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Abstract—In this paper, we analyze the properties of the is relative high harmonic distortions. This kind of critica
vector fields associated with all possible configurations o0&  jssyes in power conversion has led to the development of
single-phase DC/AC inverter with the objective of designig a new control algorithms relying on recent advances of the

hybrid controller for the generation of an approximation of e .
a sinusoidal reference signal. Using forward invariance tols theory of switching and hybrid systems [4], [3], [6].

for general hybrid systems, a hybrid controller is designedfor In this paper, we propose a hybrid controller for a single

the switched differential equations capturing the dynamis of phase DC/AC inverter designed using hybrid system theory.
the DC/AC inverter. Then, global asymptotic stability of a £t  The proposed control law manages to accomplish the task
of points nearby the reference trajectory, called the trackng of getting a sinusoidal output signal as close as possible to

band, is established. This property is found to be robust tomall . - . .
perturbations, and variation of the input voltage. Simulations the reference signal by controlling the four switches. s t

illustrating the major results are included. purpose, we use a switched differential equation to capture
the dynamics of the DC/AC inverter. The proposed controller
. INTRODUCTION triggers switches based on the value of the current and

Itage of the RLC filter. Results on forward invariance of
distribution systems ought to be capable of interconngctin ts for general hybrid systems are used to analyze thd effec

diverse renewable sources, such as hydroelectric gengrat fﬂ:e ﬁroposzd controllgr. More p;e(;rlwsely, fvve shov: thattour
photovoltaic arrays, and wind turbines, as well as energ‘éfn rofler renders a region aroun € reterence trapgctor

storage systems. A particular challenge imposed by the @'Ch we refgr to as the trgcklng banq, forward |nvar|_ar_1t
and that solutions from outside this region converge to it in

“ t grid” futuristic vi is the high variability of the I = ™ .
smart grid TUIUMSHC VIEWS 1S the nigh variablity of the ite time. This property allows us to show global asymp-

power provided by the renewable sources, mainly due tO.. o . N R
their high dependence on environmental conditions. In,tur|I1OtIC stability of the tracking band, which, in tum, impsie

this variability imposes a challenge to power conversian irobustness to small perturbations and variation of thetinpu
particular, between DC and AC signals " 'voltage. Additionally, the harmonic distortion introdwaicky
in this’ paper, a single-phase DC/AC inverter. one ofY" controller is small according to our FFT analysis (and it
the most common topologies used in power conversion, pppears to outperform a PWM—based controller). .
studied. This circuit is capable of transforming DC inpu The structure of this paper is as follows. After modeling
' he DC/AC inverter, basic concepts of hybrid systems are

voltage into an approximate AC output voltage. As show . . . .
in Figure[d, by controlling the positions of the four switshe presented in Secpdf_lll. Then_, n SeCtm'Af we introduc
he reference trajectory, a ellipse-shaped limit cycletroan

of the inverter, the sign of the input DC voltage to the RL current-voltage plane. The proposed control law is intred
filter changes, and when appropriately controlled, theagmit in Sections[IVB. The properties of closed-loop system

across the capacitor and the current though the inductor

can evolve almost sinusoidally. Typically, DC/AC invert.With our controller are studied in Sectiofd V. Finally, in

ers are controlled using Pulse Width Modulation (PWM)Sectlodﬂl,smulatlons are presented to show the capiasilit

techniques. PWM-based controllers trigger switches of th%f the proposed controller.
inverters whenever the difference of a carrier signal, gua  ||. M ODELING A SINGLE-PHASE DC/AC INVERTER
a triangular wave, and the reference sinusoidal signalgdean

sign. The performance of PWM-based controllers has be%%ﬁtrf)llrl]g(lje;r;a?:ﬁegiéﬁﬁeg\ifrtei:) c;rcsljétriggnslfés %{efrougs
thoroughly studied in the literature [1], [2], [3]. One ofeth 9 '

shortcomings of PWM-based controllers is that the contr sihown in Figure ]1.The DC signafpc is the input signal

of the output voltage magnitude is not robust to changgégcrt(:]ses ltr;]veerézr.a'lc'if:s?ogapdu't S:jgennacjgesdfagtgjrfgﬁt \t/r?:gigeh
of the input DC voltage. Without a DC voltage regulator, P ’ 'L 9

at its input, the “sinusoidal” output would be significantlythe inductorL. The objective of a controller selecting the

affected. Another disadvantage of PWM-based controllell[;'s:)snIOnS of the switches, — 5, is to generate an output
that approximates a sinusoidal signal of a desired frequenc
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times0 = tg < t; < t5... < t;. A solution to the hybrid

+ system[(B) is given by a hybrid agesatisfying the dynamics
of (3). A hybrid arc¢ is a function on a hybrid time domain
Voo that, for eachyj € N, ¢ — ¢(t, j) is absolutely continuous on
the interval{t : (¢,7) € dom ¢ }. A solution¢ to (@) is said
— to becomplete if dom ¢ is unbounded andhaximal if there
does not exist another paif such that¢ is a truncation
I

of ¢’ to some proper subset afom ¢’. Furthermore, we

Fig. 1: Single-phase DC/AC inverter circuit diagram.  say that a sef C R is forward invariant for¥ if every
maximal solutiong from K is complete andj(t,j) € K

to the RLC filter will equal eitherVpc , —Vpe, or 0. for all (¢,5) € dom ¢. For more details about solutions to
Differential equations describing the system dynamics atgybrid systems, see [7].
given as

i IV. A HYBRID CONTROLLER FOR THEGENERATION OF
i Voo, _ Rj _ 1,
‘L = fo(z):=| L q {"L L (1) AN APPROXIMATION OF A SINUSOIDAL VOLTAGE
ve [Shs A. Snusoidal Reference Trajectory

Reference signal$ — (i5(¢),v5(t)) are given by the
t‘;teady-state response of the RLC filter in Figlite 1 to si-
nusoidal input signal$ — Vi, (t) = Asin (wt + 6), where
A,w > 0 are the magnitude and angular frequency, respec-

whereR, L, C' are parameters of the circuit;:= (ip,vc) €
R?, andq is a logic variable that describes the position o
the switches. In this way; € Q := {—1,0,1} leads to the
following states of interest of the inverter circuit:

Yoo _ Bj — 1yc whens, = S5 = ON and tively, and@ is the initial phase. Using the equations of the
Sy = S4 = OFF, filter, under the effect of the input;, (¢), every steady-state
iy = _% — %,’L — %vc whenS; = Ss — OFF and solution, in particular(i; , v¢), satisfiesV (i} (t), v&(t)) = ¢
S» = S4 = ON; for all ¢t > 0, where
_%z’L — Lue whenS; = S4 = OFF and i\ ? e 2 ,
Sy = S5 = ON Viz)=—=) + (T) z€R 4)
(2) ¢
. 1. with constants: andb given by
Ve = FIL
¢ 1 1
, b:

Typically, DC/AC inverters are controlled by an algorithm?@ ‘=
. o . . \/R2+(LW_L)2

generating a switching profile following the so-called Ruls Cw

Width Modulation (PWM) technique. In this paper, moti-

vated by the shortcomings of PWM-based control for inB. Control strategy

verters discussed in the introduction, a new control law is p hybrid control strategy is developed for the inverter to
developed and analyzed through a hybrid control approagfyitch among the three operation modes describedin (2).
for the purpose of having robust control of the inverter. fNeX This hybrid control strategy provides an alternative to the
we introduce basic concepts of hybrid systems and develgggitional PWM control approach with arbitrary precision
new supporting results in the next section. for an inverter. More precisely, the hybrid control strateg
I1l. BASIC CONCEPTS OFHYBRID SYSTEMS guarantees that the output trajectory converges to a region

A hybrid system, or more precisely, a closed-loop(traCkmg band) nearby the reference trajectory satigf{d).

system with a hybrid controller in our case, can be written 1) Tracking Band: The tracking band is defined as a
a)é y ' neighborhood around the sgt : V(z) = ¢}, which defines

N {x —fx) wecC the reference trajectory. More precisely, giverandc, such

Cw\[R? + (Lw — 25)*

3) thate; < ¢ < ¢, the tracking band is given b
zt eG(x) zeD, ®) aEese g g Y

R?:¢; <V(2)<co}. 5
whereC, f, D, andG represent the flow set, the flow map, {z€ ¢ S V(z) < o} ®)

the jump set, and the jump map, respectively. Solutions On the (ir,,vc) plane, the tracking band has an outer
to (3) have continuous and/or discrete behavior dependimgundary given bys, = {z € R? : V(z) = ¢, }, which is the

on the system datéC, f, D, G). Following [7], besides the outer green dashed line in Figurk 2, and an inner boundary
usual time variable € R>o, we consider the number of given by S; = {z € R? : V(z) = ¢;}, which is the inner
jumps,j € N := {0,1,2,...}, as an independent variable.green dash line in Figuifd 2. The reference trajectory, which
Thus, hybrid time is parametrized by, j). The domain is the blue solid line in Figurigl 2, is enclosed by the tracking
of a solution toH is given by a hybrid time domain. A band. A trajectory td{2) with the proposed control strategy
hybrid time domain is defined as a subdgetof R>y x N shown in red solid line and, as the figure depicts, remains in
that, for each(7T,J) € E, E n ([0,T] x{0,1,...J}) can the tracking band for all time while describing a “periodic”
be written asujgol ([tj,tj+1],j) for some finite sequence of orbit. The parameters used for Figurk 2 afe:= 0.69,



L =0.1H, C = 0.04F, Vpe =5V, ¢; = 0.9, ¢, = 1.1, and v Mw*z\i
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Fig. 2: A sample trajectory resulting from using the propgbse D gt = 1
control law.

2) Control Logic for Srong Forward Invariance of the ©g=0
Tracking Band: In Section1V-B.1,S,, S;, ¢;, ¢, were intro-  Fig. 3: Regions on thé¢i.,vc) plane for each; € Q used
duced to define the tracking band. Here, for the ease of rules i-vi of the algorithm for forward invariance. The
introducing the control logic, we define a (small enoughorresponding rules are also indicated.

positive parameter and the sets )
A hybrid controller denoted b¥w = (Ciw, fiw, Diw, Giw)

My ={2€R?:V(2) =c,,0 <ip <e,vc <0} is constructed based on the proposed control logic above.
My={2€R?: V(2) = co,—¢ < iz, <0,vc > 0}. The gontroller has a logic state, Whiqh, with some abyse of
notation, we denote ag< @), and has input. Its dynamics
Proposed control algorithm for forward invariance: are given by the hybrid system
Using current values of and g, switch ¢ according to the . c
following rules (see FigurEl 3): U {q+_ fuwla)  (g,2) € Cw
i if 2 e (S,\ M) n{zeR2:ip >0} andg # —1, q" € Gwla) (¢:2) € Dy
switch to vector field fory = —1 to steer the trajectory where the flow magf, is defined as
to Si;

i, if 2 € (S,\ M) {z€R?:ip <0} andg # 1, switch frw(q) =0,
to vector field forg =1 to steer the trajectory to;; the flow setCy, is defined as

lii. if z€8;N{zeR?:i, >0}andg=—1orqg=0, Chw = {(g,2) € Q x R?: V(2) € [cs,¢0)}, (6)
switch to vector field for; = 1 to steer the trajectory to
Sy the jump mapGh, is defined as

iv. if z€ S;N{zeR?:i, <0}andg=1o0rqg=0, -1 if ¢ #—1 and
switch to vector field for; = —1 to steer the trajectory [(V(z)=c, andi; > 0 andz ¢ M))
0 So: or (V(2) = c; andiy, < 0)];

v. if z € My andq = 1, switch to vector field foiy = 0 to

steer the trajectory to the right hand side of thg, v¢) 0 if (z € My andir, # ¢ andg = 1)
plane; o) = or (z € My andiy, # —e andg = —1);
vi. if z € M, andg = —1, switch to vector field fory = 0 Wi =3 if ¢#1 and
to steer the trajectory to the left hand side of the, v¢) [(V(2) =c, andi; < 0 andz ¢ Mo)
plane. or (V(z) = ¢; andiz, > 0)];
Note that the proposed control algorithm includes regions (0,1} if (V(2) = coyis = —€, 00 > 0);

My and Ms, on which switches to mode = 0 inside the i ) '

tracking band take place. This mechanism is included to {=L,0} if (V(2) = coyir = €;vc < 0);

prevent fast switching at points ifiz : V(z) = co,iz = and the jump seDy, is defined as

0}, from where, whery € {-1,1}, solutions would flow o 9 .

“horizontally” (to the left or to the right) on théi,vc) DW= {(¢g,2) € @ xR ‘QV(Z) = ¢iing < 0,9 # 0}

plane. U{(gq,2) € Q x R2 :V(2) = co,ing > 0,q # 0}
Next, we propose a controller implementing the control Ullg,2) € @ xR*: V(2) = ¢i,q = 0}

logic described above, and state key properties of the vecto When#s, is used to control the plant ifl(1), the output of

fields forq € Q. the plant, which is;, becomes the input 6, and its output



q becomes the input of the plant. This yields a hybrid closed- 3) Augmented Logic for Global Convergence: Global
loop system with state variable = [¢ z"]", which can convergence t§” can be guaranteed by adding a controller
be written as the hybrid systeHg, = (Cw, f<!, Diw, G§,)  that steers solutions intd globally. To obtain such a prop-

given by erty, a controller that guarantees the following is reclire
V= fam) neCw 1) solutions from every point outside 6f, converge taS,
Hiw {4 el D in finite time;
n" € Giw(n) n € D,

2) solutions from every point inside &f; converge toS;
where in finite time.

0 Giw(q) In this section, we introduce one possible controller that
<l () = VLch _ 1%21 _ %vc ,GEL () = ir guarantees the globallconvergence propert_y. .
Lip vo The controller is defined as follows. Wheris outside the

(interior of) the tracking band5), we use a static conémwoll
The closed-loop systerfis, satisfies the hybrid basic con- Hg defined on
ditions introduced in [7, Assumption 6.5]. Cy:={2€R*:V(2) >c,} U{z eR?:V(2) < ¢}
Lemma 1 (Hybrid basic conditions): The hybrid model
Hgl of the inverter system satisfies the basic hybrid co .
ditions, i.e., its datdCny, fcl, Daw, G§) is such that K(2) = { 0 'f. Vi(z) 2 c
m if V(z2) <,

nE_lnd given by

(Al) Cyy andDy, are closed sets;
(A2) fil:Q x R? — @ x R? is continuous; wherem is a constant parameter taking value frém1, 1}.
(A3) GgL : Q x R? = Q x R? is outer semicontinu- The static feedback law is the output oftg, which is used
ous and locally bounded relative 1w, and Dw c  to controlg of the plant[(1), while its input is the current and
dom G§.. voltage vectoe. In this way, the choice = 0, which selects
Thus, according to [7, Section 6.1], the hybrid closed-loofe vector fieldf(z) of (), is used to steer the solutions
systemH¢! is a well-posed hybrid system. Then, the behavo S, from outside of{z € R? : V(z) < ¢,}. The choice
ior of the hybrid systen#(¢. is robust to small perturbations. # = —1 (or x = 1 depending on the value of) is used to
Lemma 2 (Inner product properties): Given positive sys- Steer the solution t&; from inside{z € R? : V(z) > ¢;}.

tem constants®, L, C,w, Vpe such thatLOw? > 1, the Now, similar toHg.,, we define a closed-loop systehgl
following hold: by applying controllerty to the plant[(ll). The systeergl
a) (VV(2), f,(2)) <0, for all (¢, 2) € @ x R? such that h;’i\/sé:tgtez and is defined or€y. The dynamics ofHg are
2 €1 (qin) € {(ain) € QxR iy <0,g= S c
1} U{(q,ir) €EQ xR:ip >0,qg=—1}; 2= fol2) = fun(z) 2 €Cq
b) (VV(2), f,(2)) > 0, for all (¢,z € Q x R?) such that Proposition 2 (Global Convergence): Given positive sys-
z €T, (qir) € {(g,ir) € @ xR : i < 0,q = tem constantsRk, L,C,w,Vpc and ¢; < ¢, such that
—1}U{(q,i) € Q xR :ip, >0,q =1}; LCw? > 1 and Vpc > by/c,, from every pointz such
c) (VV(2), f,(2)) <0, for all (¢, 2) € Q x R? such that thatV(z) < ¢; or V(z) > ¢, the unique solution tcHg'
2 € My UM, andgq = 0; converges to the tracking barld (5) in finite time.

4) Supervisor Controller: With appropriately chosen pa-
rameters for controllersl, and#gy, we can globally “track”
['={2€R’: —aVpc < —aRir + (6 — a)vc <aVbc}  any reference trajectorfi’ , v%) described by[{4). For this
with o = Qi andj = QL purpose, we introduce a hybrid supervisor controller detot
. a’L b*C 9 . Hs that uses information of the location efand switches
Define the se” := @ x {z € R*: V(z) € [e1, col}, 1€ poween controllefls, andHg4 to guarantee global conver-

plomts |n7(; ﬁre Ioctated n tr}ehtr?cllfmg band olr: t?&tvvct)h t gence and forward invariance of the tracking band. Figlire 4
plane, and have statec Q. The following result states tha shows the feedback control architecture.

the setT is a forward invariant set for the closed-loop system

whereT is defined as

Hiy- o [, o we, .
Proposition 1 (Forward invariance): Given positive sys- aF L L

tem constantsk, L, C,w, Vpe such thatLCw? > 1, and C et

ci < ¢, such that7T c Q x I' (see Lemmd]2 for the (=)

definition ofI"), T is forward invariant for the hybrid closed- ° T

loop systentH§!, = (Ciw, fil, Diw, GE,)- ‘/’)r
Proposition[]L implies that all solutions to the hybrid . o ”

closed-loop systents, stay in7. Within 7, the solutions Hs "

to H¢! evolve counterclockwise due to the direction of the T

vector fields. This property follows directly from the close . ]
loop flow map fgl. Fig. 4: Full closed-loop system with(s, 4, and Hsw.



The supervisof{s = (Cs, fs, Ds, gs) has stater and input
z. The state variablg takes values fronP := {1, 2}, which
denotes the following:

B 1 indicates that controllets, is in the loop
b= 2 indicates that controlletg is in the loop

The dynamics of the hybrid controlléi{s can be described

as
(p,z) € Cs
p"=gs(p) (p.z)€Ds
with flow map given bys(p) := 0, flow set defined as
Co:={(p,2) € P x R*: V(2) € [e1,¢0,p = 1}
Ut 2) € PxR*: V(2) > coup = 2}
U.2) e PxR2: V(2) < cip =2},

jump map given bys(p) := 1, and jump set defined as
Ds:={(p,2) € {1,2} xR? : ¢; <V (2) < co,p =2}

e {p = fs(p)

Note that we constraint the definitions@fandDs such that
jumps fromp = 1 to p = 2 are not allowed

V. PROPERTIES OF THEFULL CLOSED-LOOPSYSTEM

In this section, the properties of full closed-loop systeny-1H,C = 0.04F,w = 1007 , Vpc = 5V.e = 0.05,¢, =

H that combines the dynamics of three controllé{gy, Hg

Using the fact that the closed-loop systéinis a well-
posed hybrid system, we can show global asymptotic stabilit
of the tracking bandr.

Theorem 1 (Global asymptotic stability): Given a desired
reference trajectory14), for the hybrid systéin (@) with
positive system parameteks L, C, w, Vpe ande; < ¢, such
that LCw? > 1 and Vpe > by/c,, the (compact) sef is
globally asymptotically stable fok.

The result in Theorenil 1 implies that our controller is
robust to variations in the input voltag€pc. In fact,
when Vpe varies and remains in the range,/c,, co), the
controller is capable of steering the trajectory to thekiag
band and render it forward invariant. Moreover, since the
closed-loop systen# satisfies the hybrid basic conditions
in [7], the stability property is robust, in particular, tanall
measurement noise and unmodeled dynamics.

VI. SIMULATION RESULTS

In this section, we show simulation results to highlight the
features of full closed-loop hybrid system. All simulatsn
are implemented in the Hybrid Equations (HYEQ) Toolbox
via Simulink (see [8]). Unless stated otherwise, all simula
tions have the following system constanis:= 0.6Q2, L =

1.1,¢; =0.9,a = 0.15, andc = 1.

andHs, are analyzed. The closed-loop system is autonomous gmulations of closed-loop system H¢,

and has state variable = [p ¢ z"]". Its hybrid model is
given by
& = f(x)
" {:v+ € G(x)

where the flow magf is given as
0
0
R 1 Vbe

_fiL - §UC + -7 9|

o't

reC

xeD 0

fz) =

the flow setC is given adl
C={recPxQxR?*:p=1,(q,2) € Cw}
U{xGPxQxRQ:p:ZZGCg},
the jump map is given as
1
G(z) = Gf‘f\'(q)
i
vc

)

and the jump set is given as
D={zePxQxR*:(pz) € Ds}

U{xGPxQxRQ:pzl,(q,z)GDf\N}
U{zePxQxR*:p=22€Dy}.

1If we allow jumps fromp = 1 to p = 2, there would appear Zeno

solutions on the boundaries of the tracking bghd

2Note thatCs is not part of the definition of since, by the definition of

Cw andCqg,x € C if and only if (p, z) € Cs.

1) Simulation results of the closed-loop systéff}, with
initial location of z inside the interior of tracking band
at (0.1,0.009) and initial ¢ given by ¢9 € Q are
shown in Figurd . As shown, with the same initial
at (0.1,0.009), for each possible initial logic variable
value ¢ € Q, the solution toH§, stays inside the
tracking band.

0.015—— Reference

g0 = —1
— g0 =0
——ap =1

0.01

0.0051

ve ol

-0.005(

-0.01r

~0.01! L L L L L L L
0078.2 -0.15 -0.1 -0.05 0 0.05 01 015 0.2
1L

Fig. 5: Simulations oft, with initial z = (0.1,0.009), and
different initial values ofg.

2) The FFT for the signal — v.(t, -) for the given set of
system parameters set with 4 random initial conditions
and z = (0.1,0.009) are presented in FigufeJ6a. As
shown, the peak frequencies are5at0488 Hz, which
is quite close to the reference frequency if Hz.
The harmonic distortion introduced by our controller is
relatively small, when compared to the FFT of the same
signal for a PWM-based controller, see Figlré 6b. The



PWM controller in Figurd_@b is a double sided PWMconditions. A simulation ofH{ with initial condition zo =
controller, which has a triangular shape carrier and &y, q0,20) = (2,1,-0.1,0.02), which is outsidesS,, is
sinusoidal reference signal. Note that the spectrum fahown in Figuré_8a. The solution starts from the outside of
the latter is much richer for small frequency values. S,, Hs keepsp at 2, and the solution flows with the vector
field for ¢ = x(z) = 0 until it hits S,. Then,p is switched

to 1 by Hs, and the switching mechanism &fy, is used to
keep the solution within the tracking band from then on.

50.0488

0025, ——Reference] —— Reference]
002 —Solution |-
: ; : (—0.1,0.02) o0y Z
0 100 200 300 400 500 0.015]
Frequency (Hz) 0.005|
(a) with proposedHs,. VG oms Ve
2.5635 -0.005 7
o -0.25 -02 -0.15 -01 -005 Q 005 01 015 02 TRz 015 01 005 Qo 0.05 01 0.15 02
49.93 L L
U ‘ . (a) Solution to initial conditior(b) Solution to initial condition
0 100 Froquency (Hoy 400 50 outsideS,. inside S;.
(b) with PWM-based controller. Fig. 8: Simulations of full controller setup when initial

Fig. 6: FFT ofve output obtained by different controllers. condition is outsideT.

3) This simulation confirms that the proposed controller is a simulation of % with initial condition o inside S; is

robust to variations o¥/pc, which is a key robustness shown in Figurd_8b. The solution starts with= 2. Then,
property of our controller when compare to a PWM-, is switched tol by Hs, and the solution stays within the
based controller. Figure_I7a shows steagdy output tracking band from then on.

of the inverter with the proposed controller (in red),

even when there is a step change in the valu&gf, VIl. CONCLUSION

see Figurd_7b. On the other hand, the output of In this paper, a hybrid controller for a single-phase DC/AC
the inverter with a PWM-based controller (in blue) hadnverter has been designed. Given appropriate system con-
significant transient response and enlarged magnitudeants and reference signal, the proposed hybrid controlle
after the step inVpc from 5V to 7V at 3s. Both s robust to variable input voltage and small perturbations

solutions have the same initial condition(0,0) = while guaranteeing global convergence to the forward in-
(0.1,0.01). variant tracking band in finite time. Numerical results show
o3 ‘ PW/N-based controlief that the output voltage has less harmonic distortion than th

Proposed controller

0.2

output of PWM-based control technique.
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