) V(x,vq) € D, & € G(z,vq) (5)

o continuous orR™;

« continuously differentiable on a neighborhood@f

« satisfying for some functions, : R™e x R” — R and
wg: R™ x R" = R

—
—

1 1
V(zT) = ix% + 592:0% < 517% + —a3 = V(z).

2) For eachr notin (2), if z; <0

[\

called astorage functionis said to be
« passive with respect to a compact sktf

X
<W(“’”)’ [ ve — ful) ]> = @t (ver2) > welvess) = ]y (6)
and if 21 > 0 (va,z) = wa(va,x) = v3Ya. 7
T It is then called flow-passive (respectively, jump-
<VV(x), [ Ve — folx) ]> = 22((1 = ke)a passive) if it is passive withu; = 0 (respectively,

+Uc _ bch) WC-E O) ) )
« strictly passive with respect to a compact gskif
Pickingv. = —z1 +w, for z; <0 andv, = —(1 — k.)z1 + 4
bexs + w, for x; < 0, wherew, is a new input, makes (Ve, ) = we(Ve, @) = v Ye = pe()
; : : o (vg,x) = wa(ve,©) = v]ya— pa(z)
the right-hand side of the expressions in item 2) above to ’ ’ d: ’
be equal tazyw.. The resulting expressions imply that the 1At times, for simplicity in the notation, we will drop the depdency

variation .Of 14 during_ flows is no larger th_at. the prOdUCton v on the data(C, F, D, G, h) and write, for exampleF'(z) instead of
xow., Which can be interpreted as a passivity property of (z,v) andz € C instead of(z,v) € C.



where p., pq : R" — R>( are positive definite with system, let the control input, in (9) be given by
respe.ct tQA. It is th_en caIIed. flow-gtr!ctly passive (r_e— X kowr — kp (21 — 2%) + we if @1 >0
spectively, jump-strictly passive) if it is strictly pagsi v.=v}(z1,w.):= . ;

- i . _ ¢ —kp(xy — a7) + we if z1 <0
with wy = 0 (respectivelyw, = 0). (11)

« output strictly passive with respect 14 if in which kp > 0 andw. € R is a new input. Accordingly,

the resulting hybrid system is then given by

(Ve, T) = we(ve, 7)) = UcTyc - ychc(yC)
(vdvx) = wd(vdvx) = ’U;yd - y:irpd(yd)v T € Fsl ((E, wc) =
X9 C
where p. : R™ — R™, pg : R™ — R™ are Hs v (21, w,) — f(2) SIS
functions such thaty p.(y.) > 0 for all y with et = G(z) z€D.
y. # 0 and such thaty] ps(ys) > 0 for all y with (12)

ya # 0. It is then called flow-output strictly passive By considering the storage function
(respectively, jump-output strictly passive) if it is outp 1 1
strictly passive withug = 0 (respectivelyw, = 0). V(z) = 5lep(azzl —z})* + 51:3, (13)

The definitions of passivity above include the ones typi- ,
cally defined for the continuous and discrete-time settasys along flows we obtain (see [22])
well as special cases when passivity holds only for the flow (VV(z),n) < weye Vn € Foi(z,w,) .
or jump equation. These special cases, denoted respgctivel ) . o o
as flow-passivity and jump-passivity, are motivated also bf}l0ng jumps we have/ (G(z)) -V (z) < —3(1-0%)y; <0
the application introduced in Section II, in which energy©" &l @ € D. The two properties above show that system
dissipation happens along flows, but not necessarily aloig2) IS flow-passive with respect to the compact.devith
jumps. It will be shown in Section I1I-C that such notion of UtPUtYe, inputw,, and functionw, (we, ) := weye.
passivity can be linked to asymptotic stability under weake Finally, the new inputv. in (12) can be designed to induce
conditions than when using the standard notions. PassivitfjoW-output strict passivity. In particular, let the corithaput
based control techniques for such special cases will also Be In (11) be chosen as
provided in Section IV. We = —ky s + 0, (14)

1) Application revisited:Consider the mechanical system
introduced in Section II. By considering the Filippov regudn Which k1 > 0 is the damping injection gain and. €

larization of the discontinuous contact forgg(z) given by R is a new control input. By considering the same storage
function (13), with the choice (14) along flows it now holds

kex1 + bexo if 1 >0 ~ 2
fr(z) = { con{0, bexs} if 21 =0 (8) (VV(z),8) < weye — krys V€ € Fau(z,we).
0 if 21 <0, Since we have that’ (G(z)) — V(z) < 0, as shown above,

stem (12) withw,. given by (14) is flow-output strictly

ssive with respect to the compact set= (z3,0) with
outputy. = x2, input w., and functionsv.(w., z) := W.y.
andpc(yc) = k1ye.

the mechanical system of interest can then be described
means of the following (regularized) hybrid system

AN S F(x,vc):—{ ] zeC

ve — fe(x) B. Stability and Detectability Notions

T = G(z):= [ _:;,62 reD In this work, for a hybrid systen¥{, we consider the
9) notion of solution given in [23]. Moreover, we consider the

with statex = [z1,z5]" € R, inputv, € R, and setg and  following stability definitions for hybrid systems when the

Hs

D given by input is set to zero.
Definition 2: A compact setd C R" is said to be
C = {zeR 2, <0}U{reR?®: 21 >0,20 <72} . O-input stableif for eache > 0 there existss > 0
D = {reR*:21 >0, 1> Ta}. such that each maximal solution pdis, 0) to H and
(10) #(0,0) = &, |€|a < 6, satisfies|p(t,7)|4 < e for all
In the following we show how the control input. can (t,) € dom ¢;
be designed to obtain a new hybrid system, denotel as « O-input pre-attractiveif there existsy > 0 such that
which, by choosing as outpuf. = h.(z) := x, is flow every maximal solution paif¢, 0) to # and ¢(0,0) =
passivewith respect to the compact sgt = (z7,0), where &, |€|4 < p, is bounded and if it is complete satisfies

x7 > 0 denotes the desired set-point position for the mass.
The choicex; > 0 requires the mass to maintain a contact
with the vertical surface. Inspired by thenergy shaping
approach, see among others [7], which consists in assigninge 0-input pre-asymptotically stablé it is O-input stable
a desired potential energy to the closed-loop mechanical and O-input pre-attractive.

|p(t, 5)|a = 0;

lim
(t,j)€dom ¢, t+j—00



When every maximal solution is complete, the prefix “pre” 2) output strict passive with respect # with a storage
can be removed. Asymptotic stability is said to be global function V' that is positive definite with respect td
when the attractivity property holds & U D. and the distance tol is detectable relative to
We define a general detectability property for hybrid {£ €T05(C) : he(w,0)7 pe(he(z,0)) =0 }U
systems# with inputs set to zero. In the next section, this {2 €To(D) : ha(x,0)" pa(ha(z,0)) =0 }
notion will permit linking passivity with stability. (17)
Definition 3 (see Definition 6.2 in [24])Given sets A for Ho then A is 0-input pre-asymptotically stable for

and K C R™, the distance tod is 0-input detectable relative H.

to K for H if every complete solution paifp,0) to H such 3) strictly passive with respect td with a storage func-

that tion V that is positive definite with respect td then
6(t,j) € K V(¢ ) € domo A is 0-input pre-asymptotically stable fd.

For the proof of the above proposition the reader is referred

= lim
to [22].

t+j—o0, (t,j)€dom ¢

(15)
If H does not have inputs, the distanceAois detectable

relative toK for H if every complete solution to H satisfies
(15).

Remark. The 0-input stability property ofA in items 1

and 2 of Proposition 1 can be established without insisting

on conditions (A1)-(A3). The attractivity property in item
WhenK is given by the set of points such that:(z, 0) = 2 _req_uires these conditipps due to the use of an invariance

0, the conditiong(t,j) € K for all (t,j) € dom¢ is principle from [24]_. Conditions (A_l)—(A3)gua_rantee_recad

equivalent to holding the output to zero. In such a casdructural properties of the solution sety, in particular,

Definition 3 reduces to the classical notion of detectapilit S€quential compactness. The second item of Proposition
1 can also be asserted from [17, Theorem 2] (its proof

does not use an invariance principle) when specializing the
general dissipativity concept therein to the passivityecas

_We r_elate dif_ferent form_s of passivity FO asymptoti_c StaThe purpose of Proposition 1 is to enable the special cases
bility with zero input, that is, for the hybrid systet with . -+ =« onsidered in Proposition 2 belew.

C. Basic Properties

v =0 given by
The results given in Proposition 1 can also be applied to
& € F(x,0) (z,0)€C the special cases of flow and jump passivity given in Defi-
Ho at € G(z,0)  (2,00€D (16)  nition 1. However, for these latter cases, less conserativ
y = h(x,0). conditions can be obtained as shown in the following result

whose proof is available in [22].
Proposition 2: Given a compact sed C R™, if the hybrid
system?{ satisfying (A1)-(A3) is
1) flow-passive or jump-passive with respect4owith a
storage functiorV' that is positive definite with respect
to A then A is 0-input stable forH.

Below, given a sefS ¢ R™ x R™, let
IMy(S) :={x e R" : (x,0) € S}.

Also, we say that a set-valued mapping S = R™ with
S C R™ x R™ is outer semicontinuous relative t§ if

for any z € S and any sequencéz;}°, with z; € S,
lim;_, z; = z, and any sequencgw; }5°, with w; € ¢(z;)
andlim;_, ., w; = w we havew € ¢(z).

For the next proposition to hold, the data Hf, has to
satisfy the following properties:

(A1) The setdlIy(C) andIly(D) are closed irR™.

(A2) The set-valued mappindz,0) — F(z,0) is
outer semicontinuous relative ®" x {0} and locally
bounded, and for alt € IIy(C), F(z,0) is nonempty
and convex.

(A3) The set-valued mappindz,0) — G(z,0) is
outer semicontinuous relative ®"” x {0} and locally
bounded, and for alt: € I1y(D), G(x,0) is nonempty.

Observe that property (Al) simply requires that the Get
and D are closed for the case in whieh= 0.
Proposition 1: Given a compact sed c R™, if the hybrid
system? satisfying (A1)-(A3) is
1) passive with respect tal with a storage functioi”
that is positive definite with respect td then A is
0-input stable forH.

2) flow-output strictly passive with respect # with a
storage functior’ that is positive definite with respect
to A and

2.a) the distance tol is detectable relative to

{z € o(C) : he(,0)" pe(he(z,0)) =0 }
(18)
for Ho,
2.b) every complete solution to H is such that
for somed > 0 and someJ € N we havet; | —
t;>dforallj>J,
then A is 0-input pre-asymptotically stable fd.
3) jump-output strictly passive with respect t with a
storage functior’ that is positive definite with respect
to A and,

3.a) the distance tol is detectable relative to

{z €y(D) : ha(z,0)" pa(ha(z,0)) =0 }
(19)
for Ho,
3.b) every complete solution to #H, is Zeno,



then A is 0-input pre-asymptotically stable fd. hybrid systems considered in this work. With respect to
4) flow-strict passive with respect tal with a storage other existing approaches available in literature, suettlile
function V' that is positive definite with respect td, ones in [16] for impulsive dynamical systems, the proposed
and 2.b) holds, them is 0-input pre-asymptotically framework here focuses also on the special cases of flow and
stable forH. jump passivity which have been shown to be relevantin some
5) jump-strict passive with respect td with a storage applications. In fact, the results in [16] cannot be applied
function V' that is positive definite with respect td, to the application considered in this paper since the output
and 3.b) holds, them is 0-input pre-asymptotically strict passivity property does not hold both along flows

stable forH. and jumps. The approach proposed here links passivity to
asymptotic stability thought detectability and, for thesial
IV. PASSIVITY-BASED CONTROL cases, it requires also some properties of the solutions. Th

The concepts of flow- and jump-passivity introduced injetectability conditions required here are weaker than the
Definition 1 can be combined with the notion of detectabilityobservability property imposed in [16.
introduced in Section 11I-B and the properties of the salnti
given in Proposition 2 for stabilization by means of statit-o A. Application re-revisited

put feedback. The re?”'t given in the foII_O\_/ving theorem, in Consider the hybrid systefi s given in Section IlI-A.1.
pa”'C‘,“a“ allows to d_lrectly employ passwlw-based_kr:oh The control goal is to stabilize the point-mass to a position
paradigms ~ see for |r!s.tan.ce [4], ,[7] — for the special CaS§% contact with the vertical surface, namely to render the se
of flow and Jump passivity in hybrid systenms. A = (a71,0), with 7 > 0, globally asymptotically stable
Theorem 1_:G|yen a compact. setl < R™ and a hybrid for the closed-loop hybrid system. Theorem 1 can be em-
systemH satisfying (A1)-(A3) with cpntmuous output maps ployed to assert that property by means of the energy-based
@+ he(2) andz > ha(z) the following hold: controller (11) (passivation by feedback and energy shppin
1) If #H is flow-passive with respect t@ with a storage j, which the remaining control input.. is synthesized as a
function V' that is positive definite with respect td  4amping injection. This fact is established by the follogyin
and there exists a continuous functién : R™ —  proposition for which a proof is available in [22].
R, with ke (yc) > 0 for all y. # 0 having defined Proposition 3: For the hybrid system (9) with control

Ye = he(x), such that the resulting closed-loop systemnnyt 4, chosen as in (11), the control law, = —k;y.,
with ve = —ke(ye) andvq = 0 has the following \ith %, > 0, renders the compact set = (2%, 0) globally
properties: asymptotically stable.

1.1) the distance tol is detectable relative to . .
) Remark. Observe that asymptotically the control input

{2+ he(x) ke(he(z)) = 0, (2, —ke(he(z))) €C } in (11) is given byv*(z*,0) = k.a?. From a physical
(20)  viewpoint, the mass is then applying a force to the vertical
with vy = 0, surface that can be varied according to the choice of the set-
1.2) every complete solutiop with v = 0 is such point positionz} > 0. Passivity-based control techniques are
that for somes > 0 and someJ € N we have in fact employed in several force control schemes (see [25]

tiy1 —t; > 6 forall j > J, and references therein).
then the control law,. = —k.(y.), va = 0 rendersA4
pre-asymptotically stable. V. SIMULATIONS

2) If H is jump-passive with respect td with a storage  Taking advantage of the framework for numerical simula-
function V' that is positive definite with respect td  tjons of hybrid systems available at [26], this section pris
and there exists a continuous functiép : R™? —  gome numerical results obtained considering the passivity
R™¢, with y; k4(ya) > 0 for all y, # 0 having defined pased control law derived in Section IV for the mechanical
ya = ha(x), such that the resulting closed-loop systenyystem described respectively in Sections Il and I1-Ae T

with v. = 0 andvg = —ka(ya) has the following parameters of the system and of the passivity-based control
properties: law used in the simulations at®l = 1 kg, o = 1, k. = 8
2.1) the distance tol is detectable relative to N/m, b. =10 Ns/m, kp = 10, k; = 2, &5 = 0.1 m/s and
T=0.1m.
: ha(z) ka(h = —ka(h D} " - iy :
{z a(@) ka(ha(x)) = 0, (2, —ka(ha(7))) € (21}) By considering as initial condition for the mass a certain
With v — 0 constant distance from the vertical surface, in particular

x(0,0) = (1,0), for the positionz; and the velocityz

we obtained the trajectories depicted respectively in fegu

2 and 3. Observe that at= 0, 7 = 0 the mass, governed
by the passivity-based control law (11) with. = —k1y.,
starts accelerating towards the surface. Thernt at 0.5
Remark. Theorem 1 extends the classical passivity contralec the surface is reached with a velocity larger than
results (see for instance [2], [3], [1], [4]) to the class ofAccordingly, the mass instantaneously rebounds subject to

2.2) every complete solutiop with v. = 0 is Zeno
then the control law,; = —k4(ya4), v. = 0 rendersA
pre-asymptotically stable.

For the proof of Theorem 1, the reader is referred to [22]
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